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ABSTRACT
We model the solvation-induced vibrational frequency shifts of the amide I and amide II modes of N-methylacetamide in water and the
nitrile stretch mode of acetonitrile in water by expressing the frequency shift as a polynomial function expanded by the inverse power of
interatomic distances. The coefficients of the polynomial are optimized to minimize the deviation between the predicted frequency shifts
and those calculated with quantum chemistry methods. Here, we show that a differential evolution algorithm combined with singular value
decomposition is useful to find the optimum set of coefficients of polynomial terms. The differential evolution optimization shows that only
a few terms in the polynomial are dominant in the contribution to the vibrational frequency shifts. We anticipate that the present work paves
the way for further developing different genetic algorithms and machine learning schemes for their applications to vibrational spectroscopic
studies.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5120777., s

I. INTRODUCTION

Vibrational spectroscopy is an invaluable tool to investigate the
structure and dynamics of molecules in condensed phases.1–6 Solva-
tion dynamics of molecules in solution is one of the major research
subjects in vibrational spectroscopy. In particular, the advances
of two-dimensional vibrational spectroscopy have enabled detailed
studies of ultrafast solvation dynamics because the changes in the
diagonal peak shape and position are related to solvent reorganiza-
tion and spectral diffusion processes in time.2,7 Among a number
of IR-active modes in various compounds, the amide I vibration,
which is mainly a carbonyl stretch of a peptide bond, has been stud-
ied extensively because it is known to be highly sensitive to the local
environment around each peptide in proteins. The amide I mode
frequency is strongly red-shifted when hydrogen bonds are formed
at the carbonyl oxygen atom of each peptide bond. Furthermore,
the amide I IR spectrum exhibits a single absorption band near
1650 cm−1 for α-helices and two bands at 1630 cm−1 and 1680 cm−1

for β-sheets. Such sensitivity of the amide I mode to secondary struc-
tures of proteins renders it as a useful probe for monitoring the
structural evolution of peptides and proteins.

For studies using vibrational spectroscopy, especially 2D vibra-
tional spectroscopy, in interpreting the experimental results and elu-
cidating the underlying molecular pictures, it is helpful to compare
experimental spectra with calculated spectra from theoretical mod-
eling. Implementing ab initio electronic structure calculation con-
sidering a sufficient number of solvent molecules is not a practical
way due to prohibitive computational costs. In addition, there is no
guarantee that expensive ab initio calculations can reproduce very
small frequency shifts observed in experiments due to the changes
in local environments or conformations. Thus, the more popular
method often used in theoretical calculations of vibrational spectra
is to develop and use a variety of empirical procedures of fitting a
small number of parameters to vibrational analysis results from elec-
tronic structure calculations of solute-solvent clusters, which result
in vibrational frequency maps.8–15 Also there are notable studies
in which the vibrational maps are constructed by directly fitting
the parameters against experimental spectra to make correlations
with perturbations on the solute molecule calculated in molecular
dynamics (MD) simulation trajectories.16–21 Constructed maps are
used to correlate the instantaneous configuration of surrounding
molecules taken from classical molecular dynamics (MD) simulation
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trajectories with the fluctuating transition frequency and transition
dipole of a target vibration mode.

In constructing the protein amide I mode frequency map,
N-methylacetamide (NMA) has been considered to be a prototyp-
ical molecule. The amide I mode frequency shift of NMA in solution
was described as a response to solvent electrostatic perturbations
imposed on selected sites on the molecule, which are Coulomb,
induction, and exchange-repulsion interactions as well as the charge
transfer between solute and solvent molecules. Among these con-
tributions to the amide I frequency shift, the electrostatic pertur-
bation due to solvent electrostatic potential or electric field or its
gradients acting on a few selected sites of the NMA molecule has
been considered to be the dominant component in the amide I
frequency shift of NMA in polar solvents. In a recent study, van
der Waals interaction was also taken into consideration in addi-
tion to the interaction between NMA and solvent electric fields
when the vibrational frequency map was constructed for the amide
I frequency shifts induced by the interactions of NMA with water,
DMSO, and chloroform molecules.16 Thus, the obtained frequency
map was found to be useful because it is capable of describing
spectral features resulting from both hydrophilic and hydrophobic
surroundings.

A rigorous first principles theory of vibrational solva-
tochromism that takes into account the Coulomb, exchange-
repulsion, induction, and dispersion interactions was applied to
NMA-water clusters and showed that the calculated frequency shifts
of amide I vibration mode are in quantitative agreement with
ab initio results.22–26 Although the electrostatic interaction between
the solute and water molecules plays a dominant role, the con-
tributions from exchange repulsion and induced dipole-electric
field interactions are found to be of comparable importance in a
short distance range.25 Interestingly, it was shown that the previ-
ous electrostatic models worked well for NMA in aqueous solutions
because the repulsion-induced frequency blue shifts are largely can-
celed out by the polarization interaction-induced frequency redshifts
and that the electrostatic contribution is large and highly sensi-
tive to the relative orientations of surrounding solvent molecules
in contrast with polarization, dispersion, and exchange-repulsion
contributions.26

Another useful and extensively studied IR probe that is also
considered in the present work is the nitrile (CN) stretch mode,
which can be easily incorporated into proteins in a form of
nitrile-derivatized amino acids.27–29 Quantum chemistry calcula-
tions showed that, when the CN group is surrounded by hydrogen-
bonding water molecules, the water molecules near the CN π orbital
induce redshifts of the CN stretching mode frequency, whereas the
optimal linear hydrogen-bonding configuration gives a blueshifted
frequency.10 It has been demonstrated in previous studies that, in
contrast to the case of the amide I vibration, the CN stretching
vibration in various solvents cannot be described simply in terms
of the Coulomb interactions between the solute and the solvent
molecules.30–35 Blasiak et al.36 analyzed the solvatochromic vibra-
tional frequency shifts of the nitrile stretching mode in CCl4, CHCl3,
DMSO, H2O, and protein environments by using the first principles
solvatochromism theory and found that the exchange repulsion con-
tribution is the largest among all the contributions from molecules
in the H-bonding distance range. This shows that the origin of
the nitrile frequency shift induced by solute-solvent interactions is

different from that of carbonyl stretching modes in amide, ester,
ketone, and carbonate compounds.

