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An atom can be excited through tunneling when it is exposed to a strong laser field. This excitation process is
known as frustrated tunneling ionization (FTI). Recently it has been reported that coherent extreme-ultraviolet
emission can be achieved through FTI. In the present work we extend the strong-field-approximation (SFA)
model developed by Lewenstein et al. to derive a quantum mechanical description of the FTI emission. An
analytic expression is derived to describe FTI emission as four steps: tunneling of an electron from the ground
state of an atom, acceleration of the electron in the continuum, recombination into the exited state of the
parent atom, and free induction decay. The coherence property of FTI emission is studied using the attosecond
lighthouse method, in which a spatially chirped laser beam generates FTI emissions in different directions. The
spatial distribution of the FTI emission in the far field is analyzed using both the extended SFA model and
the time-dependent Schrödinger equation model. The results obtained from the two models agree well, thereby
confirming the validity of our extended SFA model.

DOI: 10.1103/PhysRevA.98.063429

I. INTRODUCTION

Ultrafast electron dynamics in a strong laser field has
been actively studied over the last few decades. Many the-
oretical approaches have been developed for strong-field
processes such as above-threshold ionization (ATI) [1] and
high-harmonic generation (HHG) [2]. One of these is the
simple man’s model, in which the electron dynamics after
tunneling is described using a classical trajectory obtained by
solving Newtonian equations [3]. The classical approach of
the simple man’s model has provided intuitive explanations
for some important features of strong-field processes, such as
the maximum electron energy in an ATI spectrum [4] and the
maximum photon energy in an HHG spectrum [5,6]. However,
a quantum mechanical approach is required to accurately
describe the wave nature of the electron in a strong laser field.

To obtain a complete quantum mechanical description of
a strong-field process, the time-dependent Schrödinger equa-
tion (TDSE) can be solved directly [7]. The TDSE model
provides accurate analyses in many applications. However,
although it has the advantage of completeness, the TDSE
model requires massive numerical calculations. Furthermore,
the results obtained from such “numerical experiments” are
not very intuitive and are often very complicated to analyze.

The strong-field-approximation (SFA) model is a com-
plementary method in which an atomic wave function is
approximately described as a superposition of the ground state
and Volkov continuum states [2]. Then, an analytic expression
of the transition amplitudes to the continuum states is derived
from the time-dependent Schrödinger equation. The SFA
model provides a concise interpretation while still allowing
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the wave nature of the electron to be analyzed. The SFA model
provides an accurate and efficient way to study ATI and HHG.
However, the conventional SFA model cannot be applied for
frustrated tunneling ionization (FTI) because the model does
not consider the excited bound states.

Frustrated tunneling ionization (FTI) is a process for ex-
citing an atom in a strong laser field. Nubbemeyer et al.
demonstrated that a significant fraction of neutral atoms can
survive a strong laser field in excited states through FTI [8].
In order to explain the survival of the neutral atoms and the
population distribution in the excited states, theoretical studies
have been performed using the classical and TDSE models
[8–15]. Recently, a theoretical model based on the SFA ap-
proach for FTI has also been reported, in which the popu-
lations of the excited states are obtained using the Laplace-
Runge-Lenz vector to project the final continuum states onto
the Rydberg states [16]. The model quantitatively reproduces
the population distribution in the Rydberg states as calculated
by the TDSE model.

Recently, it has been reported that EUV emission can be
produced using FTI. An FTI process has been modeled using
classical electron trajectories that end up with a kinetic energy
of zero at the end of a laser field [17]. Numerical simulations
based on classical trajectories reproduce the basic features
of the experimental observations, supporting that excitation
in the strong laser field can be described by FTI. In the
present paper, we propose an extended SFA model to obtain
a theoretical description of FTI emission. The extended SFA
model is based on the conventional SFA model developed
by Lewenstein et al. Analytic expressions for the transition
amplitude from the ground state to an excited state through
continuum states are derived in the framework of the SFA.
The spatial characteristics of FTI emission are studied by
employing the attosecond lighthouse method [18]. The results
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obtained using our extended SFA model agree well with
those of the TDSE model, thus supporting the validity of the
extended SFA model.

