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Unveiling hidden charge density waves in single-layer NbSe2 by impurities

Fabrizio Cossu,1,* Ali G. Moghaddam,2,† Kyoo Kim,3 Hassan A. Tahini,4,5 Igor Di Marco,1,6,7

Han-Woong Yeom,7,8 and Alireza Akbari1,3,7,2,‡
1Asia Pacific Center for Theoretical Physics, Pohang, Gyeongbuk 790-784, Korea

2Department of Physics, Institute for Advanced Studies in Basic Sciences (IASBS), Zanjan 45137-66731, Iran
3Max Planck POSTECH Center for Complex Phase Materials, POSTECH, Pohang 790-784, Korea

4Department of Applied Mathematics, Research School of Physics and Engineering, Australian National University, Canberra 0200, Australia
5Integrated Materials Design Centre (IMDC), School of Chemical Engineering, UNSW Australia, Sydney, NSW 2052, Australia

6Department of Physics and Astronomy, Uppsala University, Box 516, SE-75120, Uppsala, Sweden
7Department of Physics, POSTECH, Pohang, Gyeongbuk 790-784, Korea

8Institute for Basic Science Korea, Center for Artificial Low Dimensional Electronic Systems, Pohang 790784, South Korea

(Received 1 August 2018; revised manuscript received 9 October 2018; published 14 November 2018)

We employ ab initio calculations to investigate the charge density waves in single-layer NbSe2, and we explore
how they are affected by transition metal atoms. Our calculations reproduce the observed orthorhombic phase in
single-layer NbSe2 in the clean limit, establishing the energy order between three different distorted structures,
two consisting of triangular Nb-Nb clusters and a third, energetically unfavored, consisting of hexagonal Nb-Nb
clusters. Such energy order, in agreement with known experimental work, is reversed by the adsorption of Co
and Mn, which favor the formation of hexagonal Nb-Nb clusters; this CDW structure is indeed allowed from a
symmetry point of view but hidden in pure single layers because it is at a higher energy. The other adsorbates,
K and Ga, still favor one of the triangular Nb-Nb cluster, while suppressing the other. We report how the energy
difference between such distorted structure varies with these adsorbates. Furthermore, transition metals induce
magnetism and favor the reduction of the symmetry of the charge density distribution.
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I. INTRODUCTION

Over the past decade, synthesis and exploration of atomi-
cally thin two-dimensional (2D) materials have almost revo-
lutionized our common understandings of condensed matter
systems and opened a new era in nanosciences [1–3]. In
particular, 2D materials usually show drastically different
electronic properties compared to their corresponding bulk
structures composed of van der Waals (vdW) coupled atomic
layers [4–6]. Transition metal dichalcogenides (TMDCs) are
among vdW layered materials which show a wide range of
interesting phenomena and applications due to the tunability
of their electronic structures [7–10]. Moreover, they can host
exotic phases, such as superconductivity (SC), charge den-
sity waves (CDW), and even topologically nontrivial states
[11–15]. Strongly correlated phases in bulk TMDCs have
been well studied for decades, and recent observations of
CDWs and Ising SC [16] in few-layer films have revived
interest in these materials [17–21].

Among TMDCs, NbSe2 has been considered as a pro-
totype material for investigation of CDW orders and SC
[22,23]. Bulk 2H-NbSe2 hosts a CDW phase with a 3 × 3
periodicity below 33 K which can coexist with an s-wave
superconducting phase below 7 K [24–28], and it is known for
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its high magnetic anisotropy [29]. By reducing its thickness
down to single layers, the SC weakens but still survives,
whereas the CDW transition temperature increases [12,17,19].
The SC-CDW coexistence in NbSe2 is due to a momentum
dependent gap opening [27,30] accompanied by an electronic
reconstruction over a wide energy range [31], leaving enough
electronic states available for the superconducting transition.
Such SC-CDW coexistence is maintained with charge doping,
and their order parameters vary in the same fashion [20]. The
origin of the CDWs has been intensively debated for some
TMDCs, including NbSe2, mostly because of controversies
over the role of Fermi-surface nesting [32–39]. Neverthe-
less, in recent years theoretical and experimental evidences
has been accumulated in support of momentum-dependent
electron-phonon coupling as a key mechanism in the forma-
tion of CDWs [40–43]. Turning to 2D single layers, the lack of
inversion symmetry, the disappearance of the coterminous of
vdW interactions, and the interplay with many-body strong-
correlation effects may lead to the aforementioned drastic
changes [44–46].

On the other hand, the structure of CDWs in bulk and
single-layer NbSe2 is controversial [47–49]. While a recent
detailed experimental work reported evidence of a 3 × 3
commensurate modulation of the crystal structure, the case of
the single layer still needs to be clarified [40,48]. In addition,
impurities or gate doping can play a major role on the CDW
behavior. For example, long-range CDW phase coherence can
be suppressed in NbSe2 by a moderate percentage of Co or Mn
intercalated at the surface [50], Na intercalated in a bilayer
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[51], and electron doping [20], whereas it can be increased
by hole doping [20]. Besides, Bi adsorption can also lead
to a transition to a stripe phase [52], previously observed in
accidentally doped samples [53].

