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Purpose: CEST MRI can indirectly detect low‐concentrated molecules via their pro-
ton exchange with the bulk water and is widely measured by a sensitivity index, the 
asymmetry of magnetization transfer ratio (MTRasym). Because CEST applications 
are often limited by their low sensitivity or specificity, it is important to characterize 
MTRasym analytically to optimize its sensitivity or specifity.
Methods: Approximated analytical solutions of the MTRasym spectrum were derived 
based on a 2‐pool chemical exchange model for slow‐to‐intermediate exchanges. 
The optimal saturation pulse power for maximizing the MTRasym or tuning MTRasym 
to a specific exchange rate and the peak position and linewidth of a MTRasym spec-
trum were also derived. These approximated analytical solutions were compared 
with the solutions from the Bloch‐McConnell equations using computer simulations.
Results: The approximated analytical solutions of the MTRasym spectra, the optimiz-
ing parameters, and the peak and linewidth of MTRasym matched well with the solu-
tions of Bloch‐McConnell equations in the slow or slow‐to‐intermediate exchange 
regimes.
Conclusion: These approximate analytical solutions can provide insights to the un-
derstanding of CEST signal property and help the optimization of saturation param-
eters and the interpretation of CEST data.
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1 |  INTRODUCTION

Many important biomolecules can be imaged by a CEST 
technique if they have labile protons that have distinct 
Larmor frequency with water protons and can exchange with 
the latter.1 In CEST, selective RF saturation of these low‐ 
concentration labile protons reduces the water magnetiza-
tion via the chemical exchange (CE) process and provides an 
 effective sensitivity enhancement compared to direct detection 
of these biomolecules. Although CEST has gained increasing 

interest in many preclinical studies, such as tumor, stroke, 
and cartilage degeneration,2-8 in vivo applications still face 
several challenges. Besides the known technical difficulties, 
such as B1 and B0 inhomogeneity and RF power deposition,  
2 outstanding limitations are the relatively low sensitivity 
and/or specificity. Because the biomolecules of interest are 
often of very low concentration, the CEST contrasts are usu-
ally on the order of 1% of the water signal, which limited the 
sensitivity of many in vivo applications. The specificity of the 
CEST signal is also relatively low, especially for endogenous 
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CEST studies in which several types of labile protons, such 
as the amide, amine, guanidine, and hydroxyl protons, have 
quite close Larmor frequencies (i.e., between ~1 to 4 ppm).

CEST experiments rely on the off‐resonance saturation 
for which at least 3 experimental parameters are adjustable, 
namely frequency offset from water (Ω), saturation power 
(B1), and duration. In a majority of CEST applications in 
which a long saturation RF pulse was applied on the labile 
proton frequency, the B1 level can be chosen to optimize the 
specificity and/or sensitivity of the CE contrast. Depending 
on different applications, 2 types of optimization schemes 
should be distinguished:

1. In applications where the targeted labile proton has good 
specificity at the Larmor frequency, such as CEST studies 
with paramagnetic agents9,10; body regions where 1 type 
of labile protons is dominant in concentration, such as 
creatine/phosphocreatine in muscle,11-15 glycosaminogly-
can in cartilage,16,17 or glycogen in liver18,19; or during 
a physiological challenge in which the change is dom-
inated by 1 type of biomolecules, such as glucoCEST 
applications,20-22 B1 can be adjusted to maximize the 
CE sensitivity (i.e., CE‐based image contrast) of the 
targeted biomolecule.

2. When multiple labile protons with similar Larmor fre-
quencies but vastly different exchange rate (k) values or 
same labile protons with different pH are present, B1 can 
be adjusted to selectively enhance the CE contrast from a 
specific type of labile protons (e.g., amide vs. amine) or a 
specific pH, that is, tuning to a specific exchange rate.23,24

Although the CE process can be simulated with the Bloch‐
McConnell (BM) equations, analytical description of the 
CEST signal provides important biophysical insights, such 
as general signal properties, the optimization of imaging 
contrast, and the determination of quantitative CE param-
eters like the exchange rate and the labile proton concen-
trations. CEST models have been developed in the slow 
exchange regime where the exchange rate (k) is much smaller 
than the chemical shift (δ) between water and labile protons  
(i.e., k/δ << 1).25 For example, Sun et al have derived em-
pirical analytical solutions describing the CE contrast and 
optimized the CE contrast based on these solutions,26 and 
McMahon et al has proposed a method for the measurement 
of the chemical exchange rates.27 One limitation of these 
analytical CEST models is that the CE contrast was mostly 
studied at the labile proton frequency; thus, the lineshape 
information of a CEST spectrum is unclear, which is import-
ant for the evaluation of specificity. Also, it cannot capture 
the feature that the peak of CEST signal may be shifted from 
the labile proton frequency, as observed when the chemical 
exchange rate increases.20,28

Recently, we have reported that the CEST MRI shows high 
similarity with off‐resonance spin‐locking MRI, and both can 
be very well described by an analytical relaxation model in 
the rotating frame.28 Such a theoretical unification of CEST 
and spin‐lock MRI has been confirmed by other groups.29-31 
Specifically, the CEST signal, as for the spin‐lock signal, can 
be analytically modeled for slow exchange (k/δ << 1), in-
termediate exchange (k/δ ~ 1), or fast exchange (k/δ >> 1) 
regimes, as well as at both the transient and steady states, 
without the necessity of fitting to numerical solutions of BM 
equations.32,33 In this work, we derived simplified steady‐
state analytical solutions for CEST spectrum as well as for 
B1 optimization of both CE sensitivity and k‐specificity and 
then examined the accuracy of these analytical solutions by 
comparing the results with simulations of the BM equations.

