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This paper is devoted to an investigation of Euclidean wormholes made by fuzzy instantons. We
investigate the Euclidean path integral in anti–de Sitter space. In Einstein gravity, we introduce a scalar field
with a potential. Because of the analyticity, there is a contribution of complex-valued instantons, so-called
fuzzy instantons. If we have a massless scalar field, then we obtain Euclidean wormholes, where the
probabilities become smaller and smaller as the size of the throat becomes larger and larger. If we introduce
a nontrivial potential, then, in order to obtain a nonzero tunneling rate, we need to tune the shape of the
potential. With the Oð4Þ symmetry, after the analytic continuation to the Lorentzian time, the wormhole
throat should expand to infinity. However, by adding mass, one may obtain an instant wormhole that should
eventually collapse to the event horizon. The existence of Euclidean wormholes is related to the stability or
unitarity issues of anti–de Sitter space. We are not conclusive yet, but we carefully comment on these
physical problems.
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I. INTRODUCTION

Understanding gravity as a quantum theory is the
ultimate goal of modern theoretical physics. There are
several approaches that can be taken to investigate quantum
gravity. The first approach, the so-called covariant
approach [1], is to introduce a Lagrangian and calculate
several observables of quantum fluctuations using the path
integral formalism. This approach has the problem of
nonrenormalizability, but by extending to the string theory,
one may obtain a finite probability. However, in order to
study nonperturbative effects directly, another alternative
approach is needed. The second approach is to use a
Hamiltonian, in the so-called canonical approach [2]. In
this approach, we can introduce the Wheeler-DeWitt
equation for the wave function of the Universe. One
modern extension toward this direction is called loop
quantum gravity, although it introduces lots of difficulties
and many issues that need to be clarified.
In quantum gravity, there is a technical subtlety in the

following sense. In order to understand fully quantum
gravitational phenomena, e.g., to understand a singularity,
we need to study nonperturbative effects. However, in the
covariant approach, what we can understand technically
well are the perturbative calculations using field theoretical

techniques. While holography or duality is useful, since
one can transform a nonperturbative regime into a pertur-
bative regime as its dual [3], this does not lead to a direct
understanding of the nonperturbative phenomena. On the
other hand, with the canonical approach, there is no well-
defined field theoretical basis, and we need to go beyond
the traditional field theoretical techniques to obtain a
correct understanding of quantum gravitational phenomena.
Then following question becomes this: Is there any theo-
retical way to understand nonperturbative quantum gravita-
tional phenomena, at least in an approximate way, using field
theoretical tools?
The Euclidean path integral approach [4], which is

Euclidean since it introduces complex time, is a good
bridge between these two approaches; one can study
nonperturbative phenomena using well-established field
theoretical tools, at least in an approximate way. Of course,
the Euclidean path integral approach is not the perfect way
to understand quantum gravity because of several weak
points, including the fact that the Euclidean action may not
be bounded from below. On the other hand, at the
approximate level, it can give reliable results, including
black hole entropy [5], Hawking radiation [6], the prob-
ability distribution of thermal fluctuations [7] that can be
interpreted as thermal instantons [8], etc.
The main approximation technique of the Euclidean

path integral approach is to use instantons for the
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steepest-descent approximation [9]. Because of the analy-
ticity, instantons can be complex valued. However, as with
the path integral between two hypersurfaces, each hyper-
surface should be real valued. Therefore, we need to impose
a reality condition at the boundary, the so-called classicality
condition [10]. The authors of Ref. [10] have referred to
these complex-valued but would-be classicalized instantons
as fuzzy instantons. One can investigate various interesting
phenomena using fuzzy instantons in the context of infla-
tionary cosmology or modified gravity [11].
When we use a scalar field, the imaginary counterpart of

the scalar field looks a ghost field; i.e., the imaginary part of
the scalar field has the wrong sign for its kinetic term. This
is apparently problematic, but in the Euclidean path integral
we can allow this as long as we can set a suitable boundary
condition (classicality condition), since these imaginary
values naturally appear during the approximation of the
wave function. Using this imaginary part of the scalar field,
one can see interesting phenomena with many aspects [12].
One such example is the Euclidean wormhole [13].
In this paper, we investigate Euclidean wormholes using

fuzzy instantons, especially in anti–de Sitter space. Fuzzy
Euclidean wormholes in de Sitter space were the focus of
the authors’ previous paper [14]. Several authors have
investigated Euclidean wormholes in the anti–de Sitter
background in the string theory [15–17]. Usually, this is
related to the unitarity or the stability issue of anti–de Sitter
space, but again this can be controversial.
In this paper, we will show that the existence of the

