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Two-step laser acceleration of protons with two foils and two laser pulses is modelled and

optimized. It is shown that a nearly mono-energetic distribution of proton bunches can be realized

by a suitable parameter choice. Two-step acceleration schemes make it possible to obtain both

higher efficiency and energy as compared to the acceleration with only one laser pulse of an energy

equal to the sum of the energy of the two pulses. With the aid of our analytical model, the optimal

distance between the two targets, the delay between the two laser pulses, and the parameters of the

laser pulses are determined. Estimates and results of the modelling are proven with 2D PIC

simulations of the acceleration of proton bunches moving through the second target. VC 2014
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4892957]

INTRODUCTION

Lasers of the PW class have reached maximal proton

energies of about 80 MeV.1 However, this value is still too

low for several applications, specifically when the treatment

of cancerous diseases2 is the purpose. A further enhancement

of the proton energy by an increase of the laser intensity is

very costly and diminishes the competitiveness of such laser

accelerators in comparison with classical sources. In the lat-

ter, the acceleration takes place in several simple cycles and

therefore some papers reported attempts to find analogous

“cascaded” variants with lasers. However, in simulations3,4

and in preliminary experiments,5,6 only a very small acceler-

ation was achieved, accompanied by a modification of the

energy distribution that is inappropriate for use in such a

cyclic accelerator. In the paper,6 it was shown experimen-

tally that a dip and neighbouring peaks in the distribution

function of the energetic protons can appear, if such a bunch

is propagating through a thin foil irradiated by an intense

laser pulse. Unfortunately, the relative amount of the acceler-

ated protons in the experiment5,6 (passing from the dip into

the peak) was very low as compared to the total number of

protons in the complete distribution function.

In the present work, there are investigated both the pos-

sibility of an additional acceleration and the modification of

the distribution function of the accelerated ions using a

scheme with two targets (Nos. 1 and 2) separated by a given

distance l1 (see Fig. 1) and irradiated with two ultra-intense

laser pulses at a given delay time. The first laser pulse irradi-

ates the front surface of the first targets and the second pulse

hits one of the surfaces of the second target. In such a

scheme, the first target is the source of protons with a spe-

cific energy range (characteristic energy is in the MeV range

and the distribution can be very broad as well as quasi-

mono-energetic). A broad energetic distribution takes place

if protons are distributed in a layer of tens of nm thickness

(due to adsorption of water vapor) or if the target is of

hydrogen-consisting materials (plastics). In order to obtain a

quasimonoenergetic distribution, one needs specifically

shaped targets.10,14 For example, ultrathin hydrogen-

consisting layers (several nm thick) on the target rear surface

or ultrathin foils in combination with circularly polarized

laser light in the so called radiation pressure acceleration re-

gime (RPA) have been proposed (see Ref. 9). A proton

bunch accelerated at the rear surface of the first target propa-

gates to the second target in the positive direction on the

x-axis and becomes broadened in the space between the two

targets according to its energy distribution. The spatial

broadening of the bunch is thereby proportional to the dis-

tance between the two targets l1. The second target is irradi-

ated by a second laser pulse during the transmission of the

proton bunch through it. The second laser pulse can be also a

split-off and delayed part of the first pulse.

A strong ambipolar field is created on the surface of the

second target at a distance of the order of the Debye radius,

which is directed from the target surface into vacuum and

has different signs at the two surfaces of the target. This field

exists only during the lifetime of the hot electrons in the tar-

get and its spatial-temporal parameters depend on the kind of

FIG. 1. Scheme of a two-cascaded laser accelerator of protons.
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target and on which target surface is irradiated. An enhance-

ment of the thickness of the second target results in an asym-

metry of the ambipolar field, but a laser pre-pulse can also

cause an asymmetric field. In this way, with the choice of the

target structure, the laser pulse profile and which target sur-

face is irradiated, one can accelerate protons in a field with a

duration of several hundreds of femtoseconds (for limited

targets). During the lifetime of the field not all of the protons

in the bunch can interact with it. As a result, for a second tar-

get with a thickness in the micron range, a slowing down at

the front surface and acceleration at the rear side takes place

for different groups of protons, differing in energy and space.

For example, protons slowed down at the front side may

arrive in the region of the accelerating field at the rear side

after a time that is sufficient for a relaxation of the field, and

therefore they will not be further accelerated. In consequence

of such temporal dynamics, the front and tail of the distribu-

tion function of the proton energy are unchanged, whereas

the central part of the distribution is deformed. Specifically,

protons moving into the range of the accelerating field can

catch up to those propagating in front of them. After that, the

field disappears and the remaining protons with lower energy

maintain their energetic distribution. That causes the distri-

bution function to acquire a dip and a peak. Their configura-

tion and position depend on the distance between the targets,

the proton energy, and the delay of the second laser pulse.

The aim of our investigation is a quantitative description

of the resulting proton distribution function and a selection

of optimal parameters for the setup that makes possible the

formation of a mono-energetic and directed distribution of

protons with given energies. In the paper, the required condi-

tions for that are described allowing calculation of the energy

of the protons after an additional acceleration in the second

target of the two-cascade scheme. The distribution function

(solution of the kinetic equation) of the protons, accelerated

by the second target is here derived by the method of charac-

teristics. In doing so, it is presumed that the proton bunch

has no influence on the electromagnetic field of the second

target (probe beam approximation). The condition for this

approximation is a low density of the proton bunch to be

accelerated. The quantitative limitation of its applicability is

given in the Appendix.

SIMULATION OF THE ELECTRIC FIELD STRUCTURE
CREATED AT THE SECOND TARGET AND
ACCELERATION OF THE PROTONS

In order to show the potential of cascaded proton accel-

eration according to the scheme given in Fig. 1, 2D PIC sim-

ulations have been performed for the interaction of the

proton bunch (assumed to be created by the target No. 1)

with the target No. 2 irradiated with a laser pulse. A model-

ling of the experimental situation6 with two laser pulses and

a distance between the two targets of tens of microns is

impossible because the time of the motion of the bunch

between the two targets (hundreds of ps) is too large for a

PIC simulation with a temporal step of tens of femtoseconds.