The paper is organized as follows. In Sec. II Lewenstein
et al.’s SFA model is reviewed, and its extension for FTI
is introduced. In Sec. III we study the spatial properties of
FTI emission using the attosecond lighthouse method and
compare the spatial distributions of FTI emission as calculated
with the extended SFA model and the TDSE model. Finally, in
Sec. IV the validity of the extended SFA model is discussed.
Unless otherwise stated, atomic units (a.u.) are used through-
out the paper.

II. STRONG-FIELD-APPROXIMATION MODEL FOR
FRUSTRATED TUNNELING IONIZATION

A. Strong-field approximation for generation
of high-order harmonics

The two processes of HHG and FTI are similar in that
both of them can be explained with distinct steps: tunneling,
acceleration, and recombination. The similarity of the two
processes implies that the conventional SFA theory devel-
oped for HHG can also be applied for FTI with suitable
modifications. The fundamental difference between the two
processes lies in the recombination step. Whereas in HHG the
recombination occurs to the ground state, in FTI it occurs to
excited states. In this section, first the conventional SFA model
developed by Lewenstein et al. to describe HHG is reviewed
[2]; then the extension of the SFA model for FTI is discussed.

The time evolution of the electronic wave function |ψ (t )〉
of an atom whose Coulomb potential is V (�x) interacting with
a strong laser field �E(t ) is governed by

i
∂

∂t
|ψ (t )〉 =

[
1

2
�v2 + V (�x) − �E(t ) · �x

]
|ψ (t )〉. (1)

Here �x and �v are the position and momentum operators,
respectively. The electric dipole moment that is responsible
for light emission is given by 〈�x(t )〉 ≡ 〈ψ (t )|�x|ψ (t )〉.

In Lewenstein et al.’s SFA model, three important assump-
tions are made:

(1) All bound states except the ground state are neglected.
(2) The ground state is not depleted.
(3) An electron in a continuum state is treated as a free

particle, with no effect by the atomic potential.
Under the two assumptions (i) and (ii), the total wave

function ψ (t ) is given as

|ψ (t )〉 = eiIpt

(
|0〉 +

∫
d3vb(�v, t )|�v〉

)
, (2)

where Ip is the ionization potential for the ground state
|0〉, and b(�v, t ) is the probability amplitude of the continuum
state |�v〉 with the kinetic momentum �v at time t . Within this
expression, Eq. (1) is reduced to a differential equation with
respect to b(�v, t ). By substituting Eq. (2) into Eq. (1) and
using assumption (iii), the equation for b(�v, t ) can be given
as

∂

∂t
b(�v, t ) = i �E(t ) · �d(�v) − i

( �v2

2
+ Ip

)
b(�v, t )

− �E(t ) · ∇�vb(�v, t ), (3)

which can be solved as

b(�v, t ) = i

∫ t

0
dt ′ �E(t ′) · �d[�v + �A(t ) − �A(t ′)]

× exp

{
−i

∫ t

t ′
dt ′′

[
[�v + �A(t ) − �A(t ′′)]

2

2

+ Ip

]}
.

(4)

Once the time-dependent wave function described using
b(�v, t ) has been obtained as Eq. (4), the dipole moment of
the atom 〈�x(t )〉 ≡ 〈ψ (t )|�x|ψ (t )〉 becomes

〈�x〉(t ) =
∫

d3v �d∗(�v)b(�v, t ) + c.c, (5)

where the continuum-to-continuum transitions are ne-
glected.