In this work, performing exhaustive first principle cal-
culations, we reveal possible structures of CDWs, particu-
larly at the presence of certain types of impurities. Among
three different modulated structures, those two with triangular
Nb-Nb clusters are found to be energetically favored in a
clean NbSe2 2D sheet. These results are consistent with ex-
perimental evidence [47,48]. As a key finding we demonstrate
that CDWs with hexagonal modulation can be established by
adsorption of certain atoms such as Co and Mn. This type of
CDW phase is in fact hidden in pristine NbSe2 because it has
a higher energy compared to triangularly-modulated CDWs.
In addition, it is uncovered that the presence of the transition
metal impurities induces magnetism and promotes modulated
phases with reduced symmetry of the charge density distri-
bution compared to pure CDW structures. Other types of
metallic adatoms, namely K and Ga, allow the same ground
state as pristine single-layer NbSe2, but Ga also supports the
hexagonally modulated structure. The current paper aims at
steering future research towards a new interpretation of the
experimental evidence on the effect of impurities [50,52,53]
and represents an important contribution in the field of the
interplay between CDWs and SC, as a recent work strongly
points out [54].

This paper is organized as follows. In Sec. II, we will
briefly introduce the computational method based on density
functional theory which is used for investigation of CDW
phases. Thereafter, we go through the results of ab initio
calculations for CDWs in pristine NbSe2, Sec. III, where the
relaxed CDW structures and the profiles of charge densities
are presented both in real space and in Fourier transformed
form. The core of our work is found in Sec. IV, which shows
the CDWs in the presence of various impurities. In particular,
we show how the energy hierarchy of the CDWs can be
different from the pristine system and a hidden order arises as
a new ground state by adding Co or Mn adatoms. Finally, after
a discussion over the results, the conclusions are presented in
Sec. V.

II. COMPUTATIONAL DETAILS

Our results are obtained by means of density-functional
theory (DFT). We employ the projected augmented wave
(PAW) method with Perdew-Burke-Ernzerhof (PBE) pseu-
dopotentials, as implemented in the Vienna ab initio simu-
lation package (VASP) [55,56]. Accordingly, the exchange-
correlation functional is treated in the generalized gradient
approximation in the PBE parametrization [57,58]. The basis
set consists of plane waves, with the explicit treatment of
13, 6, 9, 15, 9, and 13 valence electrons for Nb, Se, Co,
Mn, K, and Ga states, respectively. As previously suggested
[59], standard local and semilocal exchange-correlation func-
tionals may not offer a proper description of the partially
filled 3d and 4f shells of TM adatoms on 2D materials.
Therefore, calculations involving Co and Mn are performed
in the DFT +U approach, using the rotationally invariant
formulation of Lichtenstein et al. [60]. As in Ref. [59], we

use a generalized value of U = 4.00 eV and J = 0.90 eV for
the 3d orbitals of both Co and Mn. Small variations of these
parameters (within a reasonable range) are unlikely to change
the physical picture outlined in the present paper. For sake
of completeness we analyse this issue for Co adatoms in the
Appendix. For all calculations, the cutoff energy of the plane
waves is 400 eV, while the energy tolerance on the electronic
loops for the relaxation and for the electronic properties are
set to 10−6 eV and 10−7 eV, respectively; a conjugate gradient
algorithm is employed for structural relaxation. Structures
are considered relaxed when the forces on each atom are
smaller than 2 meV/Å. The simulations are run in 3 × 3 × 1,
6 × 6 × 1, and 9 × 9 × 1 replicas of the NbSe2 single-layer
unit cell. After convergence tests on the k meshes for the
3 × 3 × 1 and 6 × 6 × 1 replicas were performed, 15 × 15 ×
1, 7 × 7 × 1, and 5 × 5 × 1 grids of k points were used to
sample their Brillouin zones for the total energy calculations;
11 × 11 × 1 and 5 × 5 × 1 k meshes were used for the partial
charge density calculations in the 6 × 6 × 1 and 9 × 9 × 1
replicas, respectively; a 45 × 45 × 1k mesh was used for the
DOS calculations in the 3 × 3 × 1 replica. In modeling metal
adsorption on NbSe2, the concentration of one adatom in a
6 × 6 × 1 replica of the unit cell was adopted, corresponding
to 0.0278 impurities/f.u., which allows for a description of
a 3 × 3 × 1 CDW while minimizing the interaction between
impurities and their images. The adsorbates taken into account
in the present study are Co, Mn, K, and Ga.