These cases of the amide I and the CN stretch vibrations indi-
cate that, even though the vibrational frequency maps employing the
electrostatic interaction as the only or major contribution worked
well in the previous calculations of vibrational spectra, it is neces-
sary to develop a more refined model that is not constrained by any
preliminary set of assumptions about the physical nature of the fac-
tors inducing the vibrational frequency shifts in condensed phases.
For example, constructed by considering electrostatic potentials at
the interaction sites of the solute molecule including 17 extra sites
in addition to the C and N atoms, the frequency map for the CN
stretch mode in the nitrile and thiocyanate compounds in water pro-
duced numerically simulated CN frequency shifts in good agreement
with ab initio calculation results, which is not in accord with the fact
that the real origin of the blue shift of the CN stretch mode is due
to the exchange-repulsion contribution as demonstrated by the first
principles solvatochromism theory.36

One of the reasons for the success of the multisite frequency
map in modeling the CN stretch vibration is that higher-order mul-
tipole contributions such as quadrupole contribution, which are
not negligible in the vibrational solvatochromism of CN stretch
vibration, could be taken into account by the multisite frequency
map based on the electrostatic intermolecular interactions. The
effect of the nonelectrostatic interaction term was approximately
included in the frequency map because the parameters in the map
were determined by using a fitting procedure based on the mul-
tivariate least square analysis to a number of clusters obtained
by using quantum chemistry calculation methods. However, the
more detailed physical nature of the frequency shift of the CN
stretch vibration was obtained by a more recent theoretical work of
Blasiak et al.36

In the present work, we show that one of the global optimiza-
tion algorithms, differential evolution,37 can be of use to deter-
mine which interatomic distance-dependent terms are important
for quantitatively describing vibrational solvatochromism of amide
I and nitrile stretch modes. In general, the solute-solvent interac-
tion energy can be approximately represented as a sum of pairwise
functions of interatomic distances

E =∑
i
∑

j
V(rij), (1)

where i is the index for atoms in solute and j is the index for atoms
in solvent. The intermolecular interaction potential V(rij) can be
decomposed into various contributions with different dependences
on the interatomic distances rij. For example, electrostatic inter-
action is proportional to r−1, dispersion interaction to r−6, and
exchange repulsion to r−12. In this work, we use the general inter-
action energy function in Eq. (1) to model the frequency shifts of
vibrational modes, by expressing them as a sum of pairwise func-
tions of interatomic distances between atoms in solute and solvent
molecules, i.e.,

Δω =∑
i
∑

j
U(rij), (2)

where the indices i and j are the atoms in solute and solvent
molecules, respectively. The function U(r) in Eq. (2) is assumed to
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be a polynomial function of the inverse power of the interatomic
distances of order M,

U(r) =
M

∑

n=1

an
rn

. (3)

Next, we try to find the set of coefficients an that can optimally
describe the vibrational frequency shifts using both singular value
decomposition and the differential evolution algorithm (DEA). As
shown below, only a few terms in Eq. (3) dominate the vibra-
tional frequency shifts, while the remaining terms are essentially
zero. In Sec. II, we describe the model and algorithm in detail.
Computational details can be found in Sec. III. The results are pre-
sented and discussed in Sec. IV, followed by concluding remarks in
Sec. V.

II. MODEL AND ALGORITHM
A. Model of vibrational frequency shifts

For a cluster consisting of a single solute molecule and W sol-
vent molecules, the frequency shift of the specific vibration mode,
which is the amide I or II mode of NMA or the CN stretching
vibration of acetonitrile, is modeled as

Δω =∑
A

W

∑

i=1
∑

B

M

∑

n=1
aA,B
n (

1
rABi

)

n

=

M

∑

n=1
∑

A
∑

B
aA,B
n

W

∑

i=1
(

1
rABi

)

n

, (4)

where A denotes the interaction site of the solute molecule. For
NMA, we consider the carbonyl C, O, and N, the amide H, and
the two methyl C atoms as the six interaction sites so that index A
denotes one of these six sites. For acetonitrile, the methyl C atom and
the C and N atoms of the CN bond are considered as the interaction
sites so that index A denotes one of these three sites of the acetoni-
trile molecule. B denotes the interaction site of a solvent molecule.
In this work, the solvent used is water so that B denotes the three
sites, i.e., the O and the two H atoms of each water molecule. In this
modeling study, we consider a 14-order polynomial, M = 14. The
number of water molecules, W, is different for each configuration of
the clusters, and it ranges from 1 to 50. rABi denotes interatomic dis-
tance between site A of the solute molecule and site B of ith solvent
molecule. Introducing

fAB,n(k) ≡
W

∑

i=1
(

1
rABi

)

n

(5)

for the kth solute-solvent cluster configuration, the vibrational fre-
quency shift Δω(k) for the kth configuration is given as

Δω(k) = ∑
n,A,B

aA,B
n fAB,n(k). (6)

The number of the coefficients aA,B
n under the summation of Eq. (6)

is determined by the product of the number of the interaction sites
of the solute molecule, the number of the interaction sites of the sol-
vent molecule, and the order of the polynomial. Therefore, there
are 168 coefficients for the NMA-water system and 84 coefficients
for the MeCN-water system. When the number of the coefficients
aA,B
n is N, the number of considered configurations is S, and the

order of the polynomial is M, Eq. (6) can be recast in a matrix

form as

⎛

⎜

⎝

Δω(1)
⋮

Δω(S)

⎞

⎟

⎠

=

⎛

⎜

⎝

fA1B1 ,1(1) ⋯ fAnBm ,M(1)
⋮ ⋱ ⋮

fA1B1 ,1(S) ⋯ fAnBm ,M(S)

⎞

⎟

⎠

⎛

⎜

⎝

aA1 ,B1
1
⋮

aAn ,Bm
M

⎞

⎟

⎠

(7)

or

Δω = f ⋅ a, (8)
where {A1, . . ., An} and {B1, . . ., Bm} are the interaction sites of
the solute and solvent molecules, respectively, and Δω, f, and a are
S-by-1, S-by-N, and N-by-1 matrices, respectively. Given that a
training set consists of S configurations of solute-solvent clusters,
the elements of the matrix f are readily calculated and the elements
of Δω can be obtained by implementing quantum chemistry calcula-
tions on the S configurations. Then, Eq. (7) can be solved by singular
value decomposition to obtain the coefficients aA,B

n . When the num-
ber of adjustable parameters, that is, the number of the coefficients
aA,B
n , is about a hundred and the number of considered configura-

tions is a few times the number of parameters, the direct solution
of Eq. (6) by singular value decomposition gives the coefficients
aA,B
n that are severely biased to the data in the training set due to

overfitting.
Rather than directly solving Eq. (7), we represent the frequency

shift Δω(k) for the kth configuration by a sum of the contributions
Δωn(k) which is due to the 1/rn-interaction term only so that