Euclidean wormholes is very generic by introducing fuzzy
instantons (hence, it does not sensitively depend on a
specific model of the string theory). On the other hand, we
need to introduce a classicality constraint to ensure a
sensible physical interpretation. This raises interesting
issues. In the paper, we present this problem and open
up interesting questions for further investigations.
This paper is organized as follows. In Sec. II, we discuss

the mathematical formalism for the fuzzy instantons and
the suitable initial conditions of instantons for Euclidean
wormholes. In Sec. III, we discuss the details of the
Euclidean wormhole solutions, including their probabilities
as well as Lorentzian dynamics. In Sec. IV, we generalize
the wormhole dynamics by using the thin-shell approxi-
mation. From this approximation, we can see more of the
generic behaviors of wormholes. Finally, in Sec. V, we
summarize this paper and discuss possible future topics that
need to be clarified.

II. EUCLIDEAN WORMHOLES USING FUZZY
INSTANTONS

In this section, we first discuss the Euclidean path
integral approach, the use of instantons, and the notion
of classicality. In particular, we discuss the details of
Oð4Þ-symmetric instantons. In order to obtain a
Euclidean wormhole, we need to establish a suitable initial

condition of the instanton. Here, we discuss the details of
these issues.

A. The Euclidean path integral

In the Euclidean path integral approach, the Euclidean
propagator between two hypersurfaces from the in state
jhiab; χii to the out state jhfab; χfi is represented by the
following path integral [9]:

hhfab; χf jhiab; χii ¼
Z

DgμνDϕe−SE½gμν;ϕ�; ð1Þ

where SE is the Euclidean action which is a functional of
the metric gμν and a (scalar) matter field ϕ. Here, hab is a
three-surface and χ is a field value on hab. This path integral
should sum over all field combinations that connect from
hiab and χi to hfab and χf . This will be approximated by
steepest descents, i.e., by summing Euclidean on-shell
histories [9]. These on-shell solutions are called instantons.
In general, due to the Wick rotation of time, we require

that all functions be complex valued. Hartle, Hawking, and
Hertog designated these complex-valued instantons as
fuzzy instantons [10]. However, not all fuzzy instantons
are relevant to a tunneling process. After a long Lorentzian
time, at the observed hypersurfaces (both of the in
state or the out state), all fields should be real valued.
This is related to the notion of classicality [10]. If we
approximately write the wave function using the steepest-
descent approximation as

Ψ½qI� ≃ A½qI�eiS½qI �; ð2Þ

where qI are canonical variables with labels I ¼ 1; 2; 3;…,
then classicality means that

j∇IA½qI�j ≪ j∇IS½qI�j; ð3Þ

for all I. By imposing this condition, this history satisfies
the semiclassical Hamilton-Jacobi equation. This history is
classical in the sense that the given probability through the
history does not vary rapidly.1 When we solve on-shell
Euclidean equations, although we introduce complex-
valued functions, such complex-valued fields should
approach real-valued functions after the Wick rotation
and after a long Lorentzian time [11].
Therefore, we can conclude that, in the Euclidean path

integral approach, the use of complex-valued instantons is
allowed as long as the instantons are well controlled by the

1Of course, in order to satisfy the true steepest-descent
approximation, one needs to check whether it is indeed the peak
of the wave function or not (e.g., see [18]), and there is a
possibility that an on-shell solution may not represent a steepest
descent (e.g., see [19]). However, this goes beyond the scope of
this paper, and we postpone the discussion for a future work.
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classicality condition. Keeping this in mind, we can begin
to investigate fuzzy instantons in more detail.

B. Model of fuzzy Euclidean instantons

We consider a model with a scalar field and its potential.
The Euclidean action is given by

SE ¼ −
Z ffiffiffiffiffiffiþg

p
dx4

�
R
16π

−
1

2
ð∇ΦÞ2 − VðΦÞ

�
; ð4Þ

where R is the Ricci scalar, Φ is a scalar field, and

VðΦÞ ¼ V0

�
−1 −

1

2
μ2Φ2 þ λΦ4

�
: ð5Þ

The metric ansatz for Oð4Þ symmetry is

ds2E ¼ 1

V0

ðdτ2 þ a2ðτÞdΩ2
3Þ: ð6Þ

Then, Euclidean equations of motion are as follows:

_a2 − 1 −
8πa2

3

�
_Φ2

2
−
VðΦÞ
V0

�
¼ 0; ð7Þ

Φ̈þ 3
_a
a
_Φ −

V0ðΦÞ
V0

¼ 0; ð8Þ

ä
a
þ 8π

3

�
_Φ2 þ VðΦÞ

V0

�
¼ 0: ð9Þ

Since the potential is normalized by V0, without any change
in dynamics, we can choose V0 ¼ 1. The one exception is
the value of the Euclidean action. The Euclidean action will
be scaled: SE=V0, where SE is the result for the case
of V0 ¼ 1.
In this paper, we consider fuzzy Euclidean wormholes,

meaning that complex-valued fields are allowed for the
bulk region, while we have to impose classicality at the
boundary. In this regard, we consider a purely imaginary
scalar field: Φ → iϕ. Then the effective equations of
motions are as follows:

_a2 − 1 −
8πa2

3

�
− _ϕ2

2
−UðϕÞ

�
¼ 0; ð10Þ

ϕ̈þ 3
_a
a
_ϕ − FðϕÞ ¼ 0; ð11Þ

ä
a
þ 8π

3
ð− _ϕ2 þ UðϕÞÞ ¼ 0; ð12Þ

where

UðϕÞ ¼ −1þ 1

2
μ2ϕ2 þ λϕ4; ð13Þ

FðϕÞ ¼ −μ2ϕ − 4λϕ3: ð14Þ
Here, F is not a simple derivation of U; instead, we need to
choose this form in order to maintain the correct equations
of motion. Throughout this paper, we consider μ2 ≥ 0
and λ ≥ 0.

C. Initial conditions

In order to choose a consistent initial condition, we
assign as follows:

að0Þ ¼ a0; ð15Þ
_að0Þ ¼ 0; ð16Þ
ϕð0Þ ¼ ϕ0; ð17Þ
_ϕð0Þ ¼ _ϕ0; ð18Þ

where a0 is a solution of

1þ 8πa20
3

�
−
_ϕ2
0

2
−Uðϕ0Þ

�
¼ 0: ð19Þ

Here, we have chosen ϕ0 ¼ 0 for the symmetry of the
solution. Therefore, _ϕ0 is the unique free parameter to
characterize a solution.

D. Conceptual picture

Using instantons, what wewant to study is the nucleation
of a Euclidean wormhole. The initial condition is a
hypersurface of two complete anti–de Sitter spaces. The
upper part of Fig. 1 illustrates this. If we describe the
anti–de Sitter space as a static coordinate

ds2 ¼ −
�
1þ r2

l2

�
dt2 þ

�
1þ r2

l2

�−1
dr2 þ r2dΩ2 ð20Þ

with a suitable l, then two separate anti–de Sitter spaces
can be denoted by two directions of r, where they are
separated at r ¼ 0.
After tunneling, what we encounter is a hypersurface that

connects two asymptotic anti–de Sitter spaces (the lower
part of Fig. 1). Before tunneling, the two anti–de Sitter
spaces were separated, but after tunneling, the two surfaces
are connected by a throat with a nonzero areal radius. In
order to provide a reasonable anti–de Sitter limit to this
wormhole hypersurface, we impose the classicality con-
dition at both boundaries (r → ∞).
Now, there is usually a problem with distinguishing the

interpretation of the Lorentzian signatures from the
Euclidean signatures. In the Oð4Þ-symmetric metric
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ansatz,2 we can present the angle parameters as follows:
dΩ2

3 ¼ dχ þ sin2 χdΩ2
2. What we will use is the analytic

continuation of χ ¼ π=2þ iT as is usual with inhomo-
geneous instantons [22]. (There would be an alternative
way to interpret this as a homogeneous tunneling process
[16], but this is less interesting in the anti–de Sitter
background. Perhaps, there are more interesting applica-
tions in the de Sitter background; see [14,23].) Then, at the
nucleation point T ¼ 0, we obtain aðτÞ ¼ r, where a is the
scale factor of the instanton and r is the areal radius of
the static coordinate. Of course, the total metric will depend
on the time T, and a detailed description of the wormhole
after nucleation will be provided in the following sections.
In any case, at this stage, it is enough to say that the
behavior of a is closely related to the behavior of r. In order
to obtain a wormhole structure of r, what we will study is
how to obtain a bouncing solution of a.
In this regard, in order to calculate the tunneling rate, we

will need to subtract two Euclidean actions, where one is
the action of the solution and the other is the action of two
anti–de Sitter spaces.

III. PROPERTIES OF EUCLIDEAN
WORMHOLES

In this section, we discuss details of the solution.
Specifically, we will focus on finding a bouncing
Euclidean solution for a. Of course, the existence of a
bouncing solution is not enough. If the solution has a
physical meaning, we then need to obtain a suitable
probability. The probability should not be zero nor be
too large; in other words, the subtracted Euclidean action
should not be too large or too negative (if the subtracted
Euclidean action is negative, then the tunneling process is
exponentially enhanced). In this section, we will cover
these various topics.