2 |  METHODS

2.1 | Theoretical background
During an off‐resonance saturation, the water magnetization 
relaxes toward a steady state with rate constant R1ρ (= 1/T1ρ),  
the spin‐lattice relaxation rate in the rotating frame. From 
a 2‐site exchange model with asymmetric population  
approximation, that is, the relative concentration of labile 
protons p is much smaller than 1, R1ρ can be expressed 
as28,34

where R1 and R2 (s
−1) are the intrinsic T1 and T2 rates of water ex-

cluding the CE effects, respectively, and the exchange‐mediated  
relaxation rate is29:

where Ω (rad·s−1) is the frequency offset of the saturation 
pulse from water, ω1 = γB1 (rad·s−1) is the saturation fre-
quency (i.e., the nutation frequency of the saturation pulse), 
θ = arctan(ω1/Ω) is the angle between B0 and the effective B1 
experienced by the water magnetization in the rotating frame, 
and R2b is the transverse relaxation rate of the labile proton. 
In the case when the R2b of labile proton is much smaller than 
k, Equation 1 can be simplified as

It should be noted that the amplitude of saturation pulse 
in CEST applications is usually described by the B1 power in 
µT unit, whereas the RF frequency offset Ω and the Larmor 
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frequency δ are expressed in ppm or Hertz unit. To match 
with relaxation and exchange rates (R1, R2, Rex, and k), 
which are in units of s−1 in Equation 1, ω1, Ω, and δ should 
be expressed in (or converted to) units of angular frequency 
(rad·s−1), that is, 1 µ Tesla (T) = 267.5 rad·s−1, 1 Hz = 
2π rad·s−1, and 1 ppm = 2515 rad·s−1 at 9.4 T (= 400 Hz). 
With a long saturation duration, the MR signal reaches a 
steady state:

and a plot of S/S0 versus Ω is called Z‐spectrum. The decay of 
water signal due to the RF saturation, also named magnetization 
transfer ratio (MTR), arises from both the CE and the direct 
water saturation or direct saturation (DS) effect:

If there is no labile proton pool, the decay of water signal 
is due to the DS effect only, hence

Because the DS effect is symmetric around the water fre-
quency, an asymmetry analysis is often performed where the 
CE effect is assessed from the difference between MTR at the 
label frequency (Ω) and the reference frequency (−Ω):

Assuming that the CE effect is small at the reference fre-
quency (see the derivation of Equation A1 in the Appendix),

where we have denoted

and

The existence of the DS term in MTRasym indicates that 
the DS and the CE effects are coupled in the water signal and 

cannot be fully cancelled by the asymmetry analysis. α rep-
resents the saturation efficiency for the labile proton and ap-
proaches a maximum value of 1.0 when ω1 is very large such 
that 𝜔2

1
>> (Ω−𝛿)

2
+k2. Note that α is proportional to Rex 

and is also a Lorentzian centered at δ. The η term is dubbed 
Asymmetry analysis efficiency and is related to the ratio of Rex 
at 2 opposite frequencies −Ω and Ω. Most CEST experiment 
is measured at the labile proton frequency (i.e., Ω = δ). From 
Equation 3, we have

with �= �2
1

�2
1
+k2

, and �= 4�2

4�2+�2
1
+k2

. These equations show that:

• For labile proton with a concentration p, the CEST signal 
enhancement is related to 4 factors: 1) the ratio of exchange 
to relaxation rates (k · T1 = k/R1), which represents a com-
petition between the chemical exchange and T1 relaxation 
effects; 2) the saturation efficiency α; 3) the direct satura-
tion; and 4) the asymmetry analysis efficiency η. Note that 
η is close to 1.0 for a slow exchange domain with small k 
and ω1 values.

• MTRasym increases with p and k linearly when CEST effect 
is very small, but the increase becomes sublinear for large 
CEST signals.

• MTRasym increases with α, η, and (1−DS). An increase of 
ω1 increases α but decreases (1−DS) and η; therefore, there 
exists an optimal ω1 that maximizes MTRasym. Such an op-
timal ω1 would be dependent on nonchemical exchange re-
laxation effects because of the dependence of MTRasym on 
(1−DS).

• An increase of k will decrease both α and η. Thus, for a 
fixed ω1, there exists a specific k value that maximizes the 
MTRasym. Note that such a tuning of k is only dependent on 
α and η; thus, it is not affected by nonchemical exchange 
relaxations.

• Like Rex, the function α is a Lorentzian with a peak centered 
at Ω = δ and a linewidth FWHM=2

√

�2
1
+k2. Equation 

3 indicates that because of the multiplication of α with  
(1 −DS) and η terms, the lineshape of MTRasym would not 
be a Lorentzian, and the peak frequency of MTRasym would 
deviate from the Larmor frequency δ.

2.2 | Computer simulations
To evaluate the accuracy of the approximated analytical 
expressions, the calculated results were compared with 
simulations from BM equations. For comparison, a 2‐pool 
exchange was assumed, except noted otherwise, and the 
common parameters used were: δ = 3.6 ppm (i.e., 9000 
rad·s−1 at 9.4 T), R1 = 0.5 s−1, p = 0.0002 (i.e., 22 mM 
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of labile proton versus 110 M water proton), and a satura-
tion duration of 10 s. Because many CEST studies involves 
aqueous phantoms, which is drastically different with in 
vivo tissue, 2 R2 values of 1 and 20 s−1 were calculated for 
comparison in a few cases:

1. To evaluate the accuracy of the analytical forms of 
MTRasym, MTRasym spectra were calculated for slow 
CE case with exchange rate k = 100 s−1 and satura-
tion frequency ω1 = 400 rad·s−1 (e.g., ω1/2π = 64 Hz, 
correspond to B1 = 1.5 µT), medium‐slow exchange 
case with k = 1000 s−1 and ω1 = 1000 rad·s−1, and 
intermediate exchange case with k = 9000 s−1 and  
ω1 = 1000 rad·s−1.