III. CDW PHASES IN PRISTINE SINGLE LAYERS

We begin with the study of the single-layer NbSe2 in a
3 × 3 × 1 supercell, which is the minimal size cell for a CDW
in NbSe2. Pristine single-layer NbSe2 is known to be metallic,
nonmagnetic, and hosts CDWs below 145 K [13,25,61]. Our
models include three structures obtained according to existing
work [17,47,48], which are shown in Fig. 1; the Nb atoms
cluster in triangular patterns—see Figs. 1(a) and 1(b)—and
hexagonal ones—see Fig. 1(c); the two triangular patterns
differ by the position of the Se atoms with respect to the tri-
angle composed by the Nb-Nb bonds; accordingly, the CDW
structures are named T-U, T-C, and HX, respectively (T-U
and T-C stand for triangle uncentered and triangle centered,
whereas HX stands for hexagonal). The two structures T-U
and T-C are related to each other by a mirror reflection of the
Nb sublattice. It is also known that the Se-Se bond patterns
(analogous to Nb-Nb bond patterns) accompany those of Nb-
Nb [49]. The T-U and T-C CDWs differ for the Se-Se pattern,
see the Appendix for details. Their total energies were com-
pared in 3 × 3 × 1 and 6 × 6 × 1 replicas of the NbSe2 unit
cell and suggest that the formation of all of them is favored.
The T-U is the lowest energy CDW structure; calculations in
the 3 × 3 × 1 supercell yield differences of 3.9 meV, 0.5 meV,
and 1.3 meV/f.u. with respect to the undistorted structure,
T-C and HX, respectively. In the 6 × 6 × 1 supercell, slight
changes are observed in the energy differences between the
CDW structures: The T-U is favored by 0.4 meV and 1.1 meV
over the T-C and HX, respectively; these differences are main-
tained for a 9 × 9 × 1 supercell. The three CDW structures
were recently investigated elsewhere on 3 × 3 × 1 supercells
[62]. Here, we demonstrate our agreement with Ref. [62], and
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FIG. 1. First row: relaxed CDW structures for pristine NbSe2 (top view): T-U (a), T-C (b), and HX (c) CDWs (see text for details). Second
row: charge densities of the respective CDW structures. Volumetric data are represented as blue surfaces enclosing points whose electronic
density is greater than or equal to 0.0075 electrons/Bohr3. Atoms are represented by spheres, as illustrated in the legends (magnified); Nb-Nb
bonds shorter than the equilibrium distance (3.45 Å) are represented by solid lines, in order to help visualizing the CDW structure pattern.
Dashed lines mark the supercells borders.

we make use of the results for the pristine to compare the
metal-adsorbed NbSe2.

The effect of the CDW distortions on the density of states
(DOS) is analyzed in the Appendix. For what concerns the
electronic reconstruction following the CDW formation, our
calculations are in agreement with the literature [40,63]. The
charge distributions are computed integrating the charge den-
sity over the occupied Nb band (the band crossing Fermi level,
see the Appendix) and they are shown in Fig. 1, second row.
The integration over the whole occupied band simulates a
topography retaining the symmetry of the Nb band only. The
charge density clusters in patches, with different shape and
patterns for each CDW; the lowest energy CDWs, T-U and
T-C, have threefold symmetric patterns and the HX CDW has
sixfold symmetric ones. The patches of T-U are on the vertices
of a hexagon (with no element on the center), whereas those
of T-C and HX are placed on the vertices and center of a larger
hexagon.

The Fourier transform (FT) of the charge density distri-
bution allows us to recognize more clearly the symmetry
of the modulation patterns and trace their length scale. Due
to the three-dimensional periodic boundary conditions, the
three-dimensional data is originally computed as a function of
the (h, k, l) Miller indices; the subset with l = 0 is analyzed
to track modulations of the CDW charge distributions only
along the plane. Thus, the FT is mapped as a function of
h and k (kx and ky in the relative plots). The computed
FT plots of the charge density distributions of the three
CDW structures in pristine NbSe2 are reported in Fig. 11, in
Appendix A.

More significant information can be obtained by consid-
ering the difference between those plots and the FT plot of
the charge density distribution of the nonmodulated structure,
shown in Fig. 2. In these (and following) plots, the vertices
of the large hexagon, at |q| = 2π

a
, mark the position of the

characteristic Bragg peaks, which are evident in Fig. 11.

FIG. 2. Differences between the Fourier transform (FT) of the charge density distributions for the pristine CDW structures and the
nonmodulated structure. The plots of T-U (a), T-C (b), and HX (c) CDWs charge density correspond to those in Fig. 1. The large dashed
hexagon with vertices at |q| = 2π

a
(with a = 3.45 Å) marks the characteristic Bragg peaks; the medium size dashed hexagon with vertices at

|q| = 2π

3a
marks the (shorter) CDW peaks; the small green shaded hexagon (|q| = 2π

6a
) maps points beyond the supercell borders.
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The vertices of the medium size hexagon, at |q| = 2π
3a

, mark
instead the position of the shorter peaks associated to the
CDW. Both hexagons are emphasised with a dashed line, as
a guide for the eye. The small green shaded hexagon, whose
vertices are at |q| = 2π

6a
, map points beyond the supercell

borders, and thus are not meaningful. Due to the size of the
supercell, the width of the spots denoting Bragg peaks or
CDW peaks is large because different but close modulation
frequencies cannot be resolved, even with a relatively dense k
mesh. Figure 2 show the relative differences between the three
CDWs and the nonmodulated structure. The CDW main peaks
are not sensibly different from plot to plot, neither are satellite
peaks at (2/3)��1(�1 = � + G) and at (1/3)�1�

′
1. However,

a sizable satellite peak appears at K in the T-U CDW, but not
(as large) in the T-C nor in the HX CDWs. Such configuration
of peaks mirrors the configuration of the electronic patches
in Fig. 1, which in the T-U (T-C and HX) are placed at the
vertices of a small (large) hexagon, without (with) a central
element. In fact, two different vectors map equivalent patterns
in T-U. Naming the lattice vectors of the unit cell a and b, the
mapping vectors are 3a (and equivalently 3b) and a + b; the
latter does not map equivalent patches in T-C nor in HX.