It is here assumed that the proton bunch from the first target

has a Gaussian energy distribution with a half width of

10 keV and a central energy of 10 MeV. Such a quasi-

monoenergetic bunch can be realized using a ultrathin 5 nm

CH foil irradiated with a highly contrasted circularly polar-

ized 45 fs laser pulse with an intensity of 5� 1019 W/cm2.10

The longitudinal and the transversal dimensions of the bunch

are chosen to be 0.5 lm� 2 lm, and it is assumed that the

Gaussian profile remains during the whole measurement. In

order to take into account a laser prepulse, the second target

was of 5 lm thick target from Alþ6 (as given in Fig. 1) with

an ion density of 6 ncr. The thickness of the second target of

5 lm was chosen such that the proton bunch was localized

within the second target.

So as to eliminate a retardation of the protons at the

front surface of the second target heated by the laser pulse,

the initial position of the proton bunch centre was chosen to

be in the Al target 1 lm apart from the front side. Such initial

position corresponds to a specific temporal delay between

the laser pulses. The Gaussian laser pulse (second pulse in

Fig. 1) with an intensity of 3.4� 1019 W/cm2, a duration of

60 fs, and a diameter of 6 lm irradiates the front side of the

Al target 30 fs after the start of the propagation of the proton

bunch. During the movement of the bunch to the front sur-

face of the second target (90 fs), the time interval is such that

the entire laser pulse can interact with the front surface, cre-

ating an ensemble of relativistic (hot) electrons that can

overtake the proton bunch and generate the field for the

acceleration of the latter. To study the dependence of the

acceleration process on the density np of the proton bunch,

the simulations were performed for both at np¼ 1.0 ncr and

np¼ 0.05 ncr, where ncr is the critical electron density. A

similar modelling was reported in Ref. 7, where a situation

of a bunch with very low density of np� 0.01ncr and with

energetic broadening of �2% was investigated. Results of

our simulation of the proton bunch distribution function for

two different densities are depicted in Fig. 2(a), whereas

Fig. 2(b) shows the transversal field distribution.

As visible in Fig. 2(a), a denser proton bunch has a

higher maximal energy, but a broader distribution. This

results from the appearance of the electric field at the edge of

the proton bunch during its propagation in the target. Such a

field has a remarkable value only if proton densities exceed a

few tens of percents of the target density. The reason for the

appearance of the field is connected with the interaction of

the electron shock wave at an enhancement of the ion density

at the position of the proton bunch. The built-up ambipolar

field slows down electrons and accelerates protons.

Retardation of the relativistic electrons in the field results in

a small difference in the velocities of the electron and proton

bunches. This electric field propagates through the target up

to its rear side. Therefore, proton bunches with high density

are accelerated in their motion within the target and at their

transition through the rear surface as well. In contrast, for

low-dense bunches no ambipolar field is generated within

the target and their propagation has a clearly defined single-

particle character. Such bunches will be accelerated only at

their transition through the target surfaces and correspond-

ingly their energy is reduced (see Fig. 2(a)). When the hot

electrons are detaching from the target surfaces within a dis-

tance of the Debye radius, the acceleration of proton bunches
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is decreased for any density. Therefore, the maximal proton

energy is due to the acceleration length for the dense bunch

being considerably higher than for the low-density bunch

(Fig. 2(a)). High maximal energy is accompanied by an

energy broadening and the monochromaticity of the distri-

bution is completely lost, i.e., DE/E� 1. A reduction of the

proton density (and number) by a factor of 20 diminishes

the spectral width (DE/E� 3/20� 15%), but also the maxi-

mal proton energy is reduced. It is worth noting that a

higher-density proton bunch contains also a larger number

of protons and, for specific applications, a reduction of the

spectra can be performed by a filter, which could cut out

the higher-energetic part comprising a proton number com-

parable to those of the low-density bunch. In the simula-

tion, the thickness of the second target, the initial position

of the bunch, and the delay time of the laser pulse were

chosen in such a way as to eliminate the influence of the

retarding field on the proton bunch at the front side. For

the second target with a thickness less than or comparable

to the longitudinal size of the bunch, it is impossible to

exclude such retarded field action. In order to determine for

such cases, the spatio-temporal characteristic of the electri-

cal field we have performed a modelling of the laser

plasma of thin targets. For that it was assumed that the tar-

get is irradiated under 45� by a p-polarized Gaussian laser

pulse with a diameter of 6 lm, a duration of 50 fs and an

intensity of 3.4� 1019 W/cm2. The 1 lm thick target is of

Al6þ ions and its rear side is covered with a 100 nm layer

of hydrogen. The transversal size of the target of 70 lm has

no influence on the field distribution, because at the simula-

tion time of 150 fs, the field in the target centre has nearly

disappeared and the cloud of hot electrons will not arrive at

the target edges. The target was situated in a box of

50� 50 lm2, the simulation step was 10 nm and one spatial

cell contained 30 quasi-particles. The simulations provided

the spatial distribution of the electric field components

along the direction of the laser beam (the component nor-

mal to the target is �2 larger) and gave also the temporal

field dynamics.

As shown in Figure 3 is a cross section (at the axis of

the laser beam) and the 2D field distribution at the moment

near the end of the laser pulse, and also at the moment when

the cloud of hot electrons arrives at the boundary of the box.

It was supposed that the laser pulse arrives to the target

at 40 fs. Up to 90 fs, there is the reflected laser pulse and the

laser field at the target surface differs from the ambipolar

one (see Fig. 3). After 90 fs, the electric fields stay constant

on the target over the time of the laser period.

The small thickness of the target and the box size does

not influence either the cooling speed of the electrons or the

relaxation of the ambipolar field up to 160 fs, i.e., the field as

visible in Fig. 3 does not arrive the edge of the box. In

Fig. 3, it is also shown that the electric field in the centre of

the laser spot (y¼ 25 lm) has a remarkable value in the

interval 80–130 fs, with the maximum at a time of about 100

fs. After that a shift of the maximal field occurs together

with the hot electron cloud along the target surface and a fast

field relaxation due to the adiabatic decay of the electron

cloud appears. Additionally, also the characteristic size of

the field given by the triangles in Figs. 3(a) and 3(b) drops

off. Contribution of the exponential “tail” of the density

distribution niðzÞ ¼ n0 expððz� z0þ lf =2Þ=LÞhðz0� lf=2� zÞ
(where z0 ¼ 25mkm; n0 ¼ 6� 1022 cm�3) with the scale

L¼1lm at the front surface reduces (in the simulations) the

field amplitude at the front side by about �5 times as com-

pared with a sharp target edge. Such a density profile makes

it possible to reduce or even exclude a slowing-down field,

but preserves an accelerating one. For its realization, a pre-

pulse is required, which should have the duration less than

the transmission time of a heat wave through the target

(�10ps at an intensity of �1014W/cm2).