2. To determine the optimal ω1, MTRasym as a function of 
saturation frequency ω1 was first calculated for k = 200 
and 2000 s−1 and R2 values of 1 and 20 s−1. Then, k was 
varied from 1 to 9000 s−1, and ω1, optimal was determined 
for each of the k value, also at 2 R2 values of 1 s−1 and  
20 s−1.

3. To evaluate the effect of k–tuning at the labile proton fre-
quency, MTRasym as a function of exchange rate k was 
simulated with BM equations for several ω1 values at R2 
of 1 s−1 and 20 s−1. To estimate the k–tuning, RF satura-
tion frequency ω1 was varied from 1 to 9000 rad·s−1, and 
the ktune value was determined from each ω1.

4. To demonstrate the peak shift of MTRasym, RF saturation 
frequency ω1 = 1000 rad·s−1, and exchange rate k range 
from 100 to 3000 s−1 were used for both R2 of 1 s−1 and  
20 s−1. The peak shift of MTRasym was determined for 
each k value. To evaluate the FWHM of MTRasym, the 
MTRasym spectrum was simulated for a few selected k val-
ues from 100 to 1600 s−1, with ω1 = 400 rad·s−1 and R2 of 
1 s−1 and 20 s−1. The FWHM of MTRasym was determined 
for each k value.

5. Our analytical solutions assumed that R2b is much smaller 
than k. To examine the case when R2b is comparable or 
larger than k, we compared the MTRasym spectra simulated 
with BM equations versus the analytical solutions using 
Rex from Equations 1 and 2 for k of 30 s−1 and R2b values 
of 10 to 50 s−1.

6. Our analytical solutions also neglected the MT effect. To 
evaluate the effect of the MT pool on the optimal satu-
ration power that maximizes the MTRasym, an MT pool 
with a proton fraction f was added to the simulation of BM 
equations, and 2 k values of 200 and 2000 s−1 and 2 R2 
values of 1 and 20 s−1 were simulated. A few combination 
of R2 and f were also simulated with varied k to evaluate 
whether ktune is dependent on the MT pool. In this simula-
tion of 3‐pool exchange, a super‐Lorentzian lineshape for 
the MT pool was incorporated into the BM equations,35 
assuming that R1 and R2 of the semisolid proton is 0.5 and 

105 s−1, respectively, and the magnetization transfer rate is 
50 s−1.

3 |  RESULTS

3.1 | Factors contributed to MTRasym at a 
steady‐state condition
In Equation 3, the saturation efficiency α, direct saturation 
DS, and asymmetry analysis efficiency η are affected by 
off‐resonance saturation pulse parameters. Figure 1 shows 
the characterics of these 3 coefficients that affect the 
MTRasym. The saturation efficiency α is a Lorentzian cen-
tered at δ, with an FWHM of 2

√

�2
1
+k2. Therefore, it is a 

sharp peak for a slow exchange with relatively small satu-
ration frequency (see black curve of Figure 1A), and the 
peak becomes much lower and broader for faster exchange 
rate and higher saturation frequency (Figure 1B). The coef-
ficient (1 − DS) decreases with the RF offset (Ω) and is 
strongly dependent on water R2 (see red solid vs. dashed 
curves in Figure 1A‐B). The asymmetry analysis efficiency 
η shows a peak close to Ω = δ and approaches 0 when the 
RF offset is close to the water frequency (green curves in 
Figure 1A,B).

At the labile proton frequency δ, α increases rapidly 
for a slow exchange case (k = 400 s−1) and approaches to 
1 with increasing ω1, whereas such an increase is much 
slower for a faster exchange rate of 4000 s−1 (black curves of  
Figure 1C,D). The coefficient (1 − DS) decreases with ω1 and 
R2 (red curves in Figure 1C‐D), but the asymmetry analysis 
efficiency η decreases only slightly with increasing ω1 and is 
slightly dependent on the exchange rate k.

3.2 | MTRasym and ΔMTR spectra
In the slow exchange domain at RF offsets not too close to 
water, Rex(Ω) >> Rex(−Ω), and thus asymmetry analysis 
 efficiency η is close to 1. Equation 3 can be simplified as

In some applications (e.g., with administration of CEST 
agent), an asymmetry analysis is not necessary to detect the 
CEST contrast, which can be measured between 2 different 
states with and without the CE effect or 2 states with a change 
of CE effect:
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which is the same as Equation 7. Therefore, ΔMTR can be con-
sidered as a special case of MTRasym.

The analytical approximations of MTRasym spectra 
(Equations 3 and 7) were compared to the simulations of BM 
equations for slow (Figure 2A,B), medium‐slow (Figure 2C,D), 
and intermediate exchange (Figure 2E,F). Equation 3 shows 
excellent agreement with BM equations for all cases, and 
only small deviation at an offset frequency close to water for 
the case of intermediate exchange and R2 = 1 s−1 (Figure 2F).  
With the neglection of η, Equation 7 still shows very good 
match with BM equations for the slow and medium‐slow 
exchanges, except at offset close to water and R2 = 1 s−1  
(Figure 2B and D). However, for intermediate exchange  
(Figure 2E,F), the MTRasym obtained from Equation 7  becomes 
much larger than that of BM equations because Rex(−Ω) is no 
longer negligible.

3.3 | Optimization of MTRasym sensitivity 
at the labile proton frequency
MTRasym at the labile proton frequency δ can be described 
as Equation 6. Assuming η ≈ 1 (for slow exchange domain), 
we have

The solutions of Equations 6 and 8 were compared with those 
of BM equations (see Figure 3A,B). The agreement is very 
good especially for R2 = 20 s−1, which is close to the in vivo 
condition. For R2 = 1 s−1, the neglection of η leads to slightly 
larger MTRasym values than BM solutions.