IV. CDW PHASES IN THE PRESENCE OF IMPURITIES

Adsorption of the adsorbates Co, Mn, K, and Ga on a fully
symmetric structure induces structural distortions breaking
the symmetry of the NbSe2 layer according to the site: The
adsorption on the Nb site, hollow site, and Se site induces
CDWs of HX type (i.e., having similar Nb-Nb distance pat-
terns to the pristine HX), T-U type, and T-C type, respectively.
By total energy calculations, the likelihood of the adsorption
sites is analyzed. The energies for different adsorption sites
of the investigated adatoms are reported in Table I. These
results are consistent with those reported in a recent work
on MoS2 [64]. The preferred adsorption site is on top of a
Nb atom for Co, K, Ga, and Mn. The competition between
hollow site and Nb site is strong in the case of K (4 meV
difference). The Se site remains the most unfavored for single

TABLE I. Energetics and magnetism for M|NbSe2 (M = Co,
K, Ga, Mn). Energy differences are computed with respect to the
lowest configuration and are expressed in meV. Magnetic moments
are expressed in μB .

�E μT M μtot

hollow 16 1.9 2.2
Co top Nb 0 1.9 2.0

top Se 3551 2.0 3.4

hollow 91 4.4 5.8
Mn top Nb 0 4.4 4.3

top Se 1291 4.9 4.1

hollow 4 0.0 5.9
K top Nb 0 0.0 0.0

top Se 241 0.0 1.2

hollow 183 0.0 5.9
Ga top Nb 0 0.0 0.0

top Se 605 0.0 0.2

atoms. However, it competes with Nb for larger molecules.
In order to highlight this trend, we computed the energy
difference for Co-(OH)2, which can be considered as a pro-
totype of a small molecule and a possible impurity. In the
case of a single Co, the Nb site is preferred to the hollow
site and Se site by 16 meV and 3551 meV, respectively; in
the case of Co-(OH)2, the corresponding energy differences
are ∼670 meV and 166 meV, suggesting a hindrance to the
Co-Se bonds and Co-Nb bonds or a decrease of the Co charge
state and in turn of its coordination. In summary, single Co
is preferably adsorbed on the Nb site, with the hollow site
relatively close in energy; large molecules favor adsorption on
the Se site and unfavor adsorption at the hollow site, a trend in
line with combined theoretical and experimental results [65].
After establishing the preferred adsorption sites on the NbSe2

nonmodulated structure for each adsorbate by total energy
calculations, the adsorption on the different CDW structures
is modelled (it involves different inequivalent adsorption sites
due to the lower symmetry).

A. Adsorption of Co

Upon adsorption of Co, the energy and state of CDWs are
modified. In general, the solutions are a combination of the
states found in the pristine system. Pure solutions of the T-U
CDW are found and are referred to as such in the remainder.
The HX CDW solutions are found in mixed states or pure
states; those with lowest energy are grouped according to
the symmetry of their structures and charge densities, and
named HX-S and HX-A, for symmetric and asymmetric ones,
respectively. The T-C CDW solutions are found only mixed
(with the HX-A CDW). The HX-S, HX-A, and T-U CDWs
structures are shown in Figs. 3(a), 3(b) and 3(c), respectively.
The HX-S features the characteristic hexagonal patches of
the pristine HX CDW together with a trifold symmetric star
of Nb-Nb bonds, compare Figs. 3(a) and 1(c). Their charge
density distributions are not remarkably different from their
pristine counterparts, compare Figs. 3(d) and 1(f). The flatness
of the (multidimensional) potential energy surface allows
adsorption on different sites of the underlying CDW structure
to give different solutions. As Table II reports, the HX-A
CDW results from the relaxation of the adsorption of Co
on the vertex of the large triangle of a T-C CDW structure,
compare Fig. 1(b), and a mixing between the T-C and the HX
CDWs occurs. The patches in the charge density distribution,
Fig. 3(e), recall those in both the pristine T-U and the pristine
T-C, Figs. 1(e) and 1(f), supporting the previous observation.
Finally, the structure and charge density distribution of the
T-U solution are virtually identical to those in the pristine
T-U CDW, with minor differences around the adsorption site,
compare Figs. 3(f) and 1(a).

