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Topological Edge States and Gap Solitons in the Nonlinear
Dirac Model

Daria A. Smirnova, Lev A. Smirnov, Daniel Leykam, and Yuri S. Kivshar*

Topological photonics has emerged recently as a novel approach for realizing
robust optical circuitry, and the study of nonlinear effects in topological
photonics is expected to open the door for tunability of photonic structures
with topological properties. Here, the topological edge states and topological
gap solitons which reside in the same band gaps described by the nonlinear
Dirac model are studied, in both one and two dimensions. Strong nonlinear
interactions between these dissimilar topological modes, manifested in the
efficient excitation of topological edge states by scattered traveling gap
solitons are revealed. Nonlinear tunability of localized states is explicated with
exact analytical solutions for the two-component spinor wave function. Our
studies are complemented by spatiotemporal numerical modeling of the
nonlinear scattering in 1D and 2D photonic lattices.

The grand vision of robust waveguiding and routing of light
motivates studies of topological photonic systems.[1,2] Nonlinear
effects are now pursued as a means of combining topolog-
ical protection with functionalities such as active tunability,
nonreciprocity, frequency conversion, and entangled particle
generation.[3–12] For example, nonlinearity can control the propa-
gation of topological edge states through self-focusing,[4,13–18] or
even induce topological band gaps and unidirectional edge states
in topologically trivial systems.[19–22] Theoretical studies of these
phenomena so far have largely focused on i) generic continuum
nonlinear Schrodinger equations in which nonlinearity compen-
sates the linear edge state dispersion to form edge solitons,[15,17,23]

and ii) numerical simulations of 2D nonlinear lattice models
that remain quite challenging to implement in optics, requiring,
for example, nonlinear coupling,[3,10,24–28] exciton–polaritons in
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strong external magnetic fields,[4,13,15–18]

or longitudinally modulated waveguide
arrays.[14,20,21]

Recently, 1D experiments using cou-
pled optical fibre loops[29] have demon-
strated coupling between bulk states and
topological edge states mediated by lo-
cal on-site Kerr nonlinearity. This opens
a new degree of freedom for control over
the topological edge states, as bulk band
gaps prevent this coupling in static lin-
ear systems. The aim of this letter is
to systematically study this phenomenon
using a generic continuum model of
topological photonic lattices, focusing
on transformations between self-trapped
gap solitons and topological edge states.

We study a nonlinear Dirac model with local Kerr nonlinearity
describing bulk solitons and nonlinear edge states in a variety of
1D and 2D nonlinear systems, including the SSH, honeycomb,
and kagome lattices, see, for example, Figure 1. This model sup-
ports exact analytic solutions for both the bulk gap and edge soli-
tons, including their dispersion and envelope profiles, providing
a convenient setting for analyzing interactions and scattering be-
tween the two. We find that the mid-gap frequency appears as
a critical point at which the bulk gap soliton destabilizes and
the topological edge state emerges. Numerical simulations re-
veal that scattering of travelling bulk solitons off the edge can
excite the edge states with high efficiency (≈ 20%), and that there
is an optimal soliton velocitymaximizing the energy transfer. Per-
fect phase matching of this interaction is, however, inhibited by
the aforementioned bulk soliton instability. Ourmodel explicates
nonlinear tunability and transport properties of spin-polarized lo-
calized nonlinear modes residing in topological band gaps and
complements recent theoretical and experimental studies.[16,29,30]

We begin with the nonlinear Dirac model describing evolution
of a spinor wavefunction Ψ = [Ψ1,Ψ2]

i!tΨ = (ĤD(#k) + ĤNL)Ψ (1)

ĤD(#k) = #kx$̂x + #ky$̂y +M$̂z (2)

where #k = (#kx, #ky) ≡ −i(!x, !y) is the momentum and ĤNL =
−g

[|Ψ1|2, 0; 0, |Ψ2|2
]
is a local cubic nonlinearity. We reduce

Equation (1) to a quasi-1D form by considering plane wave states
along the x axis with wavenumber k, Ψ = %eikx,

i!t%=
(
M − g|%1|2 k − !y

k + !y −M − g|%2|2
)
% (3)
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Figure 1. Applications of the nonlinear Diracmodel. a) Gap soliton excites
topological edge state of a 1D dimerized chain. Left inset: Schematic of
the intensity-controlled tunability of the edge state frequency. Right inset:
Bloch sphere representation of edge state spin polarization, tilted due to
nonlinearity. b) Semi-vortex bulk solitons and edge states at a valley-Hall
domain wall in graphene with staggered sublattice potential.