During the action of the laser pulse on thin targets

(lf� 1 lm), the accelerating and retarding field “triangles”

have a comparable amplitude and spatial size (see Fig. 3).

“Thin target” means a target with a thickness less than or

comparable with the Debye length of the hot electrons with a

characteristic “triangular” shape field as in Fig. 3; i.e., of

scale �1 lm. The distance between accelerated and slowed

down protons in the regions of the field (triangles in Fig. 3)

FIG. 2. (a) Distribution functions of protons in accelerating a quasi-

monoenergetic proton bunch (DE¼ 10 MeV) of density np¼ 1.0 ncr (black

color) and np¼ 0.05 ncr (blue color) at the moment 100 fs after start of the

second laser pulse irradiation. (b) Spatial distribution of the electric field (in

the units of the laser one) at the second target at the moment 90 fs. Intensity

of the laser pulse is 3.4 � 1019 W/cm2 duration 60 fs, focal spot size is 6 lm.

Target is a layer of Alþ6 with thickness of 5 lm and ion density of 6 ncr.
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is nearly comparable to the foil thickness lf and the scale of

the triangle.

The transition time of MeV-protons through the foil is

(in the simulations) nearly equal to the lifetime of the field.

Therefore, protons located in the retarding field will not feel

the accelerating field and vice versa. Correspondingly, the

different intervals in the distribution function are subject to

changes under the action of two “triangles” of the field.

Changing the target thickness, both intervals can approach

each other and create in this way a strong asymmetry

between the accelerating and the retarding interval of the

field up to a total suppression of the retarding contribution.

Limiting the transversal size of the target allows a slow-

down of the spatial decay of the electron cloud and its

motion along the surface, which results in a remarkable pro-

longation of the field lifetime. Thus, the simulations show

that a considerable acceleration of protons is possible, when

using a second target. With a suitable choice of the target pa-

rameters, direction of irradiation, and delay time between the

laser pulses, one can significantly vary the characteristic of

the accelerating field at the target. For further analysis, we

have elaborated the analytical model of the processes.

ANALYTICAL MODEL

Now, we consider the dynamics of MeV protons in the

“triangular” ambipolar field. It is worth remarking that, at

the propagation distance of the protons of millimetres, an

electric field of micron size affects only a monochromatic

component of the distribution function and the number of

protons is small as compared to the total number. The main

part of protons will be accelerated at propagation lengths of

tens of microns.

Kinematics and dynamics of the proton motion and
development of their distribution function

Starting from simulation results of the spatial-temporal

parameters of the electrical field, we have shown that the

action of each of the triangular fields on the protons can be

approximated by a force accumulated in one point with a

given lifetime. The condition for that is the short lifetime of

the field sf as compared to the proton propagation time over

the extent of each triangular field (Debye length rDe1,2),

where sf < rDe1;2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ei=mp

p
.

As visible in Figure 3(a), the scales rDe1,2 are compara-

ble and in the evaluation they are taken as equal. The expres-

sion for the force (taking into account the accelerating and

retarding triangular fields) is of the form

Fðx; tÞ ¼ U1ðt� t12Þdðx� l1Þ þ U2ðt� t12Þdðx� l1 � lf Þ:
(1)

Now, we estimate the influence of each of the two products

in (1) on the motion of a single proton with an energy ei and

on the distribution function. A retarding field with the poten-

tial U1 acts on the proton at the moment 1i/vi and it holds for

the function U1 as: U1ðl1=vi � t12Þ. The accelerating field

acts on the proton in the moment (l1þ lf)/vi; thus, the argu-

ment of function U2 is U2ððl1 þ lf Þ=vi � t12Þ. The lifetime of

FIG. 3. (a) and (b) Profile of the z-components of the ambipolar field at the

centre of the laser beam at the moments 80 fs and 154 fs; (c) and (d) 2D dis-

tribution of the z-component in the box at the same moments. All results are

averaged over the period of the second laser pulse. Value of the field is given

in units of the laser field. Laser pulse with IL¼ 3.4 � 1019 W/cm2, duration

50 fs, irradiated the Alþ6 target with thickness of 1 lm at the angle of inci-

dence 45�.
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the field is sf< lf /vi and therefore only one of the products of

the expression (1) acts on the particle with given velocity vi.

The second product interacts with another particle, which

has a velocity differing by the amount vilf /li. At a given dis-

tance l1 between the targets and a fixed delay time s1,2, the

retarding field influences the distribution function of those

the protons, which have a velocity in the interval of

vi 2 ½ðl1 � rDe1Þ=t12; l1=t12�, whereas the accelerating field

interacts with the protons having a velocity vi 2 ½ðl1 þ lf Þ=
t12; ðl1 þ lf þ rDe2Þ=t12�. Apparently, the intervals do not

overlap each other and an additive action of the two products

(1) on different parts of the energy distribution of the protons

take place. It is worth noting that in our case lf and rDe1,2 are

comparable (see Fig. 2(a)), and therefore the velocity inter-

vals of the acceleration and retardation are very close to each

other (distance between intervals are of the order of the inter-

val widths). In thick targets lf 	 rDe1,2, the intervals can

have considerable separation. In the above-discussed model,

we have presumed a simultaneous emission of ions with all

velocities from the first target and correspondingly the same

delay time t12 for protons of the whole energy distribution.

Such an assumption is fulfilled when the delay time is much

longer than the characteristic ion acceleration time �sf.

At the beginning, we look for the formation of the distri-

bution function under the action of each of the triangular

fields, i.e., the force UðtÞdðx� l1Þ and assume that the poten-

tial U can be positive as well as negative. After that analysis,

we consider a joint action of the two products in formula (1).