By replacing the kinetic momentum �v with the canonical
momentum �p using the relation

�p = �v + �A(t ), (6)

Eq. (5) can be expressed as

〈�x〉(t ) = i

∫ t

0
dt ′

∫
d3p �E(t ′) · �d ( �p − �A(t ′))

× �d∗( �p − �A(t ))exp[−iS( �p, t, t ′)] + c.c., (7)

where

S( �p, t, t ′) =
∫ t

t ′
dt ′′

[
( �p − �A(t ′′))

2
+ Ip

]
. (8)

Equation (7) represents the three fundamental steps in
HHG. The first term in the integral, �E(t ′) · �d( �p − �A(t ′)),
is the probability amplitude for the electron to make the
transition to the continuum at time t ′ with the canonical
momentum �p. The electronic wave function in the continuum
propagates until it recombines at time t with an amplitude
equal to �d∗( �p − �A(t )). The relative phase accumulated in the
freed electron from t ′ to t is represented by S( �p, t, t ′).

As far the integration over �p in Eq. (7) is concerned, the
major contribution comes from the vicinity of the quantum
paths where S( �p, t, t ′) is stationary. At the nonstationary
points, the exponential function exp[−iS( �p, t, t ′)] is averaged
out owing to its rapid oscillation. The stationary points satisfy
the relation

∇ �pS( �p, t, t ′) = ∂

∂ �p
∫ t

t ′
dt ′′

[
( �p − �A(t ′′))

2

2

+ Ip

]

= (t − t ′) �p −
∫ t

t ′
�A(t )dt ′′ = 0. (9)

The momentum along the stationary point is given as

�pst = 1

t − t ′

∫ t

t ′
�A(t ′′)dt ′′. (10)

The action S( �p, t, t ′) can be expanded using the Taylor
series near the stationary point as

S( �p, t, t ′) ∼ Sst(t ; t
′) + 1

2 (t − t ′)( �p − �pst(t ; t
′))2. (11)

063429-2



STRONG-FIELD-APPROXIMATION MODEL FOR COHERENT … PHYSICAL REVIEW A 98, 063429 (2018)

The dipole moment in Eq. (7) after the integration over �p
becomes

〈�x(t )〉 = i

∫ t

0
dt ′

(
2π

i(t − t ′)

)3/2
�d∗( �pst(t ; t

′) − �A(t ))

× �E(t ′) · �d( �pst(t ; t
′) − �A(t ′))

× exp[−iSst(t ; t
′)] + c.c. (12)

Finally, the analytic expression for the dipole moment of
an atom exposed to a strong laser field has been obtained.

The SFA model provides intuitive explanations for many
important features of HHG, such as the phase matching [19]
and the spatiotemporal property of high-harmonic radiation
[20].

B. Strong-field approximation for frustrated
tunneling ionization

As the conventional SFA model reviewed in Sec. II A does
not include the excited bound states of an atom, it is not
applicable for FTI. In this section we include two bound
states—the ground state |0〉 and an excited state |1〉—and the
continuum states. We calculate a1(t ), a transition amplitude
from the ground to the excited state via the continuum states.
For the sake of simplicity, we introduce two assumptions that
lead to an analytic description of a1(t ).

(4) Between the continuum states and the excited state,
there are only unidirectional transitions, from the continuum
states to the excited state.

(5) The evolution of the excited state is treated as if there
is no external field, while the depletion of the excited state due
to the ionization is taken into account.

With assumption (iv), the transitions from the continuum
states to the excited state are considered, but transitions in
the opposite direction are ignored. This assumption is valid
when the populations of the continuum states originate mainly
from the ground state and not from the excited state. We calcu-
late the ionization from the excited state using the quasistatic
ionization model [21], to take into account the reduction in
the population of the excited state. With this assumption,
the time-dependent populations of the continuum states given
by the conventional SFA are still applicable for our model,
providing a simple analytic form of the transition amplitude
a1(t ). As noted by assumption (v), the excited state evolves as
though there is no external field, excluding the depletion by
tunneling ionization. The multiphoton transition between the
bound states is neglected.