Conserved quantities are the power ! = ⟨%|%⟩ and the energy
ℰ = ⟨%|(ĤD + 1

2
ĤNL)|%⟩, where the inner products denote inte-

gration over y. We seek stationary states with time dependence
≈ exp(−i&t) and velocity v by applying the Lorentz transforma-
tion

' = ((t − vy), ) = ((y − vt), ( = 1
/√

1 − v2 (4)

Recasting the nonlinear eigenvalue problem as a Hamiltonian
system governing the mode profiles (Supporting Information),
all localized modes (edge or bulk) must have vanishing Hamilto-
nian, enabling a closed form solution

% s
1()) =

√
*s
2
(
e−i+s + ((1 + v)ei+s

)
ei,s (5a)

% s
2()) = −i

√
*s
2
(
e−i+s − ((1 + v)ei+s

)
ei,s (5b)

where *s, +s, and ,s are intensity, spin angle, and phase profiles,
respectively, which take the form

+n()) = tan−1
[

Ω−&√
Ω2−&2

tanh
(√

Ω2 − &2 )
)]

+s()) = +n − #∕2, *s()) =
2(Ω cos 2+n − &)
ℬ +$ cos2 2+s

,s()) = v
√

ℬ
$+ℬ

tan−1
(√

ℬ
$+ℬ

tan 2+s
)

(6)

with coefficients$ = ((1 + v)g,ℬ = (g
/
(1 − v),Ω =

√
k2 +M2

0 ,

# = tan−1 ( k
M0
), and M = M0 ≥ 0. The v = 0 limit returns spinor

components of the chiral soliton[16]

(
% s
1(y)

% s
2(y)

)
=
√
2*s(y)e−i&(!)t

(
cos +s(y)
− sin +s(y)

)
(7)

where the frequency &(!) implicitly depends on the total power.
Remarkably, this exact solution describes both bulk and edge soli-
tons, with the latter interpreted as part of a stationary bulk soliton
bound to the edge distinguished by the boundary conditions.

Figure 2. a) Nonlinear dispersion of stationary localized states: depen-
dence of the frequency on the total power &(!) for bulk solitons (violet
solid for stable and dashed blue for unstable branches) and families of the
edge states (solid green for stable localized at the half dimer and dashed
red for unstable nonlinearly induced at the full dimer edge). b) Phase por-
trait of the nonlinear SSH model (& = −0.075) identify phase trajectories
for soliton (blue) and edge states (green and red dotted). c,d) Station-
ary bulk solitons: profiles of c) stable and d) unstable solitons indicated
by letters A and A′ in panel (a). e,f) Nonlinear edge states: profiles for e)
half-dimer (B) and f) full-dimer (B′) chain termination at the left edge. The
intensity * is plotted with solid lines, dashed lines correspond to 2|+̄|∕.
(c–f). Parameters v = 0, / = 1, vF = 1, g = 1, 0 = 0.25.

To exemplify features of these exact solutions, we consider
the Su–Schrieffer–Heeger (SSH) model, describing a 1D dimer
chain of single-mode cavities or waveguides with alternating
weak and strong couplings /1,2 = / ± 0∕2 between nearest neigh-
bors, see Figure 1a. The tight-binding equations governing the
linear light propagation dynamics are

i
dΨn

dt
+
(
/ − (−1)n 0

2

)
Ψn−1 +

(
/ + (−1)n 0

2

)
Ψn+1 = 0 (8)

whereΨn is the field amplitude at the site n. Introducing two sub-
lattices (even and odd elements), we recover the two-component
form of Equation (8), see details in Section SIII, Supporting In-
formation. Near the Brillouin zone edge kyd = . the bulk spec-
trum is captured by the continuum Dirac Hamiltonian given in
momentum space by