A change in the potential barrier is connected with heating

or cooling the plasma and can be described by the following

dependence on time:

U tð Þ ¼ 6Te2

1þ t� t12ð Þ=sa

� �n t < t12;

6Te2

1þ t� t12ð Þ=sf

� �n t > t12; (2)

where Te2> 0 is the electron temperature in the second tar-

get, signs þ/� are related to protons accelerated or retarded

by the field. Rise time of the field sa� sL/2 is much less than

the characteristic damping time sf (lifetime of the field). The

temporal dependence (2) of the height of the potential barrier

of the hot electrons at n¼ 2, describes the adiabatic law of

the cooling of the hot electron cloud. At the irradiation angle

of 45� in addition to the adiabatic cooling, there is also a

shift of the hot electron cloud along the surface (Figs. 2(c)

and 2(d)), which can cause a much faster decrease in time of

the temperature in the centre of the laser pulse spot. The pa-

rameter n can be selected from the simulation. It should be

noted that n¼ 2 in (2) is not of primary meaning for further

results and especially for the proton distribution function. Of

more importance is the temporal scale sf of the field action in

(2). The solution of the equation of proton motion with the

force (1) is as follows:

p 
 Gpðp0; tÞ ¼ p0 0 < t < l1mp=p0

p 
 Gpðp0; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0

2 þ 2mpUðl1mp=p0Þ
p

t > l1mp=p0:

(

Here, p0 is the initial proton momentum. For the case of suf-

ficiently long time, one obtains for the solution f(p) of the ki-

netic equation performed by the method of characteristics

f pð Þ ¼
ð1
�1

d p�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0

2 þ 2mpU p0ð Þ
q� �

f p0ð Þdp0

¼
X

i

f p0i pð Þð Þ
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0

2 þ 2mpU l1mp=p0

� �q
@p0

������
������
�1

p0¼p0i pð Þ:

Here, p0i(p) are all branches inverse to the function

pðp0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0

2 þ 2mpUðl1mp=p0Þ
p

. Now, it is convenient to

change from the momentum distribution f ðpÞdp ¼ feðeÞde to

the energetic distribution eðe0Þ ¼ e0 þ Uð ffiffiffiffiffiffimp
p

l1=
ffiffiffiffiffiffiffi
2e0

p
Þ.

Taking into account that de=dp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2e=mp

p
; one obtains the

final expression for the distribution function of protons that

propagated through a part of the field with a given sign

fe eð Þ ¼
X

i

fe e0ð Þ
���� @e e0

� �
@e0

����
�1����

e0¼e0i eð Þ
: (3)

Here, e0i(e) are all branches inverse to the function

eðe0Þ ¼ e0 þ Uð ffiffiffiffiffiffimp
p

l1=
ffiffiffiffiffiffiffi
2e0

p
Þ, and

fe e0ð Þ ¼
exp �

ffiffiffiffiffiffiffiffiffiffiffiffi
e0=hei

ph i
2
ffiffiffiffiffiffiffiffiffiffi
e0hei

p : (4)

The latter is the initial distribution function of protons nor-

malized to unity, which are emitted from the first target.13

Here hei is the average energy of protons emitted from first

target. The smooth initial energetic distribution (4) corre-

sponds to the accelerated protons from the first target, con-

taining hydrogen in their entire thickness.8,9 For targets

covered at the rear side with a thin layer of hydrogen or for

ultrathin targets (tens of nm), one can expect a quasi- mono-

chromatic distribution.10,11 For such a case, one has to make

use of following distribution:

fe e0ð Þ ¼
1

de
ffiffiffi
p
p exp � e0 � heið Þ2

de2

� 	
; (5)

which transforms in the limit de ! 0 to a monochromatic

spectra, investigated above in the simulation.

Now, one has to develop the initial distribution function

of the protons for the case of their transition through an

accelerating “triangular” field. Such a situation occurs with

thick targets or at the rear side of a target with moderate

thickness when a prepulse is used, which creates a smooth

density profile at the front side. For the accelerating triangu-

lar field function e(e0) determining the proton distribution,

the temporal dependence of the potential (2) has a character-

istic non-monotonic shape as it is shown in Fig. 4(a).

Correspondingly, as visible in Fig. 4, the inverse func-

tion shows in a specific energy interval three branches within

a band, which is depicted by the blue lines. In the intervals

below the green line (see Fig. 4), the energies e, e0, and the

distribution function are equal to the initial one. The green
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line originates at an energy e, which is determined by equat-

ing the time of the proton motion between the two targets

with the time of the field decay:
ffiffiffiffiffiffi
mp
p

l1=
ffiffiffiffiffiffiffiffiffiffiffiffi
2e0ðeÞ

p
� t12 þ sf

(protons with low energy will not be subjected by a field

action). In the interval between the green line and the lower

blue line de0/de< 1, a dip is formed in the energy distribu-

tion, because the nominator in (3) exceeds the value 1 in the

interval and diminishes the value of the distribution function.

The lower blue line is located at the energy of the local

minimum in Fig. 4(a) and can be found from equation

e0(e0)¼ 0, e00> 0. When the energy arrives at the lower blue

line, an ambiguity (2 branches) appears in the energy de-

pendence e(e0). At the lower blue line in Fig. 4(a), the deriva-

tion is e0(e0)¼ 0, e00> 0 and the distribution function

becomes formally infinite (but can be integrated). In this

case, a sharp high peak grows from the bottom of the dip

(see Fig. 4(b)). In the interval between blue lines, the distri-

bution function is the sum of the three branches. Finally, at

the upper blue line, where again e0(e0)¼ 0, e00< 0, the distri-

bution function also has a sharp and high peak and on its

right side the function goes back into the initial one. The

appearance of the specific structure of the distribution func-

tion, i.e., the peaks, is connected with the non-stationary

field: remaining particles fall in a stronger field and catch up

with the leading protons. A multi-stream flow is created,

which leads to vortices and an ambiguity of the proton

energy distribution. In this case, the distribution function can

be developed as follows: at the beginning, a parametrically

given distribution function will be defined as

fe e0ð Þ ¼
X

i

exp �
ffiffiffiffiffiffiffiffiffiffiffiffi
e0=hei

ph i
2
ffiffiffiffiffiffiffiffiffiffi
e0hei

p
, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

@e e0

� �
@e0

 !2

þ �2

vuut ����
e0¼e0i eð Þ

(6)