The magnetic density distributions exhibit antiferromag-
netic coupling between Co and Nb in the occupied Nb band;
moreover the magnetization around Co in that energy range
is opposite to the total magnetization on Co, compare Fig. 4,
first row, with Table III. The magnetic moment on Co (value
integrated over all the occupied states) is around 2.0 μB for
every CDW, and the total magnetization over the whole NbSe2

layer vanishes. The same observation is valid for Mn, see
Table III, and the discussion in the Appendix. The modulation
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TABLE II. Energetics for the CDWs in M|NbSe2 (M = Co, Mn, K, Ga); the energy for each column (adsorbate) is given as differences
with respect to the ground state. Different position and resulting structure are possible for each metal M adsorbed on a CDW; we report those
which evolve to structures relatively close in energy to the ground state, mentioning the type of structure, when it is similar to one of the three
pristine CDWs, as well as the energy difference. The difference in energy in the 9 × 9 supercell (1 Co) is 0.3 meV/f.u. in favor of the HX
CDW.

pristine Co Mn K Ga

T-U (0.0) T-U (0.7) T-U (1.5) T-Uh (0.0) T-U (0.0)
T-U (2.6) T-UN (0.2)

T-C (0.4) HX-A (0.0) HX-A (0.0) T-CN (1.5) HX-A (0.1)
T-Ch (1.3)

HX (1.1) HX-S (0.0) HX-S (0.0) HX-S (0.7) HX-S (0.0)
HX-A (0.0) HX-A (0.0)

of the magnetization density in the HX-A CDW is larger than
that in the HX-S (and that in T-U) CDW, compare Figs. 4(a)
and 4(b), first row, suggesting that larger mixing of different
CDWs supports the formation of a spin density wave (SDW).
Moreover, a different modulation of the magnetization densi-
ties of Co|NbSe2 T-U with Co at different adsorption CDW
sites is observed, compare Figs. 4(c) and 4(d). These two
structures are at the same energy, suggesting that a magnetic
order transition is still incipient. The magnetization data
obtained by a site-by-site analysis point to a ferromagnetic
coupling, in agreement with Ref. [66], where an incipient
magnetic transition is achieved by tensile strain.

The variation of the charge modulation can be analyzed
looking at the difference in the charge density distribution
between Co|NbSe2 CDWs and the pristine CDWs in the direct
space, see Fig. 3. In these plots, blue (red) lobes denote
injection (depletion) of charge with respect to the pristine
CDW charge distribution. The adsorption of Co modifies the
T-U CDW only in the neighborhood of the adsorption site,
see Fig. 5(a), as expected from Fig. 3(f); charge depletion
(injection) occurs out-of-plane (in-plane) in correspondence

to the Nb at the adsorption site and in a more complex
pattern on the surrounding Nb atoms; in general, red lobes
point towards the adsorbate. The charge difference between
the HX-A and the T-U CDWs features a constant charge
difference—due to the misalignment between the two charge
densities (in NbSe2 and Co|NbSe2)—and an enhancement
of in-plane modulations identified by the isolated blue lobes
in Fig. 5(b); these may be more relevant in comparison to
the out-of-plane modulations represented by the out-of-plane
red lobes on isolated Nb atoms in Fig. 5(c), which refer to
Mn-adsorbed NbSe2.

Eliminating charge displacements (due to the different
adsorption sites) helps analyzing the symmetry of the charge
distribution. In analogy to what was done for the pristine case
(Fig. 2), we do not show the FT plots of the charge density
distributions directly. Instead, we focus on the differences
between these plots and the FT plot obtained for the T-U
CDW in the pristine case. In order to identify variations in
the CDW signal, the marks of Bragg peaks, CDW peaks, and
the region corresponding to points in the direct space beyond
the supercell size are used in agreement with Fig. 2.

FIG. 3. First row: ground state Co|NbSe2 HX-S (a), HX-A (b), and T-U (c) CDW structure. Second row: charge densities of the respective
CDW structures. The isosurface value for the volumetric data is set in agreement with Fig. 1. Atoms are represented by spheres, as illustrated in
the legends; Nb-Nb bonds shorter than the equilibrium distance (3.45 Å) are represented by solid lines, to help visualizing the CDW structure
pattern. Dashed lines mark the supercells borders.
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FIG. 4. Magnetization densities of Co|NbSe2 HX-S (a), Co|NbSe2 HX-A (b), Co|NbSe2 T-U at 1 (c), Co|NbSe2 T-U at 3 (d), Mn|NbSe2

HX-A (e), and Mn|NbSe2 T-U at 1 (f). The magnetization densities in (c) and (d) are different although they have virtually the same structure
and total energy; the magnetization in (c) is juxtaposed to (f) to compare structures with the same adsorption site. Volumetric data are
represented as blue (red) surfaces enclosing points whose magnetization density is greater than or equal to 0.0075 (smaller than or equal
to −0.0075) μB/Bohr3. Atoms are represented by spheres, as illustrated in the legends; Nb-Nb bonds shorter than the equilibrium distance
(3.45 Å) are represented by solid lines to help visualizing the CDW structure pattern. Dashed lines mark the supercells borders.