ĤD(#k) = −0$̂x + vF$̂y#k (9)

where vF = /d is Fermi velocity and d is the lattice period. We
assume the cavities form a Kerr nonlinear medium. Introduc-
ing on-site self-focusing nonlinearity, this corresponds to Equa-
tion (3) with k = −0 andM = 0.
The phase plane (1, +̄) of the Hamiltonian system determin-

ing the mode profiles at v = 0 is shown in Figure 2b, where
+̄ = +s − .∕4. There are three equilibrium points: two saddles
S, S′* = 0, & = 0 sin(2+), and center C + = .∕4, * = (0 − &)∕g.
This phase portrait supports a bright soliton as a heteroclinic tra-
jectory at vanishing Hamiltonian, corresponding to a separatrix
between two saddles. In contrast to the nonlinear couplingmodel
studied in refs. [25–27], the bounded trajectory here is unique.
The boundary conditions i) +s = .∕2 (half dimer edge) and ii)
+s = 0 (full dimer edge) in Equation (7) describe linear edge states
modified by nonlinearity and nonlinearity-induced edge states,
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respectively.We verified these analytical solutions against station-
ary solutions found numerically using Newton’s method.
Integrating the intensity of the soliton solutions Equation (1),

we obtain their total power and energy

!s(&, v) =
4

g(
√
1 + (2

[
.
2
− tan−1

(
1√
1 + (2

&s√
02 − &2

)]
(10a)

ℰs(&, v) = &s(1 − (2)!s +
4(20
g

tan−1

(√
02 − &2

(0

)
(10b)

where &s = (& is the soliton frequency in the laboratory frame.
In the linear limit & → 0 the energy of nonlinear interaction van-
ishes and ℰs → &s!s. We similarly obtain the type (i) edge state
dispersion

!(1)(&) =
√
2
g

tan−1 |&|√
2(02 − &2)

(11)

with asymptotic values !(1)(&→ 0) → 0 and !(1)(&→ −0) =
.∕g

√
2. The power of the type (ii) edge state can then be cal-

culated as the difference !(2) = !s(&, v = 0) −!(1) and has a
nonzero threshold!(2)(&→ 0) →

√
2.∕g. Themodal dispersion

plotted in Figure 2a shows that the type (i) edge states bifurcate
from the linear mid-gap topological edge modes at zero inten-
sity, indicating the absence of any threshold necessary for their
existence. They exist in the range−0 < &(!) ≤ 0 that can be con-
trolled by dimerization strength 0. Notably, & = 0 coincides with
a bifurcation of the bulk soliton, which loses its stability and pro-
duces a type (ii) nonlinear edge state.
To relate these observations to the topological properties

of the SSH model it is useful to study the soliton inten-
sity and spin angle profiles (*, +), shown in Figures 2c–f.
The latter determines the y-dependent spin polariza-
tion density S = 1

2
%†$̂% . For solitons at rest, this yields

Ss(y) = *s(− sin 2+s, 0, cos 2+s). The spin angle +̄ changes sign
at the soliton core and localization requires +̄ to asymptotically
approach cos 2+̄ = &∕0. The bulk solitons hence have total spin
⟨S⟩s = ∫ S dy = −2∕g(tan−1(

√
1 − &20−2), 0, 0), which respects

the inversion symmetry of the bulk Hamiltonian. On the other
hand, the edge solitons are obtained by asymmetrically cutting
the bulk solitons into two pieces, such that they individually have
nonzero Sz and break the sublattice inversion symmetry. This
behavior is strongly reminiscent of the linear limit, in which topo-
logical edge states are created when the edge cuts a dimer in half.
Whether a dimer is cut by the edge is determined by the Zak

phase ΦB, which is quantized by inversion symmetry. When
ΦB = . (nontrivial phase) the Wannier centers lie at the cell
boundary, corresponding to dimers cut by the edge. The Zak
phase can be generalized to the nonlinear case by computing the
nonlinear Berry phase of the delocalized modes comprising the
bulk band structure.[31] For the nonlinear chain, provided the total
dimer intensity I ≡ |%1|2 + |%2|2 is lower than the critical value
I < 20∕g, the bulk band structure features two dispersive pass
bands, &NL