A. Anti–de Sitter with a free scalar field

The first example is the simplest case: μ ¼ λ ¼ 0. In
other words, if the potential is VðΦÞ ¼ −1, then

Φ̈
_Φ
¼ −3

_a
a
; ð21Þ

and hence

_Φ ¼ Aa−3 ð22Þ

with a constant A. The equation for a becomes

_a2 þ VeffðaÞ ¼ 0; ð23Þ

FIG. 1. Conceptual picture of tunneling in a Euclidean wormhole. Before tunneling, two anti–de Sitter spaces are disconnected. After
tunneling, two asymptotic anti–de Sitter spaces are connected at the throat.

2There are interesting issues about boundary conditions of
[20], but in our example, a complexified scalar field effectively
violates the null energy condition for a quantum regime.
Quantum effects can violate energy conditions and can introduce
a timelike wormhole in anti–de Sitter space (for example, see
[21]), and hence it is not so surprising to see a connection of two
anti–de Sitter boundaries.
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VeffðaÞ ¼ −1 −
8π

3

�
A2

2a4
þ a2

�
: ð24Þ

Hence, VeffðaÞ < 0 is the physically allowed region.
Assuming A ¼ iB with a real value B, the effective

potential becomes

VeffðaÞ ¼ −1þ
�
a40
a4

−
a2

l2

�
; ð25Þ

where a0 ¼ ð4πB2=3Þ1=4 and l ¼ ð3=8πÞ1=2. Then there
can be a solution amin that satisfies VeffðaminÞ ¼ 0 and the
solution is allowed for a ≥ amin. Hence, amin becomes the
throat of the wormhole between two asymptotically anti–de
Sitter spaces.
Figure 2 shows a numerical example of this. The field

will stop asymptotically. Therefore, if there is no potential,
one can trust the classicality at infinity.
Regarding the probability, the on-shell action where the

scale factor moves from amaxð¼ ∞Þ through amin to amax
again is

SE ¼ 4π2
Z

dτ

�
a3V −

3

8π
a

�
ð26Þ

¼ −3π
Z

amax

amin

da
að1þ a2

l2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ða40a4 − a2

l2Þ
q : ð27Þ

The decay rate is Γ ∝ exp−B, and B is the subtracted
Euclidean action, where

B ¼ SEðfinalÞ − SEðinitialÞ: ð28Þ

As we mentioned before, the former term is the Euclidean
action for the solution, and the latter term is the Euclidean
action for two anti–de Sitter spaces.

The subtracted action can be simplified as follows:

B ¼ −3π
Z

∞

amin

da
að1þ a2

l2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð− a4

0

a4 þ a2

l2Þ
q

þ 3π

Z
∞

0

da
að1þ a2

l2 Þffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

l2

q : ð29Þ

In general, both terms are divergent, since the volumes of
the anti–de Sitter spaces are infinite. However, by matching
each a, the divergence can be regularized for some cases. In
this flat potential case, for a large a limit, this integration is
expanded as

B ¼ 3π

Z
∞
da

�
−
a40l
2

1

a4
þOða−6Þ

�
þ ðfinite numbersÞ:

ð30Þ

Therefore, we can be sure that the divergences will be
canceled at infinity.
As we can be sure of the convergence of the integration,

we can calculate more details. We present this subtracted
action as follows:

B ¼
Z

∞

amin

F ðaÞdaþ 3π

Z
amin

0

a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

l2

s
da ð31Þ

¼
Z

∞

amin

F ðaÞdaþ πl2

��
1þ a2min

l2

�
3=2

− 1

�
; ð32Þ

where

F ¼ −3π
að1þ a2

l2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð− a4

0

a4 þ a2

l2Þ
q þ 3π

að1þ a2

l2 Þffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

l2

q : ð33Þ

By redefining variables

0.1 0.0 0.1 0.2

0.05

0.10

0.15

0.20

0.25
a

0.2 0.1 0.1 0.2

0.4

0.2

0.2

0.4

0.2

FIG. 2. aðτÞ and ϕðτÞð¼ −iΦÞ for _ϕ0 ¼ 20 and μ ¼ λ ¼ 0.
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z ¼
�
1þ a2

l2

�
3=2

; ð34Þ

the first integration becomes

Z
∞

amin

F ðaÞda ¼ πl2

Z
∞

zmin

0
B@1 −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a4

0
=l4

ðz−z1=3Þ2

r
1
CAdz: ð35Þ

Then this integration is in a very good form to be calculated
numerically. The numerical results as a function of a0 are
summarized in Fig. 3.
Up to now, we have assumed V0 ¼ 1 without a loss of

generality. However, as we mentioned, after we recover V0,
the correct subtracted Euclidean action should be B=V0,
where B is the values obtained in Fig. 3. In this respect, we
can summarize the interesting conclusions as follows:

(i) If there is no potential and V0 ¼ 1, then amin is the
only free parameter that characterizes the wormhole.
Therefore, this means that as the size of the throat
becomes larger and larger, the probability is ex-
ponentially suppressed.