The FT plots relative to Co|NbSe2 HX-A, Co|NbSe2 HX-
S, and Mn|NbSe2 HX-A are shown in Figs. 6(a)–6(c); the FTs
shown are a computed difference with respect to the pristine
T-U CDW. In these cases with adsorbates, a peak in the
neighborhood of |q| = 0 appears, because of the background
charge (uniformly) injected into the system. All plots in
Fig. 6 point to a considerable suppression (enhancement)
of the CDW intensity along �M at |q| = 2π/3a (at |q| =
π/a); such suppression/enhancement is anisotropic for Co
HX-A, being large along the line ky = 0 and small along
the other two �M lines; the other cases are isotropic (Co
HX-S) or virtually isotropic (Mn HX-A). Furthermore, large
depletion of intensity at |q| = 4π/3a at K as well as at |q| =
2π/3a, 4π/3a along �1�

′
1, illustrates again the difference

between the pristine HX CDW (T-C as well) and the pristine
T-U CDW observed above. Finally, intensity enhancement
occurs also within the small hexagon marking the 3 × 3 CDW
peaks (but with no leading q vector), suggesting a competition

between modulations with different wavelengths, as previ-
ously discussed [40,62]. Indeed, strain-induced modifications
of the q vector were recently found [67]. In general, the asym-
metric form of the CDW intensity (with respect to pristine T-
U) suggests a connection with recently observed stripe phases
[52,53,67] of which it could be a precursor. The character of
the asymmetry in the adsorbates systems is further treated in
the Appendix, with reference to Fig. 14.

B. Adsorption of Mn

In the case of Mn adsorption, magnetism plays a major
role. A high magnetic moment, which correctly describes Mn,
favors the Nb site more than in the case of Co adsorption
(the energy difference between the Nb site and the hollow
site is five times larger), compare their energy differences
in Table I. The ordering of the CDW structures, assessed
by total energy calculations, follows the same pattern as in

FIG. 5. Differences between charge density distributions. Co|NbSe2 T-U minus NbSe2 T-U (a), Co|NbSe2 HX-A minus NbSe2 T-U (b),
and Mn|NbSe2 HX-A minus NbSe2 HX (c). Volumetric data are represented as blue (red) surfaces enclosing points whose electronic density
is greater than or equal to 0.0025 (smaller than or equal to −0.0025) electrons/Bohr3. Atoms are represented by spheres, as illustrated in the
legends; Nb-Nb bonds shorter than the equilibrium distance (3.45 Å) are represented by solid lines to help visualizing the CDW structure
pattern. Dashed lines mark the supercells borders.
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FIG. 6. Differences between FT of the charge density distribution of Co-adsorbed and Mn-adsorbed NbSe2 CDWs and the T-U CDW in
pristine NbSe2. Ground state Co|NbSe2 HX-A (a), Co|NbSe2 HX-S (b), and Mn|NbSe2 HX-A (c). The dashed hexagons mark the same regions
as in Fig. 2 (see caption).

the case of Co adsorption, having a family of ground state
HX CDWs, including a symmetric one and an asymmetric
one, a solution of T-U at a higher energy and the absence
of a T-C solution. The energy difference between the ground
state HX CDW and the T-U solution is 1.5 meV/f.u., see
Table II, which compared to the case of Co suggests that Mn
drives a slightly stronger transition to a HX CDW. The charge
density distributions of the HX-S and HX-A show no essential
difference, being also very similar to that of Co|NbSe2 HX-S.
Therefore, the relative figures are omitted, and the remaining
discussion is limited to the magnetization density distributions
and the FT of the charge density distributions.

The magnetization densities of the HX-S, HX-A, and
T-U are shown in Fig. 4, second row. The two HX CDWs
are similar also in their magnetisation density distribution—
compare with the case of Co adsorption, Fig. 4, second row.
The structure of HX-A has a reflection symmetry through
the top-left to bottom-right diagonal as represented in Fig. 4.
The T-U CDW structure is modified slightly in the vicinity
of the adsorption site. The magnetization density in all of the
CDWs is negative around Mn, unlike the case of Co, where
a negative cloud surrounding Co is neighbored by a positive
cloud around the closest Nb atoms, compare also Figs. 17(a)

TABLE III. Energetics and magnetism for M|NbSe2 (M = Co, K,
Ga, Mn). Energies are given as differences with respect to the lowest
energy solution and are expressed in meV; magnetic moments are
expressed in μB .

μT M μtot Ead

T-U 1.9 2.0 3.440
Co HX-A 1.9 2.0 3.504

HX-S 1.9 1.9 3.504

T-U 4.4 4.4 2.472
Mn HX-A 4.4 4.4 2.559

HX-S 4.4 4.3 2.561

T-Uh 0.0 0.0 3.045
K T-UN 0.0 0.0 3.038

HX-S 0.0 0.1 3.060

T-U 0.0 0.0 2.907
Ga HX-A 0.0 0.0 2.946

HX-S 0.0 0.0 2.944

and 17(b) in the Appendix, showing a detailed view on the
vicinity of the adsorption sites.

Charge density differences in direct space are analyzed in
comparison with Co adsorption. The main difference between
the two adsorbates is that with Mn adsorption the out-of-plane
charge modulations are not suppressed. In fact, note that the
in-plane red lobes in Fig. 5(e) replace the out-of-plane red
lobes in Fig. 5(c), point in three directions, symmetrically. In
fact, the similarity between Figs. 5(d) and 5(f) confirms that
the HX-S has the same features in the case of Co and Mn, with
blue lobes pointing out of plane.