With assumptions (iv) and (v), a1(t ) is given by the equa-
tion

∂a1(t )

∂t
= i �E(t )exp(iIp0t )

∫
d3vb(�v, t ) �d∗

1 (�v)

+ iIp1a1(t ) − �qs(| �E|(t ))
2

a1(t ), (13)

where Ip0 and Ip1 are ionization energies of the ground
and excited states, respectively. There are three terms on the
right, which correspond to recombination, free evolution, and
ionization of the excited state. For the first term, the transition
rate from the continuum states to the excited state is derived
using the TDSE model. The amplitude of the continuum states

b(�v, t ) exp (iIp0
) is obtained as described in Sec. II A. Using

the relation in Eq. (4) and the stationary point approximation
in Eq. (11) used in Sec. II A, the integration in the first term
becomes

C(t ) ≡ i �E(t )exp(iIp0t )
∫

d3vb(�v, t ) �d∗
1 (�v)

	 i

∫ t

0
dt ′

(
2π

i(t − t ′)

)3/2

× �E(t ′) · �d0( �pst(t ; t
′) − �A(t ′))

× �E(t ) · �d∗
1 ( �pst(t ; t

′) − �A(t ))

× exp

{
iIp0t

′ − i

∫ t

t ′
dt ′′

[
( �p − �A(t ′′))2

2

]}
. (14)

The first term in the integral on the right side, ( 2π
i(t−t ′ ) )3/2,

results from the stationary point approximation. The second
term, �E(t ′) · �d0( �pst − �A(t ′)), is the transition probability am-
plitude from the ground state to the continuum state with the
canonical momentum �pst at time t ′. The electronic wave func-
tion in the continuum propagates until it recombines to the
excited state at time t with the transition probability amplitude
equal to the third term �E(t ) · �d∗

1 ( �pst − �A(t )). In the fourth
term, Ip0(t ′) corresponds to the initial phase of the electron
ionized at time t ′. The phase of the electron accumulated in

the continuum states is obtained by
∫ t

t ′ dt ′′[ ( �pst− �A(t ′′ ))2

2 ]. The
ionization rate of the excited state �qs is obtained using the
Yudin-Ivanov quasistatic-field ionization model [21].

Using Eqs. (13) and (14), a1(t ) can be written as

a1(t ) =
∫ t

0
dt ′

[
C(t ′) − �qs(| �E(t ′)|)

2
a1(t ′)

]
exp[iIp1(t − t ′)].

(15)

The first term on the right side gives∫ t

0
dt ′C(t ′)exp[iIp1(t − t ′)]

= i

∫ t

0
dt ′

∫ t ′

0
dt ′′

(
2π

i(t ′ − t ′′)

)3/2

× �E(t ′′) · �d0( �pst(t
′; t ′′) − �A(t ′′))

× �E(t ′) · �d∗
1 ( �pst(t

′; t ′′) − �A(t ′))exp[−iS̃st(t, t
′, t ′′)].

(16)

This integration corresponds to the coherent sum of the
electron wave packets recombining through all electron tra-
jectories until time t , where

−iS̃st(t, t
′, t ′′) = −i

∫ t ′

t ′′
dt ′′′

[
( �pst(t ′; t ′′) − �A(t ′′′))2

2

]

+ iIp0t
′′ + iIp1(t − t ′). (17)

The phase accumulated during the excitation process is
expressed in Eq. (17). Ip0t

′′ is the phase of the electron
before the ionization at time t ′′. In the continuum states, the
freed electron gets the phase − ∫ t ′

t ′′ dt ′′′( ( �pst− �A(t ′′′ ))2

2 ) until it
recombines to the excited state at time t ′. Ip1(t − t ′) is the
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FIG. 1. Transition amplitude |a1(t )| obtained using the extended
strong-field-approximation (SFA) model. A laser pulse with a peak
intensity of 1.53 × 1014 W/cm2 irradiates the atom in the ground
state. (a) The temporal profile of the laser field is shown as a black
line, and the nine strongest peaks are numbered with values n from
1 to 9. (b) The absolute values of the transition amplitudes |a1(t )n|
for n = 1, . . . , 9, which originate from the half-cycles marked in (a).
(c) The transition amplitudes in (b) are shown enlarged for better
visibility.

phase that the recombined electron accumulates in the bound
state until t (t > t ′).