Δω(k) =
M

∑

n=1
Δωn(k), (9)

Δωn(k) = cnΔω(k) (1 ≤ n ≤M), (10)

where 0 ≤ cn ≤ 1 and ∑M
n=1 cn = 1. Then, for a given set of values

{c1, . . ., cM}, we solve the following M equations for Δωn(k),
n = 1, . . ., M by singular value decomposition and obtain Δω(k) as
the sum of Δωn(k),

Δω1(k) =∑
A,B

aA,B
1 fAB,1(k),

Δω2(k) =∑
A,B

aA,B
2 fAB,2(k),

⋯

ΔωM(k) =∑
A,B

aA,B
M fAB,M(k).

(11)

The root mean squared error (RMSE) is defined as

dRMSE =
1
S

¿

Á
ÁÀ

S

∑

k=1
[Δωpredict

(k) − ΔωQM
(k)]2, (12)

whereΔωpredict(k) is the frequency shift calculated byM implementa-
tions of singular value decomposition in Eqs. (11) and (9). ΔωQM(k)
is the frequency shift obtained by quantum chemistry calculation
for the kth configuration. The whole process from the selection
of {c1, . . ., cM} via the solution of Eq. (11) to the calculation of
dRMSE in Eq. (12) can be regarded as a function H whose input is
{c1, . . ., cM} and the output is dRMSE, as schematically shown in Fig. 1,
such that
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FIG. 1. Schematic diagram of the procedure from the relative contributions cn to
the RMSE value, dRMSE.

dRMSE = H(c1, . . . , cM). (13)

Now we need to optimize the function H with respect to {c1, . . ., cM}
to minimize the dRMSE; thereby, we also obtain the coefficients aABn
corresponding to the optimized set of {c1, . . ., cM}.

B. Differential evolution algorithm
The optimization of the function H is implemented by employ-

ing the differential evolution algorithm37–39 which is an adaptive
scheme for global optimization over continuous spaces, developed
from the genetic annealing algorithm. Differential evolution can
be classified as one of the evolutionary algorithms that attempt
to evolve better solutions through recombination, mutation, and
survival of the fittest. Here, we briefly describe the algorithm.

The differential evolution algorithm maintains the population
at gth generation,

Px,g = (x1,g , . . . , xNp ,g), (14)

where Np is the population size and xi ,g is an M-dimensional
parameter vector

xi,g = (c1,i,g , c2,i,g , . . . , cM,i,g). (15)

At zeroth generation, the elements of the parameter vectors xi ,g are
initialized by random numbers between a given lower and upper
bound. Once initialized, the algorithm mutates randomly chosen
vectors from the population to produce an intermediate population
of Np mutant vectors vi ,g as

vi,g = xj,g + F(xk,g − xl,g), (16)

where j, k, l ≠ i and they are different from one another. F is a
real constant. The next step is the so-called crossover process where
randomly selected elements of each vector in the current popu-
lation is replaced by the corresponding elements of a mutant to

produce a trial population of Np trial vectors ui ,g whose elements are
given as

uj,i,g = {
vj,i,g , if (rand(0, 1) ≤ Cr or j = jrand),
xj,i,g , otherwise, (17)

where rand(0, 1) is a real random number in (0, 1) and jrand is a
random integer in the range of index j, and Cr is a real constant. The
next step is the selection in which if the trial vector ui ,g gives an equal
or lower values for the predefined objective function than that of its
target vector xi ,g , it replaces the target vector in the next generation.
These procedures are repeated in each generation. The real constants
F and Cr are control parameters of the algorithm along with the pop-
ulation size Np. In the present work, we set F = 0.9, Cr = 0.9, and
Np = 50. We found that the results of the differential evolution algo-
rithm in the present work are quite robust against variations of the
three control parameters, F, Cr , and Np, as long as the number of
evolution steps, which denotes how many generations the differen-
tial evolution procedure goes through, is sufficiently large. In the
present work, each calculation involved 10 000 generations. In this
case, when we varied the control parameters F and Cr in the range
from 0.5 to 0.9, or when we tried Np = 100, the final results were
found to be nearly the same. More specifically, we found that the dif-
ferences between the obtained results with varied control parameters
are not larger than a factor of 10−6. There seems to be little advantage
in using the value of Np larger than 50 because the computational
time increases linearly with the value of Np with little improvement
in the result.

III. COMPUTATIONAL METHODS
We implemented molecular dynamics (MD) simulations of

NMA in water and acetonitrile in water to obtain configurations
of solute-solvent clusters using the Sander module of AMBER 14
program package.40 The simulation box for NMA consists of a sin-
gle NMA molecule and 1318 water molecules. That for acetonitrile
consists of an acetonitrile molecule and 1094 water molecules. The
TIP3P water model and AMBER force fields were used for solvent
and solute, respectively, with the partial charge parameters of the
acetonitrile molecule being replaced by those used in Ref. 41. For
both systems, minimization of 500 steps with steepest descent and
500 steps with conjugate gradient method is followed by 200 ps
NVT and 800 ps NPT equilibration runs to adjust the volume of
the simulation box. Then, we implemented another 200 ps NVT
equilibration before 5 ns production run under the NVT condi-
tion. The simulation time step is 1 fs, the cutoff of nonbonding
interaction is 10 Å, and the long range electrostatic interactions are
included by the particle mesh Ewald method.42 From these trajecto-
ries, snapshot structures of solute-water clusters were sampled by
selecting N water molecules that are close to their nearest heavy
atom of the solute molecule. Here, N varies from 1 to 35, in addition
to N = 50.

Next, the geometries of these configurations of solute-solvent
cluster were optimized with quantum chemistry method using
Gaussian 09 and 16.43 The PM6 semiempirical method was
employed for the NMA-water system and density functional the-
ory (DFT) calculations with B3LYP/6-31G∗ for the MeCN-water
system in the geometry optimization and normal mode analysis.
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We chose the PM6 method to reduce the computational cost for
quantum chemistry calculations of about 1000 NMA-water cluster
structures.