(ii) As V0 goes to zero, the subtracted action diverges to
positive infinity. Therefore, the decay rate ap-
proaches to zero. Since V0 → 0 is the Minkowski

limit, we can conclude that the Minkowski space is
stable up to fuzzy Euclidean wormholes, whatever
the imaginary part of the scalar field behaves like a
ghost field.

Regarding the second conclusion, there is one more com-
ment. If we naively calculate the corresponding Euclidean
wormhole solution in the asymptotic Minkowski back-
ground, the subtracted Euclidean action behaves like
B ∼ −a20. In this case, we have neglected the term that
integrates the cosmological constant over the total volume.
If this is true, then the tunneling rate is exponentially
enhanced; in addition, this means that the Minkowski space
is exponentially unstable, which is contradictory to obser-
vations. However, this naive calculation loses the correct
action integration of the Minkowski space; this is not that
simple, since the vacuum energy is zero but the volume is
infinite. This subtle integration can be well defined by
adding a cosmological constant. Specifically, by assuming
the anti–de Sitter space, the asymptotic classicality of the
solution is still maintained (while this does not occur for
the asymptotic de Sitter case, and hence it is not suitable).
After detailed calculations, what we have shown is that
Minkowski is stable up to fuzzy Euclidean wormholes,
which is reasonable in terms of simple observations.

B. Anti–de Sitter with a potential term

Now we turn to the potential parameters μ2 and λ.
Although the potential is locally tachyonic, for stability at
the local minimum Φ ¼ 0, we assume the Breitenlohner-
Freedman bound [24]: μ2=H2

0 < 9=4, whereH0 ¼
ffiffiffiffiffiffiffiffiffiffi
8π=3

p
.

One example of the potential is given in Fig. 4.
For the large τ limit, the asymptotic form of the scalar

field, in general, should be [25]

ϕ ≃ A1 exp

��
−
3

2
H0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
H2

0 − μ2
r �

τ

�

þ A2 exp

��
−
3

2
H0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
H2

0 − μ2
r �

τ

�
: ð36Þ

0.05 0.10 0.15 0.20
amin

B

0.005

0.010

0.015

FIG. 3. B by varying amin (assuming V0 ¼ 1).
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FIG. 4. Potential VðΦÞ for μ2 ¼ 1 and λ ¼ 2645.34485. The left shows near the symmetric axis, and the right shows the global shape.
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The first term is the slowly rolling mode, and the second
term is the quickly rolling mode. If A1 is not zero, then, in
general, the first term is dominant. On the other hand, the
condition for a finite probability is A1 ¼ 0 (we will show
this soon; see also [25]). The choice of A1 is related to the
choice of the initial condition (of a certain moment) of the
field. If the velocity is too large, then the solution will
oscillate; if the velocity is too small, then the solution will
be dominated by the slowly rolling mode. In between the
two regimes, by choosing a suitable velocity, there is a
chance to see the quickly rolling solution.
We have no freedom to choose the initial condition.

Therefore, in order to tune A1, we change the shape of the
potential, i.e., choose a suitable λ > 0. If λ is very large,
then the scalar field should oscillate around ϕ ¼ 0. On the
other hand, if λ is too small, then the solution is dominated
by the A1 term. Between the two extreme regimes, a chance
exists to vanish the A1.
Figure 5 demonstrates such an example. By tuning λ,

one can obtain an example where the scalar field asymp-
totically approaches to zero. Therefore, we can ensure the

asymptotic classicality. At the same time, by carefully
observing the slope of log jϕj, we can see that it is possible
to choose a solution that behaves through the quickly
rolling mode (Fig. 6).
Then we can see that the subtracted action can be finite,

due to the choice of the quickly rolling mode [25]. In the
large τ limit, the solution behaves such that [26]

Φ ≃ iA1;2 exp

��
−
3

2
H0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
H2

0 − μ2
r �

τ

�
; ð37Þ

VðΦÞ ¼ −1 −
μ2

2
Φ2 − λΦ4 ð38Þ

≃ −1þ μ2

2
A2
1;2 exp

h�
−3H0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9H2

0 − 4μ2
q

Þτ
i

− λA4
1;2 exp

h�
−6H0 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9H2

0 − 4μ2
q �

τ
i
; ð39Þ

aðτÞ ≃ 1

H0

eþH0τ: ð40Þ

Therefore, the Lagrangian becomes

4π2
�
a3V−

3

8π
a

�
≃
4π2

H3
0

�
−e3H0τþμ2

2
A2
1;2e

ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
9H2

0
−4μ2

p
Þτ

−λA4
1;2e

ð−3H0�2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
9H2

0
−4μ2

p
Þτ−eH0τ

�
: ð41Þ

On the other hand, the Lagrangian for the background
becomes

4π2

H3
0

ð−e3H0 τ̃ − eH0 τ̃Þ; ð42Þ

where this Lagrangian should be integrated by dτ̃. By
matching τ ¼ τ̃, the two terms of the integrand cancel out,
and the only contribution becomes