with eðe0Þ ¼ e0 þ Uð ffiffiffiffiffiffimp
p

l1=
ffiffiffiffiffiffiffi
2e0

p
Þ. A parameter v� 1 is

introduced in order to take away the singularities of the dis-

tribution function in the point, where e0ðe0Þ ¼ 0. The number

of particles at v� 1 does not depend on v. The physical pa-

rameter v comes from dissipative forces in the equation of

motion of the proton. In the region of ambiguity of the de-

pendence of e0(e) (see Figure 4(a)), the distribution (6) also

has an ambiguity (3-branches) and therefore the distribution

function has to be summed up over all branches. In order to

sum up, one must consider the question of how to normalize

the distribution (6). When ambiguity is absent, it is true thatÐ1
0

feðe0Þde0 ¼ 1, but in case of an ambiguity, this normal-

ization can be only applied if the sign of the root in (6)

coincides with those of the derivative e0(e0) and of the sum

of the branches. At a negative root in (3, 6), one of the

branches of the distribution also becomes negative, i.e., it

becomes the case that de(e0)/ de0< 0 (see also Fig. 4(a)).

When joining the three branches of the distribution, one

obtains in Fig. 4(b) the initial structure of the distribution

function for protons propagating through the accelerating

field. Particles, which create the peaks in Fig. 4(b), are

launched in the region of the dip, whereby the total number

of particles is conserved. For v¼ 0, the peaks in the distribu-

tion function have an infinite amplitude, but the particle

number in them is limited. For calculation of the positions of

the peaks and the dip in Fig. 4(a), an analytical formula was

defined: for this purpose, we replaced the delay time t12 by

the delay energy e12¼mp(l1/t12)2/2. Then, it follows from

formula (6) that the dip in the distribution function is formed

at an energy e12 (energy at the middle of the dip); thus, the

position of the two peaks is determined by the two root

expression a1, a2 in Eq. (7) as

1þ a� ~e12
�1=2

� �n
ba;f

n
h i2

þ
nba;f

n

2
a3 a� ~e12

�1=2
� �n�1

¼ 0

(7)

with a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Te2=e0

p
; ba;f ¼ l1

ffiffiffiffiffiffi
mp
p

=sa;f

ffiffiffiffiffiffiffiffiffi
2Te2

p
; ~e12 ¼ e12=Te2.

Parameters a1, a2 determine the two energies e01 and e02

at which the parametrically default distribution function (6)

has a maximum. For n¼ 2, the expression (7) is an equation

of the 4th order. An approximate solution can be obtained

for ba,f 	 1, bf>ba, and the peak energy can be than deter-

mined as e1;2 ¼ Te2

a1;2
2 þ UðTe2=a1;2

2Þe1

e1 � e12 þ
e12

3bf
1=3
; e2 � e12 þ

e12

ffiffiffi
3
p

bf
1=3

: (8)

The distance between peaks e2 � e1 � 1:4e12

bf
1=3 enlarges with

increasing laser intensity and duration. The particle number

moving from the dip in the region of the peaks is

FIG. 4. (a) Function e(e0) for the accelerating triangular field; (b) distribu-

tion function of protons with smooth distribution function (red lines) after

transition through the accelerating field. Calculation parameters are:

l1 ¼ 5 lm, e12 ¼ 1:5 MeV, Teh2 ¼ 0:3 MeV, sf ¼ 200 fs, and � ¼ 10�3.
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dN ¼
0:5

ffiffiffiffiffiffi
e12
p

exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e12=hei

ph i
bf

1=3
ffiffiffiffiffiffi
hei

p : (9)

For targets of moderate thickness, the accelerating and the

retarding triangles are nearly equal. When changing the

sign of the field in (6) (retarding field), the peaks in Fig.

4(b) pass from the right side of the dip to the left side. The

field, which is composed of the accelerating and the retard-

ing triangles, creates the peaks at the right side as well as

at the left side.

In the experiments,6 tilted targets (45�), irradiated with

p-polarized Gaussian laser pulses, with a spot diameter of

6 lm, a duration of 50 fs and an intensity of IL¼ 1019 W/cm2

were investigated. The Ti targets of 1 lm thickness were pol-

luted with a layer of hydrogen due to water adsorption. At a

distance of 5 mm behind the Ti target, an Al target was posi-

tioned (corresponding to Fig. 1), which was irradiated at the

rear side by a second laser pulse with the same parameters,

but with a delay of 0.29 ns (delay energy e12¼ 1.5 MeV).

The character of the measured spectra in Ref. 6 corre-

sponds to the spectra in Fig. 4(b), which resulted from the

analytical model with parameters as given in the caption of

Fig. 4. In the experimental spectra, the dip was located at the

energy of 1.4 MeV (this corresponds to the experimental

value of the parameter e12 in the analytical model), whereas

the peaks of the accelerated protons were located at 1.5 MeV

and 1.6 MeV, respectively. The position of the dip in Fig.

4(b) at 1.5 MeV corresponds well to the experimental energy

of the delay energy 1.5 MeV and to the dip position

at 1.4 MeV in the experimental spectra. The dimensionless

parameter bf ¼ l1
ffiffiffiffiffiffi
mp
p

=sf

ffiffiffiffiffiffiffiffiffi
2Te2

p
, which determines

according to formula (8) the distribution peak, is at about bf

� 530 at the temperature of the hot electrons of Te2 ¼

mec2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ILkL

2=1:37 1018 ðW lm2=cm2Þ
q

� 1Þ � 0:7 MeV

and a lifetime of the field at the target surface of sf � 800 fs
(calculations gave a lower value because of the simulation

time limit). When putting the experimental parameters

e12; bf into formula (8), the calculated energy of the peaks

in Fig. 4(b) is e1¼ 1.51 MeV and e2¼ 1.77 MeV, which is in

good agreement with the measured values.

Acceleration of a proton bunch with one “triangular”
field

Now, we consider an initial distribution (5) and an

accelerating triangular field that is built up either at the front

surface of a thick target or at the rear side of a lm-thick tar-

get in case of a laser prepulse. At de < e12=bf
1=3 (with an

enhancement of sf, it is also possible to fulfil this inequality

at de � hei � e12), a displacement of the whole Gaussian dis-

tribution function (5) takes place without changing its shape.