To determine the optimal ω1, we assume the CEST effect 
is small so that p · k · T1 << 1; thus,

Its dependence on ω1 is

From ∂MTRasym/∂ω1 = 0, the optimal ω1 that maximizes 
the CE sensitivity should satisfy:

Thus,
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F I G U R E  1  The dependence of 
saturation efficiency (α), direct saturation 
(DS), and the asymmetry analysis  
efficiency (η) on offset frequency Ω  
(A, B) and saturation frequency ω1 (C, D). 
The coefficients α, DS, and η in Equation 
3 were simulated as a function of off‐
resonance saturation pulse parameters with 
labile proton frequency δ = 3.6 ppm (i.e., 
9000 rad·s−1 at 9.4 T), R1 = 0.5 s−1, and 
population p = 0.0002 (22 mM of labile 
proton vs. 110 M water proton). α increases 
with ω1 and is a Lorentzian centered at δ. 
Both the η and the (1‐DS) term decrease 
at an offset close to the water and decrease 
with increasing ω1. Among these 3 
coefficients, only the DS is dependent on  
R1 and R2
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When k/δ <<1, the above equation can be further simpli-
fied as

which increases with the exchange rate k, labile proton res-
onance frequency δ, and R1 but decreases with R2. This in-
dicates that for higher R1 and smaller R2 (and MT), which 
reduces the DS effect, a higher ω1 can be applied to im-
prove the CEST signal. A faster exchange rate also leads to 
a larger ω1,optimal because of the need for a higher saturation 
efficiency.

The k‐dependent optimal saturation frequencies deter-
mined from Equations 9 and 10 were compared with those 
from BM equations (Figure 3C,D). Both analytical solutions 
match well with BM equations for slow exchange, that is, k/δ 
< 0.1. Equation 9 matches with BM equations better than 

Equation 10, especially for R2 = 20 s−1, where the agreement 
is very good for k/δ up to 1.

3.4 | Tuning of MTRasym for k‐specificity
When a range of exchange rates coexist at Ω = δ, one may 
need to determine saturation parameters so that the CEST 
sensitivity is the highest for a specific exchange rate, that is, 
a tuning of CEST contrast to a certain exchange rate ktune. 
Assuming that p · k · T1 <<1, the condition of ∂MTRasym 
/∂k = 0 from Equation 3 gives (see Appendix Equation A2) 

Assuming ω1/δ << 1, the above equation becomes

(10)
�1,optimal ≈

�

R1

2R2

�1∕4

⋅

√

k�,

(11)k
tune

=�1 ⋅

√

√

√

√

�2+�2
1

�2+2�2
1

.

(12)ktune =�1.

F I G U R E  2  Comparison of MTRasym 
spectra calculated from BM equations and 
2 simplified analytical Equations 3 and 7. 
Simulation parameters were labile proton 
frequency δ = 3.6 ppm (i.e., 9000 rad·s−1 at 
9.4 T), R1 = 0.5 s−1, and population p = 
0.0002. With slow exchange (A, B) and 
medium‐slow exchange (C, D), all  
MTRasym spectra are very close for  
R2 = 20 s−1 (A, C) and also for R2 = 1 s−1 
when RF offset frequency is away from 
water. For smaller offsets, Equation 7, 
which neglects the asymmetry analysis 
efficiency, has significant deviation from 
the other 2 spectra (B, D). At intermediate 
exchange (E, F), Equation 3 matches better 
with BM equations than Equation 7. Bloch‐
McConnell, BM; MTRasym, asymmetry of 
magnetization transfer ratio
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Equation 12 agrees with the result obtained by our group 
and others previously,23,28 indicating that the choice of ω1 
tunes the CE contrast to a specific exchange rate (ktune), inde-
pendent of other parameters such as R1 and R2. Note that the 
choice of ω1 matching ktune gives a saturation efficiency of  
α = 0.5, which is only half of the maximal value of 1; there-
fore, the sensitivity is not optimized at this ω1.

The MTRasym values at Ω = δ as a function of k were 
calculated from BM equations for several ω1 values be-
tween 100 to 4000 rad·s−1 and for R2 = 1 s−1 (Figure 4A) 
and 20 s−1 (Figure 4B), respectively. Although the peak 

MTRasym magnitude for each ω1 is highly dependent on 
R2, the k value corresponding to the peak of each curve 
matches well with the ω1, indicating the effect of k‐tuning. 
For example, the peak of the red curve for ω1 = 200 rad·s−1 
appears at k ≈ 200 s−1 in both Figure 4A,B. However, the 
maximal sensitivity of the labile protons with exchange 
rate k is not at the condition of k = ω1. Indeed, MTRasym 
of the labile protons with k of 200 s−1 is the highest for 
ω1 = 1000 rad·s−1 and R2 of 1 s−1 (Figure 4A) and for ω1 
= 400 rad·s−1 and R2 of 20 s−1 (Figure 4B). The ktune val-
ues determined by BM equations as a function of ω1 were 

F I G U R E  3  Determination of optimal 
saturation frequency ω1 to maximize 
MTRasym. MTRasym as a function of ω1  
was simulated from BM equations and 
Equations 6 and 8 with δ  = 3.6 ppm  
(i.e., 9000 rad·s−1 at 9.4 T), R1 = 0.5 s−1, 
and p = 0.0002 for exchange rate  
k = 200 s−1 (A) and 2000 s−1 (B).  
Equation 6 matches with BM equations 
better than Equation 8, and all results match 
better for R2 = 20 s−1 than R2 = 1 s−1.  
The normalized ω1, optimal increases with 
exchange rate. Although Equation 9 
matches with BM equations results better 
than Equation 10, Equation 10 is a good 
approximation for k/δ < 0.1, especially for 
R2 = 20 s−1 (D)

F I G U R E  4  MTRasym specificity to exchange rate at the labile proton frequency. MTRasym as a function of exchange rate was simulated from 
BM equations with various RF saturation frequency levels ω1 at the labile proton frequency of 3.6 ppm (i.e., 9000 rad·s−1) for R2 = 1 s−1 (A) and 
20 s−1 (B). Simulations of BM equations show that with varied ω1 values there is a clear ktune dependence on ω1 (A and B), but MTRasym is also 
dependent on R2. For ω1 = 400 rad·s−1 (green curve in A and B), MTRasym peaks at exchange rate k = 400 s−1 independent of R2 values. Both BM 
equations and Equation 11 show that ktune matches with ω1 for small ω1/δ values but becomes smaller than ω1 for larger ω1/δ (C)
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compared with Equation 11 (see Figure 4C). The results 
are in good agreements for the range of ω1/δ up to 1. In 
contrast, Equation 12 works well for ω1/δ << 1, for which 
ktune/ω1 ≈ 1.0.