IV. RESULTS AND DISCUSSION
We prepared 1080 geometry-optimized configurations of

NMA-water clusters for which we implemented a normal mode
analysis to obtain vibrational frequencies. These configurations con-
tain various number of water molecules from a single water molecule
up to 50 water molecules surrounding a single NMA molecule.
We classify these configurations into four groups having one water
molecule, 2–5 water molecules, 6–35 water molecules, and 50 water
molecules denoted as “1W,” “2–5W,” “6–35W,” and “50W,” respec-
tively. We split the total 1080 configurations into two sets of 540
configurations having the same proportion of 1W, 2–5W, 6–35W,
and 50W configurations denoted as set A and set B, and then, set
A is used as a training set and set B as a test set. For acetonitrile-
water system, we prepared 974 geometry-optimized configurations.
We also split these 974 configurations into two sets so that one is
used as a training set and the other as a test set. The detailed numbers
of the 1W, 2–5W, 6–35W, and 50W configurations for the NMA
and the acetonitrile cases are given in Table S1 in the supplementary
material.

In the course of obtaining the coefficient aA,B
n in Eq. (6) by

the differential evolution algorithm combined with singular value
decomposition as shown in Fig. 1, we also obtain the relative con-
tributions cn of the nth order terms in Eq. (9). We found that not
all of the 14 orders of the terms contribute to the frequency shift,
but only a few selected orders of terms make significant contribu-
tions. Table I shows the resulting cn values obtained by the differ-
ential evolution for the amide I and II modes of NMA and the CN
stretch mode of acetonitrile solvated by water molecules. As shown
in Table I, the differences in magnitude between the dominating
terms and the minor terms are more than a factor of 108, meaning
that the nondominating terms are essentially zero; only three or four
selected orders of the terms make contributions to the frequency
shifts. Furthermore, the dominating terms are different among the

TABLE I. The relative contributions ci of the terms in the polynomial model. The
dominant terms are highlighted in bold.

Order Amide I Amide II CN stretch

1 0.188 690 79 0.042 267 42 0.407 430 12
2 0.000 000 00 0.589 768 48 0.000 000 00
3 0.000 000 00 0.000 000 00 0.000 000 00
4 0.437 732 39 0.000 000 00 0.000 000 00
5 0.288 210 37 0.000 000 00 0.000 000 00
6 0.000 000 00 0.000 000 00 0.000 000 00
7 0.000 000 00 0.000 000 00 0.000 000 00
8 0.000 000 00 0.000 000 00 0.000 000 00
9 0.000 000 00 0.198 760 14 0.587 771 49
10 0.000 000 00 0.000 000 00 0.004 798 39
11 0.000 000 00 0.000 000 00 0.000 000 00
12 0.000 000 00 0.112 990 31 0.000 000 00
13 0.000 000 00 0.056 213 65 0.000 000 00
14 0.085 366 44 0.000 000 00 0.000 000 00

three considered vibrations, amide I mode of NMA, amide II mode
of NMA, and CN stretch mode of MeCN. For the amide I mode, the
dominating contributions are only from the 1st, 4th, 5th, and 14th
order terms. These might be related to frequency shifts induced by
certain specific intermolecular interactions such that the 1st order
terms are related to the long range electrostatic interaction, the 4th
and 5th order terms to dispersionlike interaction, and the 14th order
terms to the exchange-repulsion-like interaction. But in the present
work using the global optimization method based on a genetic algo-
rithm, we do not make any assumption about the physical nature of
the contributing terms in the model.

Figure 2 shows the distribution (red bars) of frequency shifts
of the amide I mode calculated by quantum chemistry method for
the geometry-optimized configurations used in this work including
both the training and test sets. The distributions of the four classified
groups, 1W, 2–5W, 6–35W, and 50W of the configurations, are also
shown in Fig. 2 (blue bars). As the cluster size increases, the distribu-
tion is more red-shifted. For 1W configurations, after the geometry
optimization procedure, each of the 40 configurations of NMA with
a single water is reduced to a structure which is very similar to one
of the four structures, which are specifically, the water molecule as a
H-bond donor making a H-bond with the O atom of NMA near the
methyl group bonded to N atom of NMA, or near the methyl group
bonded to the carbonyl C atom of NMA in two slightly different
geometries, or acting as a H-bond acceptor to the amide H atom of
NMA. Thus, the distribution of 1W configurations in Fig. 2(a) con-
sists of four distinct peaks. The distributions for the 2–5W, 6–35W,
and 50W are quite broad, reflecting variations of geometries of water
molecules near the NMA. The distributions of frequency shift for the
amide II mode of NMA and the CN stretch of acetonitrile are shown
in Figs. S1 and S2. The distribution of the amide II mode frequency
shift becomes more blue-shifted as the size of the cluster increases,

FIG. 2. (a)–(d) Distribution of the amide I mode frequency shifts for the configu-
rations of the NMA-water cluster system. The red plot is the total distribution. The
blue plot in (a) is the distribution for the configurations with one water molecule,
(b) is the distribution for the configurations with 2–5 water molecules, (c) is the
distribution for the configurations with 6–35 water molecules, and (d) is the distri-
bution for the configurations with 50 water molecules. The green dotted plot is the
experimental IR spectrum of NMA in D2O from Ref. 44 as a function of frequency
shift relative to the experimental frequency of a NMA monomer (1720 cm−1).45
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as expected. For the case of the CN stretch of acetonitrile, there is
notable correlation between the cluster size and the frequency shift,
which gives broad distribution including both red and blue shifts in
all cases of cluster size.

We obtain the optimized values of the coefficients aA,B
n in Eq. (6)

by employing the methodology combining differential evolution and
singular value decomposition using the frequency shifts calculated
by quantum chemistry method for the configurations in the training
set as target values. Then, using the obtained values of the coeffi-
cients aA,B

n , we calculate the frequency shifts for the configurations
in both the training and test sets and then calculate the RMSE val-
ues. The results are shown in Fig. 3 for the amide I and II modes of
NMA and the CN stretch mode of acetonitrile. The resulting RMSE
values for the training sets are similar to those for the test set for
all three modes, reflecting the fact that the nature of the training
and the test set is very similar. The RMSE values for the test sets
are about 5 cm−1. As a comparison, we implemented only singular
value decomposition to directly solve Eq. (6). The resulting compar-
ison with the quantum chemistry values for the training and the test
sets is shown in Fig. S3, where the RMSE for the training set is as
small as 3 cm−1. However, it should be noted that the RMSE for the
test set is almost an order of magnitude larger, i.e., approximately
36 cm−1, which signifies the overfitting problem of the singular value
decomposition method when it is used without a global optimization
method such as differential evolution algorithm.