The final distribution looks like

fe eð Þ ¼ 1

de
ffiffiffi
p
p exp �

e� hei � U
ffiffiffiffiffiffi
mp
p

l1=
ffiffiffiffiffiffiffiffi
2hei

p
 �
 �2

de2

2
4

3
5
;

(10)

where U(t) is given by the expression (2) with positive sign.

In order to investigate the acceleration of protons with a

broad energy spectra de 	 e12/bf
1/3, one has to create the

final distribution function for a subsequently enhanced dura-

tion of the field action sf. As delayed energy is chosen

e12 ¼ hei, this means that the main part of protons arrives to

the second target in the moment of the maximal ambipolar

field. Figs. 5(a) and 5(b) shows the evolution of the Gaussian

distribution function as bf is reduced.

At large bf, only a part of the proton distribution will be

accelerated, as seen in Fig. 5(a). The number of accelerated

protons (right peak in Fig. 5(a)) in relation to the total proton

number can be estimated as

dN

N
�

2 sf þ sað Þ
l1

ffiffiffiffiffiffiffiffi
2hei
mp

s
hei
de
: (11)

A reduction of bf increases the number of accelerated pro-

tons and produces also the high peak in the distribution func-

tion. The energy broadening of the accelerated protons, in

this case, can be smaller as the width of the initial distribu-

tion function (see Fig. 5(b)). At a further reduction of bf as

compared to Fig. 5(b), the peak in the figure converts into a

FIG. 5. Distribution functions of protons in accelerating field. The red dot

line—initial distribution function, the blue solid line—distribution function

after interaction. Here, the electron temperature of the second target is 60%

of the first one. (a) Parameter bf¼ 15—field with short lifetime and (b)

bf¼ 5.3—optimal field duration.
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Gaussian distribution (10) and its width coincides with the

initial one. A modification of the distribution function is in

this case connected with an up-shift of the energy from the

initial distribution. The optimal case for the acceleration pro-

cess is shown in Fig. 5(b). Here, the maximal number of pro-

tons has a maximal energy and the energetic broadening is

reduced in comparison to the initial distribution function

(red line in Fig. 5(b)). In the following, the optimisation of

the process is discussed in more details.

OPTIMIZATION OF THE ACCELERATION PROCESS

Let us determine optimum conditions for the post-

acceleration of a Gaussian proton bunch with an energy hei
and a dispersion de, in order to obtain a proton bunch of

maximal energy and minimal energetic broadening. For an

initial beam with small energetic broadening de�hei, the

time of the propagation from the first target to the second

one is given by t ¼ ffiffiffiffiffiffi
mp
p

l1=
ffiffiffiffiffiffiffiffi
2hei

p
. Correspondingly, the pro-

ton energy after the acceleration in the electric field (2) is

e ¼ hei þ Uð ffiffiffiffiffiffimp
p

l1=
ffiffiffiffiffiffiffiffi
2hei

p
Þ. The maximum value e is real-

ized, when the energy of the delay is e21 ¼ hei (or, if t¼ t21,

what is the same, see (2)) and U ¼ Te2. In this case, all the

protons of the initial distribution enter the accelerating field

in the moment of its maximum and their final energy is

e ¼ hei þ Te2. The electron temperature of the second target

can be chosen (by laser intensity) from the condition that the

protons arrive at the given energy value e. In case of limited

width of the initial distribution de � hei, the maximal energy

of the accelerated peak of the distribution function is

e � hei þ Te2 þ de. An estimation of the maximal energy of

the distribution peak in dependence of de=hei; e12 can be

made according to formula (4) and leads only to a small dif-

ference from the version for a small initial distribution

e
hei � 1þ Te2

hei þ 0:2
de
hei : (12)

Expression (8) determines also the position of the right-hand

peak (e2), but at an arbitrary value of the acceleration param-

eter. If putting in (8), the optimal delay energy e12 ¼ hei and

the optimal parameter bf , the expressions (8) and (12) corre-

spond to each other when taking into account that (8) was

derived for the distribution (5) with an effective de�hei.
It is known that TNSA acceleration is depending on the

intensity as Te2ðI2Þ � I2
l, where l� 0.5.12 In this case, the

coefficient of energy enhancement for the two targets of

equal structure is given by

e
hei � 1þ I2

I1

� �l

þ 0:2
de
hei : (13)

Here, I1,2 is the laser intensity at the first and second targets

(pulse duration is assumed to be of equal value). It is worth

to note that if the two pulses are combined into one and if

directed on only one target instead of two, the proton energy

is enhanced by factor e=hei ¼ ð1þ I2=I1Þl. Therefore, the

use of two targets is beneficial if intensities I1,2 are compara-

ble. If I2 	 I1 (or l! 1), the difference in the acceleration

is only small. In this case, the advantage of such two-target

system consists in a “compression” of the energy distribu-

tion, i.e., in the generation of a quasi-monochromatic beam.

As shown in Figure 6 is the dependence of the relative

enhancement of the proton energy on the intensity ratio I2=I1

at the acceleration in case of two targets and for only one tar-

get. In our simulation of the post-acceleration of the proton

bunch, no first laser pulse was assumed and instead of it a

proton bunch with given energy was taken initially. A mono-

energetic proton distribution can be obtained when laser

pulse is interacting with an ultrathin plastic target11 or with a

double-layered target, where an ultrathin layer of hydrogen

is located at the rear side.9 The paper12 was given the expres-

sion (6), which allows combine laser intensity and duration

with the proton energy and there is also pointed out that there

is an optimal target thickness in order to reach this energy.

The proton of energy 10 MeV is possible to produce with

100 nm-thick carbon target, which is covered with 10 nm

hydrogen and irradiated by a 50 fs laser pulse with intensity

of I1¼ 4� 1019 W/cm2. According to the simulation, the

proton energy increases in this case due to the second laser

pulse (with intensity 3.4� 1019 W/cm2 and 50 fs duration)

from 10 MeV to 22 MeV. In Figure 6, these values are shown

with black squares, located close to the solid black line

resulting from the formula (13).