0.0
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0.2 0.1 0.1 0.2

0.05

0.10

0.15

0.20

0.25

2 1

0.1

0.2

0.3

FIG. 5. aðτÞ and ϕðτÞð¼ −iΦÞ for _ϕ0 ¼ 20.

15
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FIG. 6. The black curve is log jϕj, where the blue curve is the
slope for the slowly rolling solution and the red curve is the slope
for the quickly rolling solution. By tuning a suitable λ, one can
obtain a quickly rolling solution.
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B ¼ 4π2

H3
0

Z
∞
dτ

�
μ2

2
A2
1;2e

ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
9H2

0
−4μ2

p
Þτ

− λA4
1;2e

ð−3H0�2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
9H2

0
−4μ2

p
Þτ
�
þ ðfinite numbersÞ; ð43Þ

where this integration is finite for the lower sign. This
proves that our solution gives a finite result, if it is
dominated by the quickly rolling mode.
In summary, if there is a potential in the scalar field, it is

still possible to obtain a fuzzy Euclidean wormhole that is
asymptotically classicalized and has nondivergent sub-
tracted action. However, in order to obtain such a solution,
we need to carefully tune the shape of the potential. For
more detailed calculations of the probability, it is conven-
ient to use the thin-shell approximation, and we provide
this calculation in the next section.

C. Analytic continuation to the Lorentzian time

In previous sections, we discussed the existence and
properties of bouncing solutions of a. Now we show their
physical meanings in terms of Lorentzian spacetime.
We can write more details of the Euclidean metric:

ds2E ¼ dτ2 þ a2ðτÞðdχ2 þ sin2 χdΩ2
2Þ; ð44Þ

where 0 ≤ χ ≤ π is one of the angle parameters of the three
sphere.
In the usual analytic continuation of inhomogeneous

instantons, we Wick rotate following the hypersurface
χ ¼ π=2þ iT. Then the metric becomes

ds2 ¼ dτ2 þ a2ðτÞð−dT2 þ cosh2TdΩ2
2Þ: ð45Þ

In these coordinates, 0 < T < ∞ is the timelike parameter
(constant T surfaces are spacelike), and τ is the spacelike
parameter (constant τ surfaces are timelike). Note that the
solution still satisfies the equations of motion up to analytic
continuations.
Note that this Lorentzian metric is a bit different from the

usual cases of de Sitter or anti–de Sitter spaces. For pure de
Sitter or anti–de Sitter spaces, a can be zero at τ ¼ 0, and
this allows that T → ∞ becomes a null hypersurface [27].
In this case, one can define one more Wick rotation:
T ¼ iπ=2þ ψ . However, in Euclidean wormhole cases,
a is always nonzero, and, hence, Eq. (45) is a sufficient
analytic continuation.
It is interesting to see the behavior of the throat of the

wormhole. At τ ¼ 0, the areal radius of the throat behaves
∼amin coshT. Therefore, the throat becomes larger and
larger, and, as T goes to infinity, the throat eventually
becomes infinite. In itself this is not strange, since there is
an effective ghost field around the throat, which has been
tested numerically [28] using double-null simulations [29].
In addition, the causal future of the throat cannot be
classicalized due to the imaginary scalar field. Therefore,
by summarizing these observations, we can conclude that,

after the Wick rotation, the nonclassical region can reach to
the timelike boundaries of the anti–de Sitter space (Fig. 7).

IV. DYNAMICS OF THE THROAT AND FURTHER
GENERALIZATIONS

Our original motivation was to obtain solutions that were
asymptotically classical. We can obtain asymptotically
classical solutions in the Euclidean sense, but this is not so
trivial in the Lorentzian sense. Surely, the causal future of the
imaginarypartof the scalar fieldwill cover theboundaryof the
anti–de Sitter spaces as in the green region in Fig. 7. It is not
clearwhether theeffectsof theimaginarypartof thescalar field
are very harmful or nothing special to the boundary.
We cannot completely solve this question in this paper,

but we can find a situation where at least the wormhole is
hidden by the event horizon of the black hole. Then, in this
case, the wormhole throat will not be infinitely expanded
(though it could be seen by an asymptotic observer). We
can see more details by using the thin-shell approximation.