The test sets in Fig. 3 contain contributions from all four sub-
groups of 1W, 2–5W, 6–35W, and 50W configurations. Table II
shows the RMSE of the predicted frequency shift against the quan-
tum chemistry frequency shift, calculated using only one of these
four subgroups in the test set for the NMA-water system. The RMSE
values vary from 2.87 cm−1 for small clusters to 6.83 cm−1 for large
clusters. This result shows that the contribution from the longer
range water molecules contained in larger clusters to the frequency
shift are more difficult to capture with the present polynomial model
of the inverse power of the interatomic distances compared to the
short range water molecules.

TABLE II. Root mean squared error when only the specified subset, 1W, 2–5W,
6–35W, or 50W, of set B is used as a test set. The unit is cm−1.

Test set 1W 2–5W 6–35W 50W

RMSE 2.87 3.78 6.82 6.83

Figure 4 shows the contribution of the water molecules in a
shell of radius r − r + dr to the amide I mode frequency shift aver-
aged over all of the 50W configurations as a function of the distance
r between the center of mass of water molecules and the geometric
center of the NMA molecule. Figure 4(a) shows the results con-
sidering all of the water molecules in each configuration, whereas
Fig. 4(b) shows the results considering only the water molecules
whose oxygen atom is within 3.5 Å from the O atom or N atom of
the NMA molecule. Here, the 3.5 Å is a distance criterion of H-bond
between the donor and acceptor atoms. Note that the x-axis in Fig. 4
is the distance from the geometric center of the NMA molecule, not
from the O atom nor the N atom of the NMA. Figure 4(c) shows
the results considering only the water molecules which do not sat-
isfy this distance criterion from the O and N atoms of the NMA
molecule. The curves in Figs. 4(a) and 4(b) show two strong nega-
tive peaks at 3.5 Å and 4.2 Å in addition to a shoulder near 3.2 Å.
The shoulder peak near 3.2 Å is due to the water molecules which
make an H-bond to the H atom of the NMA molecule as analyzed
in Fig. S4 in the supplementary material. As also shown in Fig. S4,
the two strong negative peaks are from the water molecules making
an H-bond to the O atom of the NMA molecule. The configuration
of water molecules making an H-bond at the O atom of the NMA
molecule can be divided into two kinds depending on the direction
relative to the direction of the C–N bond of the NMA molecule such
that one is on the same side as the N atom of the C–N bond and the
other is on the opposite side. These two configurations give the two
negative peaks observed in Figs. 4(a) and 4(b).

FIG. 3. Scatter plot of the predicted vibra-
tional frequency shifts with respect to the
corresponding shifts by quantum chem-
istry calculations. (a) and (d) are for the
training set and the test set of the amide
I frequency shift, respectively. (b) and (e)
are for the training set and the test set
of the amide II frequency shift, respec-
tively. (c) and (f) are for the training and
the test set of the CN stretch frequency
shift, respectively. The RMSE values are
in cm−1.
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FIG. 4. (a) Average amide I mode frequency shift contributions due to the water
molecules in the spherical shell with r ∼ r + dr, where r is the distance from the geo-
metric center of the NMA molecule to the center of mass of the water molecules. (b)
We impose an additional condition that water molecules are within 3.5 Å from the
O or N atom of the NMA molecule. (c) We consider the remaining water molecules
not considered in (b).

Although the results in Fig. 4 suggest that the frequency shift of
the amide I mode of NMA is mainly due to the water molecules in
the range of 3–5 Å from the geometric center of the NMA molecule,
we will show below that the contributions from water molecules in
the longer range are not negligible but canceled out with one another
in the distance range larger than 5 Å so that the net contributions are
mainly due to the water molecules that can make H-bonds with the
O atom or amide H atom of the NMA molecule. Figure 4 also shows
the contribution only from the 1st, 4th, 5th, and 14th order terms.
The contributions from these terms show the same distance depen-
dence, only differing in magnitude which is determined by the values
of the relative contributions cn obtained by differential evolution cal-
culation. The reason is that, for a given set of {cn}, the frequency shift
modeled by Eqs. (10) and (11) is such that the distance dependence

of the nth order term, given by Δωn = cnΔω, has the same distance
dependence as Δω.

Figure 5(a) shows the contributions of the terms describing the
interaction between a specified site of the NMA molecule and the
water molecules in the clusters as a function of the distance from the
geometric center of the NMA molecule to the center of mass of water
molecules. In Fig. 5(b), we consider only those water molecules that
satisfy the distance criterion of H-bond with the O or N atom of the
NMA molecule. Figure 5(c) is for the remaining water molecules in
the clusters. It is noted that the water molecules at r > 5 Å still sig-
nificantly contribute to the amide I frequency shift and their effects
could be both red-shifting and blue-shifting depending on the inter-
action site of the NMA molecule. For the carbonyl C atom of the

FIG. 5. (a) Average amide I mode frequency shift contributions only from each
interaction site of the NMA molecule interacting with the water molecules in the
spherical shell with r ∼ r + dr, where r is the distance from the geometric center of
the NMA molecule to the center of mass of the water molecules. (b) We consider
only the water molecules which are within 3.5 Å from the O or N atom of the NMA
molecule. (c) We consider the remaining water molecules not considered in (b). C,
O, N, and H are atoms of the peptide bond in NMA. C1 and C2 are the methyl C
atoms bonded to the carbonyl C and N atoms, respectively.
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NMA molecule, the effect is largest and red-shifting, but this effect
is largely canceled by the sum of the blue-shifting contributions from
the O, N, and one methyl C atom. The contribution from the O atom
of the NMA molecule is blue-shifting for the longer range water
molecules and red-shifting for the shorter range water molecules.
This red-shifting contribution of the O atom in 3–5 Å range com-
bines with the large red-shifting contribution at the carbonyl C atom
to result in the red-shifting contribution in this range, as observed in
Figs. 4(a) and 5(a). Figure 5(c) shows that the opposing contribu-
tions from the water molecules not in the H-bonding range from
the O or N atom of the NMA molecule canceled out each other
so that the net contribution becomes near zero in the entire range
considered in the present work.