At a given Te2, the number of protons with maximal

energy e depends on the width of the initial distribution, du-

ration of the accelerating field and the distance between the

two targets. In the case of a nearly monochromatic initial dis-

tribution, i.e., at de=hei � 1, the condition for the life time

of the field and the distance between the targets for optimal

acceleration is fulfilled by the inequality

de
hei <

2 sf þ sað Þ
l1

ffiffiffiffiffiffiffiffi
2hei
mp

s
; (14)

which represents the condition that during the life time of

the field, all protons of Gaussian distribution have

FIG. 6. The coefficient of energy enhancement e=hei of the proton bunch at

optimal acceleration as function of the laser intensity ratio at the first and

second targets (solid line). Dotted line shows the energy enhancement for

the case of mutual irradiation of these pulses on only one target. Two black

squares are the results of the simulations of the accelerated protons having a

distribution according to Figs. 2(a) and 8.
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propagated through the field. In the paper,7 this condition

was not mentioned, because there it was obviously assumed

that it is automatically fulfilled for a mono-energetic proton

distribution. The distribution function of protons has, in this

case, the form of Eq. (10) and the energy broadening de
remains at the level of the initial distribution.

The inequality (14) corresponds to the case of very small

values of the dimensionless parameter bf < 1. However,

expression (14) for a broad energetic distribution is not opti-

mal, because, in this case, the distribution can be reduced at

the acceleration. Such reduction behaviour is illustrated in

Fig. 5(b), showing the transformation of a Gaussian distribu-

tion into a narrow peak. The optimal variant takes place if

bf ¼ bf
�, which depends on the ratios de=hei and Te2=hei.

The condition is fulfilled, if the parameter eðe0Þ ¼
e0 þ Uð ffiffiffiffiffiffimp

p
l1=

ffiffiffiffiffiffiffi
2e0

p
Þ has an extremum. At this extreme

point e0
�, the value of eðe0Þ has to be close to the averaged

energy value je0
� � heij < de. The condition of the appear-

ance of one extremum in the dependence eðe0Þ is mathemati-

cally equivalent to the second root of Eq. (10). Because an

analytical solution of Eq. (11) is complicated, we are using

the simulation results for the dependence of the optimal bf
�

on the parameters.

Figure 7(a) shows that for sufficiently broad distribu-

tions, the optimal value of bf no longer depends on the distri-

bution width. It is worth noting that the enhancement in Fig.

7(a) in the region of small values of the ratio de=hei is con-

nected with the condition of maximal compression of the ini-

tial distribution. However, for small de=hei, such a

compression is not specifically required, once the distribu-

tion is already close to a monoenergetic one. The use of an

asymptotic value b�f for narrow distributions results in a con-

servation of their width and their Gaussian shape and there-

fore one can state that for proton energy enhancement, the

optimal parameter is b�f , which does not depend on de=hei. A

broad distribution will be, in this case, accelerated and com-

pressed, whereas a narrow distribution is only accelerated.

Such values b�f for an energy enhancement of protons are

displayed in Fig. 7(b). From Figures 6 and 7, one can take

the optimal parameters of the second laser pulse and

second target for the certain energy enhancement factor.

Specifically, Fig. 6 allows a determination of the relative in-

tensity for such a case and Fig. 7 gives the distance between

the two targets in order to involve the entire distribution in

the acceleration process.

In order to test this double-target method, simulations

were performed to accelerate a quasi- monoenergetic proton

bunch with e0 ¼ 80 MeV; de ¼ 10 KeV up to an energy of

200 MeV. Generation of 80 MeV protons is now experimen-

tally available as published in Ref. 1 and also in detail

described in the theoretical paper12 for the case of very thin

carbon targets of 240 nm thickness, covered on the rear side

with 30 nm hydrogen and irradiated with a 50 fs laser pulse

of intensity I1¼ 4� 1020 W/cm2. The laser intensity at the

second target should be in this case of 1021 W/cm2 in accord-

ance to the expression (13). In our model, the spatial distri-

bution of the protons in the propagation direction (positive

x-coordinate) in front of the second target is connected with

the energy width at their generation region in the first target:

dx ¼ de l1=2hei. In the simulation, a quasi-monochromatic

distribution is used, but the longitudinal extension needs an

additional evaluation. As in the analytical model, all protons

of the bunch have in the optimal case to interact with the

field during its lifetime: dx < sf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e0=mp

p
. Starting from this

condition and the thickness of the second target, the longitu-

dinal and the transversal size of the proton bunch were cho-

sen as 0.5lm� 2lm and a Gaussian profile over the full

simulation was assumed. The target was taken to be a 6 lm

thick Alþ6 layer with ion density of 10 ncr, longitudinal size

of 6 lm, and a transversal one of 8 lm. A target of such den-

sity and size can be produced by a laser prepulse, preceding

the second pulse. The limitation of the transversal parameter

was introduced in order to prevent both a dispersion of the

electron cloud and an enhancement of the electron tempera-

ture. So as to eliminate a slow-down of the protons at the

front surface of the second target, the initial position (given

by the delay time) of the centre of the proton bunch was cho-

sen to be inside of the Al target at the distance of 1 lm from

the front side. A laser pulse of 1021 W/cm2, 40 fs, with a di-

ameter of 6 lm irradiated the front surface simultaneously

FIG. 7. (a) Optimal value of parameter bf as function of de=hei and

Te2=hei¼ 0.2 (blue line), 0.6 (black line), and 1.8 (green line). (b)

Dependence of optimal value of bf on the normalized energy enhancement.
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with the start of the motion of the proton bunch with

np ¼ 0:05 ncr . During the motion of the proton bunch to the

rear surface (40 fs), the entire laser pulse can interact with

the target.

In Fig. 8, the distribution function at the moment 100 fs

after the start of the laser pulse is displayed. It is visible that

the electrons captured by the proton bunch have broadened

the width of the distribution by �12% (for the main part of

the distribution). Additionally, it is identifiable that a small

part of protons have arrived at energy of 210 MeV, which is

connected to the acceleration process of the bunch within the

Al target caused by hot electrons. The enhancement factor of

the energy in this simulation was 2.3. Corresponding to Fig.