A. Thin-shell approximation

If the matter field has only an effect between the two
regions, then the thin-shell approximation [30] will be a
good description of this wormhole system [31]. We can
approximate the left and the right side of the throat as

ds2� ¼ −f�ðRÞdT2 þ 1

f�ðRÞ
dR2 þ R2dΩ2

2; ð46Þ

where f�ðRÞ ¼ 1 − 2M=Rþ R2=l2 (i.e., the left and right
side are symmetric). The induced metric on the shell
becomes

ds2shell ¼ −dt2 þ r2dΩ2
2; ð47Þ

where this r now depends on time. The junction equation
between the two regions is [30]

ϵ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_r2 þ f−

q
− ϵþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_r2 þ fþ

q
¼ 4πrσ; ð48Þ

where ϵ� denotes the direction of the outward normal
direction and σ is the tension of the shell, which is a
constant if the shell originated from a scalar field.
Therefore, we need to choose ϵ− ¼ −1 and ϵþ ¼ 1. This
implies that σ < 0 and the null energy condition on the thin
shell should be violated.
Then this equation is simplified by

_r2 þ ΛðrÞ ¼ 0; ð49Þ
where

ΛðrÞ ¼ 1 −
2M
r

−
�
4π2σ2 −

1

l2

�
r2: ð50Þ
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Therefore, if M ¼ 0, as we expected, the wormhole throat
expands. By choosing a suitable σ, we can mimic the
dynamics of the wormhole throat in the Oð4Þ-symmetric
case (Fig. 8, left).

Using this thin-shell approximation withM ¼ 0, we can
further calculate the tunneling property easily. The sub-
tracted action B is between the solution (wormhole) and the
background (two anti–de Sitter spaces), where, after the

FIG. 7. The Lorentzian causal structure of the wormhole. The wormhole is nucleated at the blue dashed line at the bottom. At the
symmetric point, there is the throat of the wormhole (red dashed line). Nonclassical matter (the green colored circle at the bottom) will
affect the future, and the affected part can be a nonclassical region.

r

2.0

1.5

1.0

0.5

0.5

1.0
r

0.01 0.02 0.03 0.04

r

r

FIG. 8. Left: The effective potential ΛðrÞ for l ¼ ffiffiffiffiffiffiffiffiffiffi
3=8π

p
and σ ¼ −6 (approximately tuned to fit amin of the same order of the

solution). The black curve is for M ¼ 0, the red curve is the critical limit M ¼ Mcr, and the blue curve is for M ¼ 2Mcr. Right: In
the critical limit, one can interpret this several ways; e.g., the wormhole is expanding and contracting, or the wormhole is nucleated at the
symmetric point and eventually contracts.
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subtraction, the only nontrivial contribution of the solution
is on the shell at a ¼ amin and the only nontrivial
contribution of the background is the volume integration
for a ≤ amin. Therefore,

B ¼ πl2

��
1þ a2min

l2

�
3=2

− 1

�
− 2π2jσja3min: ð51Þ

By plugging in the condition of amin, we simplify so that

B
πl2

¼ 2πjσjlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π2σ2l2 − 1

p − 1; ð52Þ

where this is always positive definite for 2πjσjl > 1.

B. Interpretation of generic thin-shell wormholes

In this thin-shell approximation, we have the freedom to
change the asymptotic massM as well as the tension σ as a
function of r (see [31]; this is possible if the shell originated
in a suitable matter field with a specific equation of state,
e.g., [32]). In this paper, we consider σ to have originated
from the complexification of the scalar field, and, hence, σ
should be assumed to be a constant. If we increase M > 0,
then we lose the Oð4Þ symmetry, but still it should be
physically allowed. Although we will not construct more
detailed solutions beyond the thin-shell approximation, it is
very reasonable to assume that there should be a corre-
sponding fuzzy instanton, even for the M > 0 case.

In this regard, the critical mass Mcr ≡
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27ð4π2σ2 − 1=l2Þ

p
is an interesting limit (the red curve

in Fig. 8). One can interpret it in several ways.
For example, in the purely classical way, a wormhole can

start from r ¼ 0 (i.e., an initial singularity3), reach the
symmetric point, and collapse to the singularity again. Of
course, one can imagine a situation where the wormhole
goes over the barrier and expands forever, but, in this
section, we will focus only on scenarios in which the
wormhole is hidden by the event horizon. In that case, the
causal structure will be as shown in the left side of Fig. 9.
On the other hand, it is possible to think that the

wormhole is created at the local maximum of ΛðrÞ. This
is possible since the local maximum of ΛðrÞ is also a
solution of the Euclidean equation of motion of the shell.
This is quite similar to the limit of thermal instantons [35].
In this case, we interpret that the shell begins to collapse
after a certain time. Then the final causal structure can be
interpreted as shown in the right side of Fig. 9.
For both interpretations, the throat of the wormhole (and

the place where there is an imaginary part of the scalar
field) will be naked to the asymptotic observers at infinity.
However, it is fair to say that such a wormhole can be
hidden eventually inside the event horizon, and, hence, it
should not be that severe, as in the case of M ¼ 0 (as we

FIG. 9. Causal structures of the thin-shell extreme wormholes for the classical trajectory (left) and quantum process (right).