In the present study we numerically solve the TDSE
model with the one-dimensional soft-core potential V (x) =
−1/

√
(x2 + √

2). In order to compare it with the TDSE cal-
culation, the term ( 2π

i(t−t ′ ) )3/2 derived for the three-dimensional

integration over �p in Eq. (16) is scaled as ( 2π
i(t−t ′ ) )1/2 for

the one-dimensional system. The transition matrix elements
d0(p) and d1(p) are calculated using the eigenfunctions ob-
tained by solving the time-independent Schrödinger equation.

Figure 1 shows the absolute value of the transition am-
plitude to the excited state |a1(t )|. The half-cycles of the
laser field that make dominant contributions in ionization are
numbered from 1 to 9, denoted as n, as shown in Fig. 1(a). The

continuum wave function ionized at half-cycle n contributes to
the absolute amplitude |a1(t )n|, which is shown in Figs. 1(b)
and 1(c).

In Fig. 1(b), each |a1(t )n| (n = 1, . . . , 9) rapidly increases
and decreases within the half-cycle n where the continuum
wave function is launched. The effect of the ionization, in-

cluded by the term �qs(| �E(t ′ )|)
2 a1(t ′) in Eq. (15), becomes clear

after the half-cycle peak. Since there is strong ionization
where the intensity of the laser pulse is high, the recombi-
nations within the central portion of the pulse contribute less
to the final excitation. The excited population is contributed
mainly by the recombination at the end of the laser pulse,
indicated by blue dotted lines in Fig. 1(c). These calculations
indicate that the FTI process can be approximated by a simple
model in which only one trajectory for the one ionization peak
is considered [17]. The major contributions to the FTI excita-
tion come via the quantum paths in which the recombinations
occur at the end of the laser pulse.

III. PROPAGATION OF FTI EMISSION

EUV emission through FTI is a process with four steps:
tunneling ionization from the ground state to the continuum
states, acceleration in the continuum states, recombination
from the continuum to the excited state, and free induction
decay from the excited state to the ground state. After the
time tf at which the interaction between the laser field and the
atom is finished, the dipole radiation due to the free induction
decay is given by Re{d10ω

2
0exp[iω0t (1 + i 1

ω0T
)]a∗

1 (tf )}. The
radiation frequency ω0 is Ip0 − Ip1, the energy gap between
the two states, and d10 is the transition dipole matrix element
〈1|x|0〉. The EUV emission lasts for the lifetime of the state
T , which is typically picoseconds to nanoseconds [22].

The phase of the FTI emission is determined by the
phase accumulated during the second step, acceleration in
the continuum states, which can be coherently controlled by
changing the laser parameters such as intensity, wavelength,
and duration. In this section, the coherence property of FTI
emission is studied using the attosecond lighthouse method.

A. Numerical method for FTI emission

An effective way to study the coherence property of EUV
emission is the attosecond lighthouse method [18], in which
a spatially chirped laser beam is used. As the phase of FTI
emission is sensitive to the wavelength of the laser beam,
FTI emission can be deflected when the driving laser beam is
spatially chirped. Such a wavefront control has been applied
to HHG [18] and EUV emission after multiphoton excitation
[23]. To test the spatial property, the FTI emission obtained
from an array of atoms distributed along the transverse di-
rection y with respect to the direction of propagation of a
Gaussian laser beam is calculated using both the SFA and
TDSE models. The validity of our extended SFA model is then
tested by comparing the two results.