3.5 | Peak shift and FWHM of MTRasym for 
slow exchanges
Our recent study indicated that, although Rex peaks at the la-
bile proton frequency, the peak of MTRasym may shift sig-
nificantly for CEST signals in the intermediate exchange 
domain.28 Here, we determined the peak position in the slow 
exchange case. Assuming p·k·T1 <<1, 1 – DS ≈ 1, η ≈ 1 
and 𝜔2

1
+k2 <<𝛿2, the frequency offset of the MTRasym peak 

(Ωpeak) can be obtained from the Appendix (Equation A3) as

where b2
≡

R2�
2
1

/

R1
. When b2 <<𝛿2 and 𝜔2

1
+k2 <<𝛿2, we 

have

In the slow exchange regime, the peak of MTRasym is 
shifted toward water, and the shift increases with both ω1 and 
k. As shown in Figure 5A for R2 = 1 s−1, the shift (~0.05 ppm) 
is quite small but already discernable at a slow exchange 

rate of 250 s−1, and it becomes apparent at higher exchange 
rates and reaches 0.5 ppm for an exchange rate of 3000 s−1. 
Equations 13 and 14 provide simplified solutions for esti-
mating the peak shift, both of which show a good agreement 
with the solution of BM equations for rates < 2000 s−1 but 
underestimate the shift for faster rates (Figure 5B). For R2 = 
20 s−1, the peak shift is much smaller than that of R2 = 1 s−1  
(Figure 5C and D), and only Equation 13 shows good agree-
ment with the solution of BM equations.

Unlike Rex, MTRasym is not a Lorentzian, but its line-
width can still provide insights to the CE properties. 
Assuming DS <<1 and p · k · T1 <<1, the full width at half 
maximum of MTRasym at Ωpeak can be derived in Appendix 
(Equation A4) as

When 𝜔2
1
+k2 <<𝛿2, MTRasym is very close to a 

Lorentzian, and

the FWHM increases with both exchange rate and satura-
tion frequency. The MTRasym spectra were simulated with 
BM equations for a few chemical exchange rates for R2 = 
1 s−1 (Figure 6A) and R2 = 20 s−1 (Figure 6B). The line-
width of these spectra were compared with the solution of  

(13)
Ωpeak

�
≈1−

�2
1
+k2

�2
⋅

(

�2−b2

�2+2
(

�2
1
+k2

)

+b2

)

,

(14)
Ωpeak

�
≈1−

�2
1
+k2

�2
.

(15)FWHM≈2

√

�2
1
+k2

⋅

(

1+
2�2

1
+2k2

�2

)

.

(16)FWHM≈2

√

�2
1
+k2,

F I G U R E  5  Shift of MTRasym peak 
from the labile proton frequency. MTRasym 
spectra calculated from BM equations for 
5 k values show a shift of peak frequency 
offset from the labile proton frequency 3.6 
ppm (indicated by the pink dashed line), and 
the shift is larger for R2 = 1 s−1 (A) than 
R2 = 20 s−1 (C). The shift calculated from 
BM equations and the analytical solution of 
Equation 13 match well for k < 2000 s−1 in 
the slow exchange regime (B and D). With 
neglection of the direct saturation, Equation 
14 shows a good match with the solutions 
of BM equations for R2 = 1 s−1 (B) but 
deviates significantly for R2 = 20 s−1 (D)
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Equations 15 and 16 (Figure 6C). Although MTRasym is not a 
perfect Lorentzian, it is very close to a Lorentzian at slow ex-
change rates, and the deviation increases with exchange rates. 
The FWHM also increases with exchange rate, as expected. 
Equations 15 and 16 predict the FWHM fairly accurately and 
only slightly deviate from the BM solutions for k < 1600 s−1.

Small MTRasym peaks also appear near the water frequency 
(< 0.5 ppm) for R2 = 1 s−1 (Figure 6A). Because the chemical 
exchange between water and labile proton shifts their proton 
peaks toward each other, the slight shift of the water peak from 
0 ppm toward the labile proton frequency causes asymmetry 
of DS around 0 ppm, leading to the small MTRasym peak near 
water in Figure 6A. Note that this peak will merge with the 
labile proton peak at faster exchange rates (e.g., Figure 2F),  
which can be the coalescence effect reported in recent studies 
of intermediate‐to‐fast chemical exchanges.28,36,37 Also, this 
near‐water MTRasym peak diminishes at R2 = 20 s−1, where 
the DS is much larger (Figure 6B).

The analytical solutions used a simplified Rex of 
Equation 2 under the assumption that R2b<<k. It is usually 
assumed that R2b is on the order of the water R2, which is 
between 10‐50 s−1 for in vivo tissues. Figure 7A showed that 

the MTRasym obtained with simplified Rex (i.e., Equation 2)  
matches well with that obtained using the full Rex  
expression (i.e., Equation 1) and with the BM equations, 
for a small k and R2b of 30 and 10 s−1, respectively. For R2b 
of 50 s−1, both the linewidth and the peak magnitude of the 
MTRasym obtained with simplified Rex (green curve) deviate 
from these other 2 solutions. Specifically, the linewidth is 
smaller, whereas the peak magnitude is higher in the sim-
plified solution.