3However, this initial singularity is just due to the time
symmetry of the static solution, as in Ref. [33]. This initial
condition should be replaced by more physical initial conditions,
e.g., the buildable initial condition [34].
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have seen in Fig. 7). Therefore, as long as we can be sure
that the thin-shell versions of the wormholes are included in
the class of fuzzy Euclidean wormholes, we will need to
carefully consider instantly created wormholes, which
cause the Einstein-Rosen bridge to be instantly timelike.

V. CONCLUSION

In this paper, we investigated fuzzy Euclidean worm-
holes in anti–de Sitter space and their analytic continua-
tions to the Lorentzian signatures. We first constructed
Oð4Þ-symmetric wormholes in detail and showed that the
solutions can give sensible probabilities. We went beyond
the Oð4Þ symmetry by using thin-shell approximations in
order to see more generic dynamics of the wormhole in the
Lorentzian signatures. The Oð4Þ-symmetric wormholes
should expand as time goes on, but, if one considers
beyond the Oð4Þ symmetry, they do not necessarily
expand, and the wormhole can be hidden by the event
horizon.
These Euclidean wormholes are quite interesting but

could be potentially harmful to the general framework of
the quantum field theory. In particular, we mention two
types of problems: the stability issue and the unitarity issue
of the anti–de Sitter space.

(i) Quantum stability of the anti–de Sitter space.—In
this paper, we considered a tachyonic potential
within the Breitenlohner-Freedman bound [24].
With a suitable assumption, this space could be
stable [36]. On the other hand, it was also observed
that (by tuning the shape of the potential) space can
have a nonperturbative instanton solution that may
cause a nonperturbative instability of the back-
ground [25]. What we can say is that a fuzzy
Euclidean wormhole is such an example and can
cause an instability in a local maximum in a non-
perturbative way.

(ii) Unitarity and the information loss problem.—This
violates the cluster decomposition principle [16,17],
and information from one boundary can be trans-
ferred to the other side in the Lorentzian sense. This
may cause the loss of information [13,37]. In
addition, if there is a quantum process that makes
the Einstein-Rosen bridge instantly timelike, then it
will violate the ER ¼ EPR conjecture, since it
allows communication between the two timelike
boundaries of the anti–de Sitter space [38]; e.g., see
[39]. One may suggest a tension with some known
theorems of the averaged null energy condition [40].
However, it may still be possible to interpret that a
certain instanton may violate the averaged null

energy condition, though, if we sum over all
instantons, it should not violate the energy condi-
tion. Hence, the existence of such a solution itself
may not be inconsistent.

These conclusions would be very radical, but there may
be several loopholes. First, there is a possibility that these
fuzzy instantons do not contribute to the path integral (e.g.,
due to too many negative modes [19]). Second, perhaps a
more reasonable counterargument is this: For all our
examples, the imaginary part of the scalar field would
be seen by the observer at infinity, and this would spoil the
classicality of the asymptotic observer. Therefore, if one
can assume that the boundary observer should be com-
pletely classical, then such a harmful effect from the
imaginary scalar field can be a good reason to neglect
such a solution in the path integral.
Nonetheless, we are not sure whether such a counterar-

gument is crucial or not. As we have mentioned in the
previous sections, even though the wormhole throat is
naked, such an effect would not be too harmful to the
asymptotic observer. In that case, they would appear to be
subtle issues.
In conclusion, the authors are still very cautious about all

the conclusions in this paper. Despite this caution, in any
case, the fuzzy Euclidean wormholes that we found in this
paper can be included in the wave functions of the
Universe. Perhaps this implies that the unitary observer
who gathers all paths in the path integral must see some
effects of wormholes. Then the unitary observer may see
nonclassical effects from quantum tunneling. The unitary
observer at the boundary may become fully quantum
gravitational, and the observer may be no more semi-
classical [41]. This may reveal the richness of the physics in
the anti–de Sitter space [26], and there could be various
applications in the context of quantum gravity [42] as well
as the information loss problem. Can this phenomenon help
to explain some of the naked quantum gravitational effects
of an evaporating black hole [43]? For further detailed
interpretations and various subtle problems, we will defer
to future works.
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