The position-dependent excitation yield a1(tf, y) =
|a1(tf, y)| exp iφ(y) is calculated using a spatially chirped
laser beam. Here the amplitude |a1(tf, y)| and the phase φ(y)
are obtained at tf along the transverse direction y. Neglecting
the population decay, the dipole moment of FTI emission
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FIG. 2. Spatiotemporal profiles of the laser pulses. The electric
fields of the laser pulses are shown as functions of time t and the
transverse direction y for the chirp-free (a) and the spatially chirped
(b) pulses.

from the atoms at time t > tf is given by

〈x〉10(t, y) = d10ω
2
0exp(iω0t )a∗

1 (tf, y). (18)

The far-field distribution of the FTI emission is given by

〈x̃〉10(ω, ky ) ≡
∫

dt

∫
dy〈x〉10(t, y)exp(iωt )exp(ikyy)

= d10δ(ω − ω0)ã∗
1 (tf, ky ), (19)

where

ã∗
1 (tf, ky ) =

∫
dy|a1(tf, y)| exp[i(kyy − φ(y))]. (20)

The above far-field distribution of the FTI emission can be
represented using the propagation angle θ , according to the
following relation:

θ ∼ sin(θ ) = ky

|k| = ky

c

ω
, (21)

where c is the speed of light in a vacuum.
The integral in Eq. (20) has dominant contributions from

the stationary points of (kyy − φ(y)). Thus, the direction of
propagation of the FTI emission can be written as

θ ∼ ∂φ(y)

∂y

c

ω
. (22)

Therefore, the transverse phase (wavefront) of the FTI
emission can be probed by observing the direction of prop-
agation of the emission.

FIG. 3. Wavefronts of the frustrated tunneling ionization (FTI)
emissions calculated by the extended SFA model [(a) and (b)] and
by the classical trajectory [(a′) and (b′)]. Wavefronts of the FTI
emissions originating from half-cycles 1–9 (represented by n) are
shown by different lines. The results in (a) and (a′) are obtained using
the laser beam in Fig. 2(a), and the results in (b) and (b′) are obtained
using the laser beam in Fig. 2(b).

B. Result of simulation of FTI emission

An array of atoms distributed at the focus of a laser beam
along the vertical direction y is considered. The laser beam is
defined as

E(y, t ) = Epeak exp
( − y2/w2

y

)
exp

( − t2/t2
p

)
cos[�(y)t].

(23)

Here wy , tp, and Epeak are the beam size, the duration,
and the peak field strength of the laser beam, respectively.
In our calculation, their values are 23.3 μm, 9.73 fs, and
1.53 × 1011 W/cm2, respectively. The angular frequency of
the laser beam is position dependent as �(y) = �0 − αy. The
central angular frequency �0 is 1.55 eV, which corresponds
to a wavelength of 800 nm. The chirp parameter α is set to 0
for the chirp-free [Fig. 2(a)] or 0.012 eV/μm for the spatially
chirped [Fig. 2(b)] laser beam. The nine strongest half-cycles
of the electric field are numbered as shown in Fig. 2. In the
SFA model, the electrons launched in those half-optical cycles
are calculated separately.

As is described in Sec. II, the electron trajectory specified
by t ′ and t ′′ (the recombination and the ionization times,
respectively) gives rise to the FTI emission at time t > t ′
with the phase given in Eq. (17). In order to quantitatively
estimate the phase of the FTI emission originating from
electrons launched for half-cycle n, only one electron ionized
at tn(y), the peak of the half-cycle field, is considered. As an
electron that recombines when the laser field is still strong
cannot survive because of the strong ionization, an electron
that recombines near the trailing edge of the laser pulse will
contribute to the FTI emission. Therefore, we set a global
recombination time tr(y) at which the laser intensity becomes
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FIG. 4. Spatial distributions of the FTI emissions in the far field,
calculated by using the extended SFA model. The results in (a) and
(b) correspond to the two conditions of the laser beam labeled as
(a) and (b) in Fig. 2, respectively. The radiations originating from the
half-cycles 1–9 (represented by n) are labeled correspondingly.

weak enough. The value of tr(y) is set as the moment at which
the laser intensity becomes 10% of the peak intensity. Then,
the estimated phase of the FTI emission is given analytically
by

−S̃quant(t, tr(y), tn(y)) = Ip0tn(y) + Ip1(tf − tr(y))

−
∫ tr (y)

tn(y)
dt ′

(
[A(t ′) − A(tn(y))]2

2

)
.