FIG. 6. (a) Average amide II mode frequency shift contributions due to the water
molecules in the spherical shell with r ∼ r + dr, where r is the distance from the geo-
metric center of the NMA molecule to the center of mass of the water molecules. (b)
We impose an additional condition that water molecules are within 3.5 Å from the
O or N atom of the NMA molecule. (c) We consider the remaining water molecules
not considered in (b).

Figures 6 and 7 show the contributions of surrounding water
molecules to the frequency shifts of the amide II mode of NMA and
the CN stretch mode of MeCN, respectively, as a function of the dis-
tance from the geometric center of the solute molecule to the center
of mass of water molecules. For the amide II mode in Fig. 6, except
that the shift is positive instead of negative, the trend is similar to the
case of the amide I mode in that the net contribution after cancella-
tion is mainly from the water molecules within 3.5 Å from the O or H
atom of the NMA molecule. But we observe non-negligible contribu-
tion from the water molecules which are not within the H-bonding
distance, as can be seen in Fig. 6(c).

For the CN stretch mode of MeCN in Fig. 7, the situation is dif-
ferent from those of the amide I and II modes. For MeCN, there is
only one H-bonding site which is the N atom of the MeCN molecule
which acts as an H-bond acceptor. It is known that a blue shift of

FIG. 7. (a) Average CN stretch mode frequency shift contributions due to the water
molecules in the spherical shell with r ∼ r + dr, where r is the distance from the geo-
metric center of the MeCN molecule to the center of mass of the water molecules.
(b) We impose an additional condition that water molecules are within 3.5 Å from
the N atom of the MeCN molecule. (c) We consider the remaining water molecules
not considered in (b).
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the CN stretch frequency of the MeCN molecule is observed when
a water molecule makes an H-bond in a linear configuration along
the direction of the CN bond, whereas a red shift is observed when
an H-bonding water molecule makes a perpendicular configura-
tion with respect to the CN bond.10,41 In previous studies on the
CN stretch vibration, the former is called σ H-bond and the lat-
ter is called π H-bond, respectively.10 The σ H-bond is found to be
more stable than the π H-bond when a sufficiently large basis set is
employed in the DFT calculation, consistent with the experiment.31

For example, in the calculation with B3LYP/6-311++G(3df, 2pd),
the σ H-bond is more stable than the π H-bond by 0.96 kcal/mol.
However, using such a large basis set giving the correct relative sta-
bility of the σ H-bond is too expensive to produce several hundreds
of optimized configurations. In the present work, we implemented
geometry optimization of MeCN-water clusters using density func-
tional theory with 6-31G∗ basis set which correctly reproduced the
blue shift for the σ H-bond and the red shift for the π H-bond.
However, the optimized σ H-bonding configuration of the cluster
of a MeCN and a water molecule is less stable than the optimized
π H-bonding configuration by 0.37 kcal/mol with 6-31G∗ basis set,
and the majority of the optimized configurations of the MeCN-
water clusters in the test and training sets give red shifts of the CN
stretch vibration (Fig. S2). This is why the strong peaks in Fig. 7(a)
are in the negative direction although there are small positive
peaks.

In Fig. 7(b), which shows the contributions of water molecules
that are within 3.5 Å from the N atom of the MeCN, we observe
one negative peak at 3.5 Å and one positive peak at 4.0 Å. The
positive peak at 4.0 Å is contributed from the water molecules in
the σ H-bonding configuration, and the negative peak at 3.5 Å
is from the water molecules in the π H-bonding configuration
(Fig. S5). A notable feature of the CN stretch mode is that the water
molecules that are not within the H-bonding distance from the N
atom of the MeCN molecule make large contributions [Fig. 7(c)].
This means that water molecules that are close to the C atom of
the C–N bond and away from the N atom of the C–N bond still
make significant contributions to the red shift of the CN stretch
mode.

Figures 8 and 9 show the contribution of the terms describ-
ing the interaction between a specified site of the solute molecule
and the water molecules in the clusters for the amide II mode of
NMA and the CN stretch mode of MeCN, respectively. Similar to
the amide I mode, the water molecules at a longer range than 5 Å
make significant contributions to the frequency shift and the shifts
are positive or negative depending on the interaction sites of the
solute molecule. In the same way as in the case of the amide I mode,
there exists one interaction site on the solute molecule that gives a
large negative contribution to the frequency shift. This site is the N
atom of the NMA molecule in the case of the amide II mode and
the C atom of the MeCN molecule in the case of the CN stretch
mode.

Here, the interaction sites of the NMA molecule are the six
atomic sites of the NMA that are the two methyl C, carbonyl C, O,
and N, and the amide H atoms. In the previous studies using fre-
quency maps, different selections of interaction sites of the solute
molecule have been considered. To examine how a variation of
the interaction sites of a solute molecule changes the overall trend,
we here consider different sets of interaction sites of NMA for

FIG. 8. (a) Average amide II mode frequency shift contributions only from each
interaction site of the NMA molecule due to water molecules in a spherical shell
with r ∼ r + dr, where r is the distance from the geometric center of the NMA
molecule to the center of mass of the water molecules. (b) We consider the water
molecules which are within 3.5 Å from the O or N atom of the NMA molecule. (c)
We consider the remaining water molecules not considered in (b). C, O, N, and H
are atoms of the peptide bond in NMA. C1 and C2 are the methyl C atoms bonded
to the carbonyl C and N atoms, respectively.

comparisons. Table III shows the results for the cases of four dif-
ferent selections of interaction sites of the NMA molecule. Here, we
introduce an additional site called X which is located in the midpoint
of the O and the N atoms of the NMA molecule. In Table III, “6 sites
+ X” denotes that we considered seven sites which are the X site and
the atomic six sites. “4 sites” includes the carbonyl C, O, and N and
the amide H atoms of the NMA molecule. “4 sites + X” means that
the site X is added to the 4 site model. “5 sites + X” is the case that the
carbonyl C atomic site is deliberately removed from the “6 site + X”
model to see the effect of the carbonyl C site because we observed a
large red-shifting contribution from the carbonyl C site (see Fig. 5).
When the carbonyl C atomic site is removed, the RMSE value for
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FIG. 9. (a) Average CN stretch mode frequency shift contributions only from
each interaction site of the MeCN molecule due to water molecules in a spher-
ical shell with r ∼ r + dr, where r is the distance from the geometric cen-
ter of the MeCN molecule to the center of mass of the water molecules. (b)
We consider the water molecules which are within 3.5 Å from the N atom of
the NMA molecule. (c) We consider the remaining water molecules not con-
sidered in (b). C1 is the methyl C atom. C and N are the atoms of the CN
bond.