The analytical solutions were derived without taking 
into account the MT effect. Compared to the case of 2‐pool 
exchange (Figure 3), the addition of a semisolid macromol-
ecule pool reduces the MTRasym measured at 3.6 ppm and 
the optimal power that maximizes the MTRasym for both 
k = 200 and 2000 s−1 (Figure 8A,B vs. 3A,B). Although 
the magnitude of MTRasym is strongly dependent on the R2 
value and the MT pool size, the chemical exchange rate that 
gives the highest MTRasym under a saturation frequency of 
400 rad·s−1 remains the same, that is, ~400 s−1 (Figure 8C). 
Thus, the additional of a MT pool will affect the optimal 
saturation power for the CEST signal but not the k‐tuning 
effect.

F I G U R E  6  Lineshape of MTRasym as an approximated Lorentzian. MTRasym as a function of offset frequency was simulated from BM 
equations with various exchange rate k, saturation frequency ω1 of 400 rad·s−1, and the labile proton frequency of 3.6 ppm (i.e., 9000 rad·s−1) for R2 = 
1 s−1 (A) and 20 s−1 (B). For slow chemical exchanges, the MTRasym spectra with a low ω1 are close to Lorentzian for both R2 = 1 s−1 (A) and 20 
s−1 (B). The deviation from Lorentzian increases with k and is higher for R2 = 1 s−1 than 20 s−1. The FWHM values calculated from Equations 15 
and 16 only slightly underestimate those obtained from BM equations (C)

F I G U R E  7  Effect of the transverse relaxation rate of the labile proton (R2b) on the lineshape of MTRasym. MTRasym spectra were simulated by 
BM equations and by MTRasym using Rex of Equation 1 and Equation 2 for k = 30 s−1 at 3 combinations of R2 and R2b. When R2 and R2b are much 
smaller than k (A), all 3 curves match well. When R2b is larger than k, the linewidth and the peak intensity of MTRasym calculated with neglection of 
R2b in Rex (Equation 2) deviate from the other 2 other curves
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4 |  DISCUSSION

MTRasym has been the most widely used index to measure 
the sensitivity of CEST signals. In this work, we derived ap-
proximated analytical expressions for the CEST MTRasym 
spectra and optimized parameters. Although the Z‐spectra, 
MTRasym spectra, and the optimal values for maximizing 
their sensitivity or specificity can all be numerically simu-
lated based on the BM equations, analytical descriptions 
can provide more intuitive understanding about the peak 
position, linewidth, and optimizing parameters and how 
these measurables scale with other parameters such as ex-
change rate, magnetic field strength, saturation power, and 
R1 and R2. Sun et al have derived analytical solution of the 
optimal saturation power for MTRasym based on the CEST 
model, but the solution is complex and involves many pa-
rameters that are difficult to measure, including the R1 and 
R2 of the labile proton and the labile proton ratio.26 In a re-
cent study, Rezaeian et al had derived complete analytical 
solutions of the optimal power and duration for ΔMTR,38 a 
sensitivity index that slightly differs with MTRasym (by an η 
term). Our simplified solutions of MTRasym are derived for 
the slow‐to‐intermediate exchange regime and can be used 
as a basis for optimization of the CEST signal sensitivity. 
Part of this work had been reported in the International 
Society for Magnetic Resonance in Medicine meeting in 
2013.39 Note that Rezaeian et al also compared our simpli-
fied analytical equation of optimal saturation power with 
simulation of BM equations.38 Unfortunately, our equation 
was cited incorrectly, which leads to erroneous results.

Recently, our group and other have shown that it is bet-
ter to use Rex‐based indices for quantitative analysis of CEST 
effects because MTRasym and similar sensitivity indices 
(e.g., ΔMTR) are coupled to other relaxation effects (e.g., 
R1 and R2) and may not be used directly for quantification of 

chemical exchange properties28,40-42 Specifically, our analyti-
cal solutions show that MTRasym is proportional to the square 
of the baseline signal without the CE effect (i.e., 1‐DS), in 
agreement with a few recent studies.13,43 Nonetheless, the 
MTRasym indices are still very useful for maximizing sensi-
tivity and specificity. The magnitude of CEST contrasts in 
most in vivo studies is only on the order of 1% of the water 
signal, and the specificity of endogenous CEST signals is 
also limited because the Larmor frequency of many labile 
protons is quite close. Thus, the optimization of the saturation 
parameters to maximize the sensitivity and/or the specificity 
is critically important.

CEST applications have been studied by many research 
groups at different fields, but the effect should be opti-
mized separately because the magnitude of CEST signal is 
dependent on exchange rate, chemical shift, and relaxation 
rates. Our result of Equation 10 suggests that, after the op-
timal power of CEST signal is determined at 1 magnetic 
field, the optimal power at another field strength can be 
estimated. The simple scaling on the parameter δ indicates 
that optimal power should be proportional to the square 
root of B0, with a small adjustment of the 4th root of the 
R1/R2 ratio. For example, the optimal saturation power for 
the amide‐proton transfer effect was reported in our re-
cent study to be about 1 µT at 9.4 T.35 Because the R1/R2 
ratio in the brain at 4.7 T is about 33% higher than that of  
9.4 T,44 the optimal power for APT at 4.7 T can be esti-
mated as 1.331/4/sqrt(2) ≈ 0.76 µT, which is in excellent 
agreement with a results of ~0.75 µT reported in a previous 
study at 4.7 T.45

Beside the choice of optimal parameters, our analytical 
solution also provide some insight for the design of CEST 
experiment or the analysis of CEST data. For example, 
MTRasym is proportional to the the asymmetry analysis effi-
ciency η, which is related to the exchange‐mediated relaxation 