6 for such enhancement the two-step scheme is better in

comparison with the use of only one target. Fig. 6 shows that

the black square of the performed simulation is close to the

analytical curve. This underlines the potential of a cascaded

energy enhancement of a proton bunch in the energy range

highly interesting for important applications.

The analytical model developed and the resulting opti-

mal acceleration parameters are assuming that any feedback

of the proton bunch on the field at the second target is miss-

ing, i.e., the protons can be seen as probe particles. In the ap-

pendix, the limitation for the proton density is given for

which our approach is valid. Optimization of the dense

bunch parameters and the corresponding modelling requires

additional investigations, which is out of the scope of this

work. For the evaluation of the acceleration efficiency of

proton bunches of various densities we have, following the

simulation results, looked for the dependence of the proton

numbers contained in a 5% energy range near the distribu-

tion function cut-off on the initial proton bunch density for

different initial proton energies. Simulation has shown that

the number of protons of this group decreases as well with

the enhancement of the bunch density as with the increase of

its initial energy. Specifically, such decrease takes place also

when the total number in the proton bunch at a density of ncr

is increased by a factor of 20. That means that to create a

maximal number of protons in a small energy range the best

choice is an acceleration of a proton bunch with low density

and low initial energy.

SUMMARY

It is shown that a cascaded scheme is very favourable

for proton acceleration with lasers using two or more targets

and correspondingly also laser pulses irradiating the targets

one after the others with a given delay. Such an acceleration

scheme is more efficient (delivers higher proton energy) at

optimized parameters compared to the case of combined

laser pulses in one and its interaction with only one target.

An additional advantage of a cascaded system is the option

to create a nearly mono-energetic proton spectrum

(“compression” of the distribution function). In the result, a

cascaded system makes it possible to generate protons with

energies of several hundreds of MeV, specifically required

for medical applications, with laser systems of reduced

power, which are much cheaper and easier to operate. The

highest efficiency can be obtained, if the laser pulses have a

comparable intensity at each of the cascade targets. In this

case, the proton energy is maximized as compared to the

case with two combined pulses into one irradiating only one

target. Vice versa, at a remarkable difference in the inten-

sities of the laser pulses, the cascaded scheme loses its

advantage and practically the same proton energy can be

obtained with two combined pulses and one target (which is

experimentally easier to set up). With aid of the analytical

model, the optimization of the parameters of such a cascaded

acceleration scheme was performed and the optimal distance

between two targets, the delay time between the two laser

pulses and even the parameters of the pulses to obtain certain

proton energy were evaluated. The analytical model and the

resulting optimal parameters of the cascaded system are usa-

ble for proton bunches with a density, which is less than the

density of the hot electrons in the target of the second or fol-

lowing cascades. The analytical calculation was proven with

help of 2D PIC simulations of the acceleration and propaga-

tion of the proton bunch in the laser target.
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APPENDIX

The distribution function of the accelerated protons (6)

is now developed under the assumption of a single-particle

character of the interaction of the proton with the accelerat-

ing field. In the following, the maximal density of the proton

bunch will be determined up to which this approach can be

used. The optimal value of parameter bf
� allows to deter-

mine an optimal spatial bunch length Lp just before its en-

trance into the acceleration region: Lp ¼ bf
�
ffiffiffiffiffiffiffiffi
2Teh2

mi

q
sf

de
hei. This

length Lp is much larger than the initial bunch length Lp0 at

its creation area at the rear side of the first target. The proton

FIG. 8. Distribution function of protons in case of the acceleration of

80 MeV mono-energetic bunch by the factor of 2.5. Laser pulse with an in-

tensity 1021 W/cm2, duration 40 fs, and 6 lm diameter irradiates Alþ6 target

with ion density of 10 ncr, and thickness of 5 lm in which the proton bunch

with density np ¼ 0:05 ncr moves.
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layer determined by the thickness of the absorbing surface of

the metallic target is of several tens of nanometers with a

density of np0, comparable with solid density. Accordingly,

the length Lp0 is between tens of nanometers up to several

tenths part of a micron. In the considered MeV range of the

proton energy Lp is about one micron. The density of the pro-

ton bunch decreases on the way between first and second tar-

gets up to the value

np ¼
np0Lp0

bf �
ffiffiffiffiffiffiffiffiffiffiffi
2Teh2

mi

r
sf

de
hei

: (A1)

Here, np0Lp0 is the number of protons in units of the

transversal area of the bunch. In the process of the bunch

acceleration, the hot electrons created in the second target

propagate in vacuum together with the bunch forming

such quasi-neutral plasma with an electron concentration

nehp � np. The existence of hot electrons in the accelera-

tion region of the proton bunch results in the appearance

of an electric field Ep �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Teh2np

p
at this region. This field

is additionally accelerating protons at the right-hand

boundary of the bunch and slows them down at the left-

hand one at its further propagation. In the model, given

here, this field is not taken into account but obviously it

leads to a broadening of the peak in the distribution func-

tion of the protons as shown in Figs. 5 and 7. This broad-

ening is visible in the experimental distribution in Ref. 6

as compared to the calculated one of Fig. 4(b). However,

the parameter v (see (8)) introduced in our model enables

to take quantitatively into account such broadening. To

neglect the field Ep as compared to the field E �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Teh2neh

p

at the rear side of the second target, a small concentration

of the proton bunch in comparison with the concentration

of the hot electrons at the second target is required.

Assuming that the duration time of the fields E and Ep is

of the same order of magnitude (�sf ) and evaluating the

change in the velocity of the proton motion under the

action of the field as eEsf , one can obtain the limitation

for the density of the proton bunch, at which the broaden-

ing in the proton energy due to the field Ep does not

exceed the given value De=e:

np

neh
� De

e
: (A2)

Expressions (A1) and (A2) can be seen as conditions for the

application of the above described model and as requirement

to generate a “monoenergetic” proton spectra in the cascaded

acceleration. It is worth to note that for targets of micron

thickness, the hot electron density neh is of about the tenth

part of the critical density ncr . Therefore, the proton density

np is of about percents of the critical density for the case of

De=e � 0:1. Thereby, the initial density of the proton bunch

can be about Lp=Lp0 times higher. From the model, it follows

that quasi-monoenergetic proton bunches in case of an addi-

tional acceleration in a second target are only possible, if the

proton density in the beam is low enough, i.e., np < neh.
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