± (ky) = &L
±(ky) − gI∕2, where linear dispersion &L

±(ky)
undergoes a uniform shift toward negative frequencies. The cor-

responding eigenfunctions u± =
√

I
2
(e−i2(ky),±1) do not change

Figure 3. Dynamics in a finite dimer chain. a) Spatiotemporal dynamics in
a finite dimer chain with a nontrivial edge at y = 0. Final and initial snap-
shots of the intensity distribution are shaded in green and purple, respec-
tively. Here / = 1, g = 1, 0 = 0.25, & = 0.075, v = −0.75. b) Conversion
efficiency to the edge state from an impinging stable soliton 3 ≡ !(1)∕!s
depending on the soliton frequency and velocity. c) Frequency dependence
of the efficiency at fixed v = −0.75.

compared to the linear case, with the phase defined from re-
lations [cos2(ky), sin2(ky)] = h∕|h|, where h = −[/2 sin kyd, /1 +
/2 cos kyd], so thatΦB = i ∫ .∕d

−.∕d⟨u±| !u±!ky ⟩dky retains its same quan-

tized values, that is,ΦB± = . in the nontrivial case, when /2 > /1,
while ΦB± = 0 for /2 < /1. While a bifurcation occurs above the
critical intensity I > 20∕g, creating an additional flat bulk band at
frequency&(|ky| <

√
(Ig∕2)2 − 02) = −gI, this transition does not

appear to affect the bulk solitons or the band gap, since it lies out-
side their frequency range of [−0, 0]. Moreover, though localized
modes are characterized by their dispersion!(&), which can be
related to the local intensity at the edge as & = −gI(y = 0)∕2, this
cannot be directly compared with the Bloch wave intensity I.
This indicates the stationary bulk solitons are more relevant

than the bulk nonlinear Bloch waves to the properties of edge
states. In particular, edge states emerge at a symmetry-breaking
bifurcation of the bulk solitons, which lose their stability. This
picture is consistent with recent studies of topological lasers,[32,33]

which proposed nonlinear topological transitions protected by
particle–hole symmetry. Here the relevant symmetry is inversion
symmetry.[34]

Having analyzed the properties of stationary bulk and edge
solitons, we now turn to nonlinearity-induced coupling between
the two. For this, we considermoving solitons described by Equa-
tion (1) with v ≠ 0. They are capable of exciting edge states by
reflecting off the topologically nontrivial edge, as illustrated in
Figure 3. Upon reflection, the conservation of power and energy
defines conservation laws for incident and reflected solitons and
the excited edge state. The conversion efficiency tends to grow
with decreasing frequency of the pump soliton, that is, as the bi-
furcation point is approached, and for a given soliton frequency
there is an optimal velocity maximizing the energy transfer. This
effect holds beyond the continuum limit in finite discrete lat-
tices, which is illustrated further in the Supporting Information,
where we obtain numerically an optimal conversion efficiency of
about 20%.
The model (3) can also be implemented in nonlinear pho-

tonic graphene with staggered sublattice potential. For example,
we consider an array of waveguides arranged in a honeycomb lat-
tice formed by two sublattices A and B, as shown in Figure 1b.
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The tight-binding equations governing the light propagation dy-
namics read

i!tΨA,j = MΨA,j −
∑
⟨j,j′⟩

ΨB,j′

i!tΨB,j = −MΨB,j −
∑
⟨j,j′⟩

ΨA,j′

(12)

where ΨA,j and ΨB,j are the smooth envelopes of the field at the
sites A and B of the unit cell j,

∑
⟨j,j′⟩ denotes the sum over near-

est neighbors,M is a detuning between waveguides A and B con-
trollable by varying the waveguide radii. Performing the Fourier
transform ΨA,B = %1,2e−i&t+ikr, near the Dirac points of the band
gap structure the low-energy Hamiltonian assumes the form

ĤK±
= ±#kx$̂x + #ky$̂y +M$̂z (13)

Neglecting inter-valley scattering, we restrict our consideration to
a single Dirac point. A valley-Hall domain wall is created between
two insulators characterized by distinct values of themass,M(y >
0) = M0 and M(y < 0) = −M0. For propagating waves ∝ e−i&t+ikx

bound to the interface y = 0, the boundary condition %1(0) =
∓%2(0) holds for M0 > 0 and M0 < 0, respectively.[35] Near the
Dirac points, the valley edge states have linear dispersion & = ∓k
traversing the gap between the hyperbolic cones of bulk states
&2 = k2 +M2

0 . Introducing Kerr nonlinearity, using the soliton
solution (1) we derive the edge states’ nonlinear dispersion

& = Δ&NL ∓ k , Δ&NL = −
g
2
*s
(
+s = ±.