The analysis of the FT plots was mentioned previously with
reference to Fig. 6. The main difference with the case of Co
adsorption is that the HX-A and HX-S do not differ much,
i.e., the intensity variation shows little contrast between the
C6 and the C2 symmetries, compare the HX-A and HX-S
CDWs in Figs. 6(c) and 14(c). The preference of the TM for
the HX CDWs seems to be at variance with their tendency
of reducing the symmetry from C6 to C2. The lowest energy
solutions for Co|NbSe2 (and Mn|NbSe2) are mixed state
of HX and T-C CDWs, compare Fig. 3(b) with Fig. 1(b).
However the Co|NbSe2 HX-A CDW solution has a consistent
T-C component, whereas the Mn|NbSe2 HX-A CDW solution
has a small T-C component, see the underlying structure in the
magnetization density plot, Fig. 4(e).

The CDW solutions for TM adsorbates on NbSe2 are in
fact mixed states; where the mixing between HX and T-C
is high, the symmetry of the charge density distribution is
reduced, whereas predominant HX CDW solutions keep a C6

symmetry. In the case of Mn, the preference for HX solutions
is higher than in the case of Co, and as a result the T-C
component in the mixed solutions is smaller and in turn the
C6 symmetry is virtually maintained. Finally, the observation
that the T-U/T-C have a reduced symmetry raises the question
on pristine T-U/C and the symmetry of its charge density
distribution, which has a C6 symmetry; perhaps the adsorbates
induce some symmetry breaking which allows the T-U to
undergo a transition.

Table IV shows the occupancies of Co and Mn 3d orbitals.
The environment around the TM in the NbSe2 layer is trigonal
prismatic, and therefore orbitals split into three groups due
to the crystal field; these are classified according to their
symmetry into e′′, e′, and a′

1. The orbital splitting is valid also
for Co and Mn 3d orbitals, but the intensity of the splitting
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TABLE IV. Occupancies on Co and Mn 3d orbitals, which split
according to a trigonal prismatic environment, namely e′′, e′, and
a′

1, where a′
1 = dz2−3r2 . The coefficients u↑, v↑, u↓, and v↓ are 0.90,

0.43, 0.62, and 0.78 for Co and 0.99, 0.16, 0.78, and 0.62 for Mn,
respectively.

Co Mn

σ =↑ σ =↓ σ =↑ σ =↓
e′

1,σ 0.93 0.07 0.93 0.03
a′

1 0.90 0.79 0.92 0.08
e′′

1,σ 0.95 0.92 0.93 0.09

is reduced because the environment is incomplete. Therefore,
the spin splitting, which depends on the l character of the
orbitals is larger than or comparable to the crystal field split-
ting, and orbitals are ordered by increasing energy as follows:
In the majority spin channel, e′′, e′, and a′

1; in the minority
spin channel the order of e′ and a′

1 is inverted. Furthermore,
the orbital projections onto cubic (real spherical) harmonics
(dxy , dyz, dz2−3r2 , dzx , and dx2−y2 , ordered by increasing m

value) are spin dependent. The orbitals of the eigenbasis can
be written as e′′1

σ = vσ dxy + uσdyz, e′′2
σ = uσdzx + vσ dx2−y2 ,

e′1
σ = uσdxy + vσ dyz, and e′2

σ = vσ dzx + uσdx2−y2 . (Freedom
in the choice of the basis set allows one to set a′

1 = dz2−3r2 .)
The l character of the e′′↑ orbitals is close to 1 (i.e., the u

values are larger than the v values); conversely, the e′↑ orbitals
have a prevalent l = 2 character (v values are larger); overall,
this fact holds for the e′′↓ and e′↓ orbitals. In summary, TM
adsorption favors HX CDW, weakening the CDW signals for
the T-U and T-C CDWs, and the symmetry of the charge distri-
bution is reduced from C6 to C2, especially in the case of Co,
where mixing between HX and T-C occur. The modulation
of the magnetic density is dependent on the symmetry of the

charge distribution: the higher the symmetry, the weaker the
modulation. Also, due to a weaker crystal field splitting, the
orbital order of the 3d of Co and Mn in the two spin channels
is different. Finally, a probe for Mn and Co is given in terms
of l character of their electrons.

C. Adsorption of K and Ga

The adsorption of K is different from the other cases, since
the energy difference between having an adatom at the hollow
site or on top of a Nb site (see Table I) is small and therefore
can be reversed by the presence of a CDW. This is, in fact,
what happens. While on a nonmodulated NbSe2 structure, the
hollow site stands 4 meV above the Nb adsorption site, on
the CDW modulated structures the hollow site becomes more
favorable, of about 0.2 meV/f.u. (their respective ground
states are compared). The solutions obtained starting from
the T-C converge to mixed states between T-C itself and HX
and they are found at a high energy, while the T-U CDW is
still favored by 0.7 meV/f.u. over the HX CDW (the energy
difference slightly changes with respect to the pristine case).
The CDW structure and charge density distribution (in the
T-U) on the hollow site (the ground state) and on the Nb site
look very similar, see Fig. 7, and trace back to the pristine
CDW ground state, compare Fig. 1. The CDW is slightly
enhanced inside the hexagon delimiting the CDW peaks
but without a leading q. The symmetry of the FT plot for
K on the Nb (hollow) site is reduced from C6 to C2 at the
points q = (±π/3a, π/

√
3a) [q = (±2π/3a, 0)], see Fig. 8;

however, the intensity is one order of magnitude smaller than
that of the Nb and Mn cases. Note also the difference with the
T-C CDW, showing that the signal of K-adsorbed T-U on the
hollow site is significantly enhanced with respect to pristine
T-C at distinct q vectors, see Fig. 8(c).