F I G U R E  8  Effect of the MT pool on the optimal saturation powers for sensitivity (A, B) and k‐specificity (C). MTRasym as a function of 
saturation frequency ω1 was simulated from a 3‐pool exchange of BM equations with δ = 3.6 ppm (i.e., 9000 rad·s−1 at 9.4 T), R1 = 0.5 s−1,  
p = 0.0002, and the MT pool fraction f = 0.05 for k = 200 (A) and 2000 s−1 for (B). Compared to the cases with f = 0 (i.e., Figure 3A,B), both the 
peak magnitude of the MTRasym and the optimal power reduced. (C) MTRasym as a function of k were simulated with BM equations for ω1 = 400 
rad·s−1 and a few R2 and MT pool size (f) combinations. The peak appears at ktune = 400 s−1, independent of R2 values and of the also MT effect 
from semisolid macromolecules
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rate at both Ω and −Ω. Thus, η can help to decide whether 
the asymmetry analysis would be an effective method to re-
move the non‐CEST effects, such as DS and MT. A small η, 
which may occur for the intermediate exchange rate regime, 
indicates that there is significant CEST effect at the refer-
ence frequency of −Ω. In this case, other approaches to get 
a reference (with minimal CEST effect) may be chosen for 
the detection of CEST effect, such as 3‐point method35 and 
model‐based data‐fitting.46

In CEST Z‐spectra, multiple signal dips from different la-
bile proton groups (e.g., from amide, guanidyl, and aliphatic 
protons) are often observed. Recently, multi‐Lorentzian fit-
ting has been used by many groups due to its simplicity and 
its capability to extract these different CEST signals simulta-
neously.47-49 Although the exchange‐mediated relaxation rate 
Rex and the saturation efficiency α are both Lorentzians with 
peaks at the labile proton frequency, our results indicate that 
a CEST sensitivity index such as MTRasym is not a Lorentizan 
because it is distorted by the (1−DS) and the η term, and the 
Ω/δ term in the denominator decreases monotonically with 
the RF offset. Similarly, the CEST effect analyzed from the 
Z‐spectra by removing nonexchange relaxation effects is es-
sentially ΔMTR, which can be expressed by Equation 7 and 
is also not a Lorentzian, and it can only be considered as an 
approximated Lorentizian in the slow exchange condition. 
Our results also demonstrate that the MTRasym peak is shifted 
away from the labile proton frequency. Both the peak shift 
and the deviation from Lorentzian are more severe for faster 
exchange rates; thus, the CEST data of slow‐to‐intermediate 
exchanges should be analyzed with care.

When comparing CEST signals caused by labile protons 
with different exchange rates, a simple k‐tuning (i.e., ktune = ω1)  
to optimize the CEST signal from 1 specific exchange 
rate has already been demonstrated in previous stud-
ies.23,28 Here, we report a more general expression that is 
slightly more accurate. We also demonstrated that k‐tuning  
is independent of other relaxation effects (Figures 4 and 8C).  
One limitation of the current work is that it becomes in-
accurate when the exchange rate k is smaller than R2b. 
Moreover, the magnetic transfer contrast (MTC) from the 
semisolid macromolecules is neglected in the model. Note 
that the 2‐pool exchange model can be extended to include 
the MTC contributionm as reported by Zaiss et al.,29 but 
analytical solutions for these parameters are expected to be 
more complicated. Although the inclusion of MTC would 
not change the results on ktune, it will affect the ω1, optimal 
because the MTC relaxation is strongly dependent on the 
saturation power. It would also affect the expressions for 
the peak shift and the FWHM of MTRasym because MTC is 
dependent on the RF offset.

Another limitation of our work is that we assumed a 
continuous wave saturation, which reaches the steady state. 
For intermediate or fast chemical exchange applications, 

steady‐state CEST experiments may not be ideal, and satu-
ration or spin‐lock pulse with a higher power and a shorter 
duration may offer better sensitivity and/or exchange‐rate 
specificity.24,28 For pulse‐saturation and shorter pulse be-
fore reaching the steady state, many features will likely re-
main, such as the deviation of MTRasym from a Lorentizian 
and the shift of peaks, but the exact expressions will also 
be more complicated.

5 |  CONCLUSION

We have derived approximated analytical solutions of the 
MTRasym spectrum, the optimal parameters for maximizing 
the MTRasym, the saturation power to tune MTRasym to a spe-
cific exchange rate, and the peak and linewidth of MTRasym 
spectrum, all which match well with the solutions of BM 
equations. These approximate analytical solutions can pro-
vide insights to the understanding of CEST signals property 
and help the optimization of saturation parameters and the 
interpretation of CEST data.
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APPENDIX 

A1. An approximated solution of MTRasym

The MTRasym is defined as

Note that 1

1−DS
=1+

R2

R1

tan2 �, we have

Denote � (Ω)≡1−
Rex(−Ω)

Rex(+Ω)
, and assume that the CE effect is 

small at the reference frequency, the Rex(−Ω) term in the de-
nominator can be neglected, we have

Note that
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1

R1Ω
2

=
p⋅k⋅T1⋅�

2
1

(�−Ω)2+�2
1
+k2

⋅

�2

Ω2
=p ⋅k ⋅T1 ⋅� ⋅

�2

Ω2

where �≡ �2
1

(�−Ω)2+�2
1
+k2

, we have

A2. Tuning of MTRasym for k‐specificity

When there is a range of exchange rates, one may want to 
find the maximal CEST contrast corresponds to a certain ex-
change rate ktune. Assuming that p · k · T1 <<1, the condition 
of ∂MTRasym/∂k = 0 from Equation A1 gives

which can be rewritten as

The equation above can be rearranged as

where

for 
(

2𝜔2
1
+𝛿2

)2
>>3𝜔4

1
. Therefore, we have

MTRasym (Ω)=
S (−Ω)−S (+Ω)