4

)
(14)

which undergoes a shift in the band gap [−M0,M0]. The val-
ley Chern number formally stays the same as its linear coun-
terpart until the upper band of nonlinear Bloch waves forms a
self-crossing loop at above-threshold bulk intensities I ≥ 2M0.[36]

Thereby, nonlinearity grants control over the frequency and
transverse structure of the edge state as defined by *s(+s). We
stress that our solution describes the localization transverse to
the edge assuming plane-wave-like profiles with fixed k parallel
to the edge. For finite wavepackets, higher order terms in k will
induce diffraction along the edge, with weak nonlinearity induc-
ing edge solitons[23] and modulational instability.[14,15]

In contrast to the 1D case, 2D bulk solitons at M ≠ 0 can-
not be obtained analytically. Nevertheless, by analogy with the
above results we can consider excitation of valley edge sites by
scattering of bulk solitons. Stationary bulk semi-vortex solitons
with harmonic time dependence and radial symmetry, whose
spinor in the polar coordinate system (r,2) is given by [Ψ1,Ψ2] =
[u(r), iv(r)ei2]e−i&t atM0 > 0 and [Ψ1,Ψ2] = [−v(r)e−i2, iu(r)]e−i&t at
M0 < 0, are numerically calculated by the shootingmethod using
Chebyshev discretization of the radial coordinate.[28,37] AtM0 = 1,
solitons are found to be stable for & > 0.388 in agreement with
refs. [38,39]. Propagation dynamics are modeled with a custom
numerical code employing a split-step scheme and the Fourier
spectral method accomplished bymeans of the fast Fourier trans-
form. Periodic boundary conditions are applied to the rectangular
calculation domain with an equispaced grid. In Figure 4a, a topo-
logical cavity is created by mass inversion in a circular domain.
A clock-wise pulse of edge waves is excited at a closed contour of

Figure 4. Solitons excite edge states at domain walls created by mass in-
version in a 2D Dirac model. Bottom slices show mass maps of a) a cir-
cular cavity, and b) two straight interfaces, with domains of positive (red-
dish) and negative (bluish) masses. Parameters M0 = 1, g = 1, & = 0.7.

Middle and top slices: intensity distribution (|%1|2 + |%2|2)
1
2 at the initial

and given moment. Locations of the intensity maxima are marked with a
dot (t = 0) and cross (t = 360). The orange straight line and zigzag-like
curve visualize trajectories of the soliton center of mass at time intervals
of 250 and 500, respectively.

the cavity by a bulk soliton. The soliton excites persistent topo-
logical current and goes away tilted in the opposite direction. In
Figure 4b, a soliton initially launched in the y direction is trapped
in a waveguide made of two parallel topological interfaces sup-
porting counter-propagating valley edge states. The soliton
moves in a zigzag between the waveguide boundaries. Upon
each reflection from the the walls, it emits a pulse of edge waves.
Given the potential to explore the interplay between nonlin-

ear and topological effects in various photonic settings, includ-
ing where the infinite-contrast tight-binding approximation is in-
applicable, the perspective of continuum nonlinear edge models
and bifurcation analysis offers valuable insights. Ourmethod can
be applied to other classes of topological lattices, with the example
of the nonlinear distorted Kagome lattice given in Supporting In-
formation.
In summary, we have studied topological localized states in the

nonlinear Dirac model and demonstrated close connections be-
tween edge states and self-trapped solitons in topological band
gaps. Both can be inferred from phase portraits of the same non-
linear mapping. The bulk solitons resemble the Wannier func-
tions in the linear limit, with nonlinear edge states emerging pre-
cisely when the bulk solitons are cut by the edge. This bifurcation
of edge states is accompanied by the bulk soliton destabilizing.
We furthermore demonstrated numerically that mutual transfor-
mations between edge and bulk states, forbidden in linear limit,
can occur in the nonlinear regime in 1D and 2D systems. Our
findings could have important implications for further develop-
ments of nonlinear topological systems not being limited to pho-
tonics but spanning through the fields of metamaterials to cold
atoms in optical lattices.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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