“5 sites + X” is larger than 6 cm−1 and there are only two dominat-
ing orders that are the 1st and 5th order terms. In contrast, for the
other three cases, the four dominating orders are the same with the
case of the 6 site model and the RMSE values are also not signif-
icantly different even though the 6 site model gives slightly better
results.

For the 6 site model employed in the present work, we investi-
gate the effect of the way we describe the surrounding water on the
procedure of obtaining the parameters of the polynomial model of
the vibrational frequency shift. For that purpose, we tried to imple-
ment the differential evolution procedure using only one type of
configuration among 1W, 2–5W, 6–35W, and 50W configurations

from both A and B sets as a training set. For example, if only the
configurations in the 1W group are considered as a training set, can
the optimized parameters provide quantitative description of the
amide I frequency shifts of NMA in the corresponding 1W group
of the test set B? Table IV summarizes thus obtained RMSE val-
ues for the 16 possible combinations of the training and test sets,
e.g., 1W and 1W, 1W and 2–5W, and so on. From these analysis
results, it is clear that the smaller configurations such as 1W and
2–5W should not be used as a training data set because the opti-
mized parameters work poorly for the frequency shifts of NMA in
the larger configurations in 6–35W and 50W sets. This is related
to the observation in Figs. 4 and 5, where the longer range water
molecules can make significant contributions to the frequency shift
even though these effects largely canceled out with one another.
When the parameters are trained with the configurations in the 50W
group, they describe the frequency shifts of NMA-water configura-
tions even in the 1W group. The best overall performance is obtained
when the model is trained with the 6–35W set of configurations. The
reason is because the 6–35W set covers the broadest range in size of
clusters from as small as 6 water molecules to as large as 35 water
molecules.

The first four panels of Fig. 10 show the distribution of the
relative contributions cn for the four cases of training sets consid-
ered in Table IV. The dominating orders of terms in the model are
different depending on the training set of different water cluster
sizes. Thus, the functional form of the polynomial model determined
by differential evolution is sensitive to the size of the surrounding
water clusters. However, it should be emphasized that there is a ten-
dency that only three or four selected orders are the dominating
ones in all cases, and these dominating orders are such that they are
one of low order (n = 1–2), middle order (n = 3–6), or high order
(n = 9–14). The occurrence of a few dominating terms in the model
could lead one to interpret each dominating term as originating from
a specific type of physical interaction such as the long-range elec-
trostatic interaction, dispersion interaction, or short-range repulsive
interaction. However, this interpretation can be misleading because
the genetic algorithm employed in this work is not based on phys-
ical approximations such as intermolecular potential models. The
obtained parameters here are purely results of the repeated applica-
tion of the evolutionary algorithm that involves mutation, crossover,
and survival of the fittest. The objective of this evolutionary pro-
cedure is to find the optimized set of {cn} used in our theoretical
model [Eq. (10)]. The consequences resulted from the DEA model-
ing with Eq. (10) is that, first, each contributing term has the same
distance dependence. Second, all the contributing terms have the
same sign as the total frequency shift even though the total frequency
shift can change sign depending on the distance. The present model
based on one of the genetic algorithms is designed to reproduce
the net frequency shift as closely as possible without attempting to
model various, possibly opposing, contributions of actual physical
interactions.

As another test on the effect of variation in describing the sur-
rounding water, we considered a model in which the two H atoms
of a water molecule are treated differently. In the model treated up
to this point in this paper, the water molecules are described as hav-
ing two types of atoms, one is O atom and the other is H atom so
that the two H atoms of a water molecule are described by using
the same coefficient aA,H

n , where A is an interaction site of the solute
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TABLE III. The relative contributions ci and the root mean square errors for the training and test sets for the four different
selection of the interaction sites of the NMA molecule. The unit of RMSE is cm−1.

6 sites + X 4 sites 4 sites + X 5 sites + X

n = 1 0.185 190 36 0.218 358 27 0.218 357 30 0.288 293 10
n = 4 0.461 187 24 0.525 618 23 0.534 971 03 0.000 000 00
n = 5 0.272 527 05 0.129 991 69 0.116 397 97 0.711 706 90
n = 14 0.081 095 36 0.126 031 81 0.130 273 71 0.000 000 00
RMSE for training set 5.57 5.95 5.92 6.10
RMSE for test set 5.31 5.82 5.78 6.19

molecule. Here, we modify the model such that one of the H atoms
of a water molecule which are nearer to the interaction site A of the
solute molecule is labeled H(near) and the other H(far). Then, we
use different coefficients aA,H(near)

n and aA,H(far)
n for the two types of

H atoms of water molecules in the model [Eq. (6)]. This modification
increases the number of the coefficients aA,B

n in Eq. (6) from 168 to
252 for the NMA-water case and from 84 to 126 for the MeCN-water
case. We calculated RMSE values for this 3-site water model using
the same training and test sets as those used in Fig. 3. The calculated
RMSE values of the 3-site water model for the training and the test
set for the amide I and II mode of NMA and the CN stretch mode of
MeCN are compared to those of the 2-site water model in Table V.
These values are slightly improved compared to the results of the
original model in Fig. 3. In Fig. 11, we compare the relative contri-
butions cn of the orders of terms for the 3-site and the 2-site water
model. When the 3-site water model is used, the largest contribution
is changed from 4th order to 1st order for the amide I mode and
from 2nd order to 9th order for the amide II mode. This again shows
the sensitivity of the model on how we describe the surrounding
water.

We regard the decrease in the RMSE for both of the training
set and the test set by employing the 3-site type water model as
an improvement because the significant increase in the number of
parameters from 168 to 252 can incur a decrease in training RMSE
and an increase in test RMSE giving more bias of the parameters to
the training set in usual cases of linear regression. This improvement
can be a result of giving the model more information in describ-
ing the solvent environment by treating the two H atoms of a water
molecule differently.