(24)

The phase along the transverse direction forms a wavefront
of the corresponding FTI emission. Those wavefronts are
illustrated in Fig. 3. In Fig. 3, (a) and (b) show the wavefronts
calculated by the extended SFA [Eq. (15)], and (a′) and
(b′) show the ones estimated by Eq. (24). They show good
agreement, supporting the validity of our classical estimation.

For the chirp-free laser beam shown in Fig. 2(a), the ioniza-
tion and recombination times are independent of the position
y. The phase of the FTI emission changes with the variation
in intensity along the transverse direction. For the Gaussian
intensity distribution used in the calculation, wavefronts of
the FTI emissions become quadratic as shown in Figs. 3(a)
and 3(a′). Because of the quadratic phase, the FTI emission is
strongly divergent as shown in Fig. 4(a). Because an electron
ionized earlier in time accumulates more phase than one
ionized later in time, the phases for the earlier ionization times
are more quadratic than the others.

FIG. 5. Spatial distribution of the FTI emission in the far field
as calculated by the SFA [(a) and (b)] and the time-dependent
Schrödinger equation (TDSE) [(a′) and (b′)] models. The results
given in (a) and (a′) are obtained using the chirp-free pulse shown
in Fig. 2(a), and the results given in (b) and (b′) are obtained using
the spatially chirped laser pulse shown in Fig. 2(b).

When a spatial chirp is imposed on the laser beam
[Fig. 2(b)], the position-dependent laser frequency �(y) plays
a crucial role in the wavefront of the FTI emission. As an
electron can be more accelerated by a low-frequency laser
beam, more phase can be accumulated. The wavefront of the
FTI emission is tilted as shown in Figs. 3(b) and 3(b′), and
the propagation angle is up-shifted as shown in Fig. 4(b). The
shift of the propagation angle is larger for electrons ionized
earlier.

When the attosecond lighthouse method is applied to HHG,
attosecond pulses launched from different half-optical cycles
can be well separated in the far field [18]. In contrast, highly
diverging FTI emissions launched from half-optical cycles are
not well separated owing to their large divergence. As the
divergence of an FTI emission is determined by its spatial
intensity distribution, the divergence of the FTI emission
launched from each half-optical cycle can be reduced using
a spatially chirped laser pulse having a flat intensity distri-
bution. Therefore, the FTI emissions generated at each half-
optical cycle can be separated.

The FTI emission observed in the far field is the coherent
superposition of the FTI emission launched from all half-
optical cycles. In Figs. 5(a) and 5(b) the FTI emissions in the
far-field distributions are given. The FTI emissions obtained
by solving the TDSE are also shown, in Figs. 5(a′) and 5(b′).
The results obtained using SFA and TDSE are in good agree-
ment. This finding indicates that the underlying mechanism of
the excitation observed in the results of the TDSE calculation
is FTI.

IV. SUMMARY AND CONCLUSION

We have introduced the extended SFA model for an analyti-
cal description of FTI. In our approach, the ground and excited
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states are taken into account. The transition amplitudes are
obtained in the time domain, which is essential for describing
the ultrafast electron transition dynamics and the subsequent
emission. The coherence property of FTI emission was also
studied using the attosecond lighthouse method. The results
obtained by the SFA model and the TDSE model show good
agreement, thereby supporting the validity of the extended
SFA model.

FTI is similar to HHG, which has been actively studied
for several decades. The coherence property of HHG has
been well understood with the three-step process, enabling the
generation of strong high-harmonic radiation through phase

matching. HHG has also been utilized for ultrafast time-
resolved studies in high-harmonic spectroscopy [24]. The
process of FTI emission can likewise be interpreted using a
similar four-step process, and this extended SFA model will
be an essential tool for describing various aspects of FTI
emission such as phase matching and space-time control by
exploiting the methods used for HHG.
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