S0

=
1

1+
R2+Rex(−Ω)

R1

tan2 �
−

1

1+
R2+Rex(Ω)

R1

tan2 �

MTRasym (Ω)=
Rex (Ω)−Rex (−Ω)

[

1

1−DS
+

Rex(−Ω)⋅�
2
1

R1⋅Ω
2

]

⋅

[

1

1−DS
+

Rex(Ω)⋅�
2
1

R1⋅Ω
2

]
⋅

�2
1

R1Ω
2

MTRasym (Ω)=
Rex (Ω) ⋅�

[

1+
Rex(Ω)⋅�

2
1

R1⋅Ω
2

(1−DS)

]
⋅

�2
1

R1Ω
2
⋅ (1−DS)2

(A1)MTRasym (Ω)≈
p ⋅k ⋅T1 ⋅� ⋅ (1−DS)2 ⋅�

(Ω∕�)
2
+p ⋅k ⋅T1 ⋅� ⋅ (1−DS)

�

�k

[

k

�2
1
+k2

⋅

1

�2
1
+4�2+k2

]

=0

(

�2
1
+k

2
tune

)

⋅

(

�2
1
+k

2
tune

+4�2
)

= 2k
2
tune

⋅

(

�2
1
+k

2
tune

)

+ 2k
2
tune

⋅

(

�2
1
+k

2
tune

+4�2
)

.

3k4
tune

+2
(

�2
1
+2�2

)

k2
tune

=�2
1
⋅

(

�2
1
+4�2

)

k2
tune

=
1

3

[

2

√

�4
1
+4�2

⋅�2
1
+�4−

(

�2
1
+2�2

)

]

=
1

3

[

2

√

(

2�2
1
+�2

)2
−3�4

1
−
(

�2
1
+2�2

)

]

≈
1

3

[

2
(

2�2
1
+�2

)

−
3�4

1

2�2
1
+�2

−
(

�2
1
+2�2

)

]

(A2)k
tune

=�1 ⋅

√

√

√

√

�2
1
+�2

2�2
1
+�2

https://doi.org/10.1002/mrm.27864


14 |   JIN aNd KIM

A3. Peak shift of MTRasym for slow exchanges
To determine the peak position in the slow exchange case, we 
assume that p · k · T1 <<1, η ~1, and denote a2

≡�2
1
+k2, and 

b2
≡

R2�
2
1

/

R1
. Thus, Equation 3 can be simplified as

The peak of MTRasym can be obtained by taking ∂MTRasym 
/∂Ω = 0. We have

which can be rearranged as

or

This equation can have more than one solution. For sim-
plicity, we would like to determine a peak Ωpeak which is 
close to δ, and define the relative shift as

since the relative shift is assumed to be small and all Δ2 term 
can be neglected. We have

which leads to

A4. FWHM of MTRasym for slow exchanges

To calculate the linewidth of MTRasym, we assume DS <<1 
and p · k · T1 <<1, and assume δ >>a and δ >>b. The peak 
frequency from Equation A3 simplifies to

and the peak magnitude of MTRasym at Ωpeak is

The frequency offset which gives half of the peak MTRasym 
satisfies:

Denote Ωhalf ≡ δ + q and ignore the (a/δ)2 term for slow 
exchange cases yields

which can be rearrange as

At slow exchanges both q2−a2

2a2
 and 2q/δ are much smaller 

than 1, thus their product can be neglected so that

The difference between two solutions of q gives the FWHM

or

MTRasym (Ω) ∝
Ω2

(

Ω2+b2
)2
⋅

[

(Ω−�)
2
+a2

]

(

Ω2+b
2
)

⋅

[

(Ω−�)
2
+a

2
]

−(Ω−�) ⋅Ω ⋅

(

Ω2+b
2
)

−2Ω2
⋅

[

(Ω−�)
2
+a

2
]

=0

(

Ω
2
+b2

)

⋅ (�−Ω) ⋅�=a2
⋅

(

Ω
2
−b2

)

+2Ω2
⋅ (Ω−�)

2
,

(

Ω2

�2
+

b2

�2

)

⋅

(

1−
Ω

�

)

=
a2

�2
⋅

(

Ω2

�2
−

b2

�2

)

+
2Ω2

�2
⋅

(

1−
Ω

�

)2

1−
Ωpeak

�
≡Δ

(

1+
b2

�2

)

⋅Δ≈
a2

�2
⋅

(

1−2Δ−
b2

�2

)

,

(A3)1−
Ωpeak

�
≈

a2

�2
⋅

(

�2−b2

�2+2a2+b2

)

1−
Ωpeak

�
≈

a2

�2
,

MTRasym

(

Ωpeak

)

≈
p ⋅k ⋅T1 ⋅�
(

Ωpeak

�

)2
=

p ⋅k ⋅T1 ⋅�
2
1

a2
⋅

(

a2

�2
+1

)

⋅

(

1−
a2

�2

)2

MTRasym

(

Ωhalf

)

=
p ⋅k ⋅T1 ⋅�2

1
[

(

Ωhalf −�
)2
+a2

]

⋅

Ω
2
half

�2

=
p ⋅k ⋅T1 ⋅�

2
1

2a2
⋅

(

a2

�2
+1

)

⋅

(

1−
a2

�2

)2

(

a2
+q2

)

⋅

(

1+
q

�

)2

≈2a2

(

1+
q2−a2

2a2

)

⋅

(

1+
2q

�

)

≈1

q2
+

4a2

�
q−a2

≈0

FWHM≈2a

√

1+4a2
/

�2 ≈2a ⋅
(

1+2a2
/

�2
)

(A4)FWHM≈2

√

�2
1
+k2

⋅

(

1+2 ⋅
�2

1
+k2

�2

)