In the present work, we are interested in how sensitive the opti-
mized results are to various factors in the optimization procedure.

TABLE IV. Root mean squared error when one of the four sets, 1W, 2–5W, 6–35W,
and 50W, is used as a training set and one of the four subsets in set B is used as a
test set. The unit is cm−1.

Training set

1W 2–5W 6–35W 50W

Test set 1W 0.01 1.41 3.50 4.63
2–5W 525.11 2.60 5.04 8.40

6–35W 777.49 17.82 6.06 9.03
50W 551.14 27.24 7.12 6.57

We divide those critical factors into two categories: one is how we
model the interaction sites of a given solute molecule and another
is how we model the environment surrounding the solute molecule.
The results shown in Table III concern the former, and the results
shown in Figs. 10 and 11 concern the latter. The conclusion from
Table III and Figs. 10 and 11 is that the optimized parameters are
not strongly dependent on how many interaction sites of the solute
molecule should be used but more sensitive to how large the solvent
environment should be taken into consideration for constructing a
training data set.

To obtain more insight into the procedure with the differen-
tial evolution algorithm, we consider a drastically simplified case
that both solute and solvent molecules have just one interaction

FIG. 10. [(a)–(d)] Magnitude of relative contributions ci when we use as a training
set (a) 1W, (b) 2–5W, (c) 6–35W, and (d) 50W set. (e) Relative contributions ci for
the training set of the present study.
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TABLE V. Comparison of the root mean square errors between the 2-site water model
and the 3-site water model for amide I, amide II, and CN stretch vibration modes. The
unit is cm−1.

Amide I Amide II CN stretch

2-site water Training RMSE 5.64 4.72 5.02
Test RMSE 5.36 4.76 5.38

3-site water Training RMSE 5.07 4.52 4.91
Test RMSE 5.23 4.69 5.29

site. More specifically, we consider the C atom of the amide bond
of NMA and the O atom of water as the only interaction site of
the solute and solvent molecules, respectively. Employing the 14th
order polynomial function, the total number of parameters is just
14. We use as a training set a set of 16 configurations of NMA-
single water clusters in which the water molecule is near the O
atom of NMA in all 16 configurations so that the diversity of the
configurations is extremely restricted. Under these conditions, we
compare the results of the differential evolution algorithm and the
simple fitting of the 14 parameters by singular value decomposi-
tion in Table S3. The results in Table S3 show that even for this
small training data set with restricted diversity, the procedure with
the differential evolution algorithm discriminates a single dominat-
ing order of terms. The training and test RMSE values in Table S3

FIG. 11. [(a), (c), and (e)] Relative contributions ci when the two H atoms of a
water molecule are treated as a single type. [(b), (d), and (f)] Relative contributions
ci when the two H atoms of a water molecule are treated differently as Hnear and
Hfar.

indicate that the procedure with the differential evolution algorithm
gives more reasonable results than those of the simple fitting with
singular value decomposition that basically fails in the prediction
with the test set. Thus, this example and the results in the present
work can be regarded as a numerical demonstration that a polyno-
mial model with a few dominating orders of terms performs well
in predicting vibrational frequency shifts as compared to a poly-
nomial model where all the orders of terms make non-negligible
contributions.

To understand the mechanism of the differential evolution
algorithm that discriminates a few selected orders of terms from oth-
ers, we need to consider the problem of the complexity of models.
The complexity of a model in the polynomial function is related to
the number of parameters used in the polynomial function. A model
with a polynomial function having a large number of orders of terms
can be said to be more complex than a model with a polynomial
function having a few orders of terms. In the previous studies of
modeling vibrational frequency shifts, a few selected orders of terms
corresponding to electrostatic, dispersion, or repulsive interaction
were assumed to be the origin of the vibrational frequency shifts
and the parameters in a fixed functional form were sought by var-
ious methods. Therefore, the complexity of the model is prefixed in
those studies based on various physical assumptions. In the present
work with the differential evolution algorithm, we optimize both
the complexity of the model and the parameters therein simultane-
ously by allowing the possibility of any of the relative contributions
of orders of terms to become zero in the procedure of differential
evolution, and this is one of the most significant differences from
the previous studies of vibrational frequency shifts with the physical
model.

The obtained complexity optimized by the differential evolu-
tion algorithm corresponds to four selected orders (1st, 4th, 5th,
and 14th) for the case of the amide I mode of NMA in water.
The level of complexity resulted from the differential evolution
algorithm is nearly the same as the previous study by a rigor-
ous first-principles theory26 of vibrational solvatochromism, where
Coulomb, exchange-repulsion, induction, and dispersion interac-
tions were taken into consideration. Thus, this work demonstrates
that the procedure with the differential evolution algorithm has the
ability to find the optimum complexity of the model that is consis-
tent with the rigorous first-principles theory even though term by
term comparisons are not directly possible.

V. CONCLUSIONS
We modeled the vibrational frequency shift of amide I and

amide II, and the CN stretch as a polynomial function expanded by
the inverse power of the interatomic distances between the interac-
tion sites of solute and solvent molecules. We obtained the param-
eters of the polynomial model by decomposing the frequency shift
as a sum of the contributions from each order of terms in the poly-
nomial function. The relative contributions are optimized by imple-
menting the differential evolution procedure, and the parameters for
the contribution of each order of terms are obtained by applying sin-
gular value decomposition. The results of the differential evolution
procedure are such that only a few orders of the terms dominate the
contribution to the frequency shift. For the case of the amide I mode
vibration of NMA in water, the obtained dominating orders are less
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dependent on the selection of interaction sites of NMA as long as the
carbonyl C atom is included, and more dependent on water cluster
size and description of water molecules such as treating the two H
atoms of water as different types. For the cases of the amide II mode
vibration of NMA and the CN stretch mode of MeCN, although the
dominating orders are different, we observe a general trend that only
two to four selected orders are the dominating ones. These dominant
orders are distributed so that usually one order occurs in each of low
range, middle range, and high range orders in all three cases of the
vibration modes considered in this work.

SUPPLEMENTARY MATERIAL

See supplementary material for the detailed information on the
training and test sets, the results obtained only by singular value
decomposition, and additional analysis on the distance dependence
of the contribution to the frequency shifts.
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