The case of Ga is interesting in comparison with K because
Ga has a fully occupied s shell and a single electron in the p

FIG. 7. First row: ground state CDW structure, with K adsorbed on the hollow position (a), its charge density distribution (b), and the
charge density for K adsorbed on the Nb site (c). Second row: Difference in the charge densities between the K|NbSe2 ground state and NbSe2

T-U (d), ground state CDW structures for two Ga|NbSe2, namely T-U (e) and HX-A (f). Atoms are represented by spheres, as illustrated in
the legends; Nb-Nb bonds shorter than the equilibrium distance (3.45 Å) are represented by solid lines to help visualizing the CDW structure
pattern. Dashed lines mark the supercells borders. The isosurface value for the volumetric data is set in agreement with Fig. 1.

195419-8



UNVEILING HIDDEN CHARGE DENSITY WAVES IN … PHYSICAL REVIEW B 98, 195419 (2018)

FIG. 8. Difference in the FT of the charge density distributions between the K|NbSe2 on the hollow site (a), Nb site (b), and the T-U
pristine CDW. The charge distribution has a C2 symmetry for the adsorption on the hollow site and a C6 symmetry for the adsorption on the
Nb site. In (c), the FT difference between K|NbSe2 on the hollow site and the pristine T-C CDW is shown.

shell. In this case, the adsorption on the Nb site is favored
by 183 meV over the adsorption at the hollow site. The T-U
CDW is in strong competition or coexists with the HX CDW,
and the T-C converges to a mixed solution between T-C and
HX, analogously to the case of K. The ground state structures
are shown in Fig. 7. The charge density distributions and
their FTs are not particularly different from the case with K
adsorption. Both K and Ga cases are related to gate doping,
because they consist of an electron per 36 f.u. injected in
the system. However, structural reconstructions due to the
chemical adsorption must be considered for the enhancement
or suppression of the CDW order. Compared to experimental
observations with gate doping [20], where the case of K and
Ga adsorption suppress the CDW order, the FT plots suggest
that a considerable order remains (no depletion is seen at any
qCDW ). Therefore, a doping with a hole carrying atom could
enhance the CDW signal.

Overall, adsorption of atoms on single layers NbSe2 sup-
presses the T-C CDW and promotes the HX CDWs in all
cases; in particular, with Co and Mn the HX CDWs become
the ground state for all the coverage considered in this study,
whereas in the case of Ga the HX CDWs are at the same
energy of the T-U CDW. Adsorption of K does not change
the ground state (T-U) but does suppress the T-C CDW;
the HX CDW solutions are the closest ones to the ground
state (0.7 meV/f.u. above it), within thermal fluctuations, and
therefore they are very likely to be seen by scanning tunnelling
microscopy in real samples. In fact, as several STM data are
becoming available, a guide on the CDW hierarchy may be

very useful to correctly identify and locate metallic impurities
in TMDCs.

A detailed comparison between theory and experiment
requires also an analysis of the role of the substrate, which
may induce a variety of effects, as, e.g., in-plane strain and
charge transfer. Recently, single layers were grown on bilayer
graphene, and a CDW order slightly weaker compared to
the bulk was reported [19]; however, the phase competition
between different modulations was not investigated. Our study
suggests, based on the few examples analyzed, that one CDW
phase (T-U) is suppressed with respect to other hidden ones
(HX). As a concluding remark, we observe that the symmetry
of the charge density distribution is reduced from C6 to C2,
hinting at a weakening of a q vector, which may be the
precursor of a stripe phase recently observed by STM [52,53].

V. CONCLUSIONS

By means of ab initio calculations based on total energy
and direct space charge computation, we have investigated
the existence and competition of CDWs in single-layer NbSe2

without and with impurities. The T-C CDW is suppressed in
all cases, suggesting that its observation in STM images is
unlikely in nonpassivated samples, due to the high reactivity
of NbSe2 and, in general, metallic TMDCs. Transition metal
adsorbates invert the energy hierarchy between CDWs, favor-
ing the HX CDWs over the T-U and the T-C. Adsorption of
K keep the T-U CDW as the ground state, although the HX
CDW is preferred to the T-C CDW; adsorption of Ga equally

FIG. 9. Relaxed structures of the pristine CDWs as they appear in Fig. 1. 1 in the main text: T-U (a), T-C (b), and HX (c). Atoms are
represented by spheres, as illustrated in the legends; Se-Se bonds shorter than the equilibrium distance (3.45 Å) are represented by solid lines,
in order to help visualizing the CDW structure pattern. Dashed lines mark the supercells borders.
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FIG. 10. Total DOS of NbSe2 with the fully symmetric structure
and with the HX, the T-C, and the T-U CDW structures, obtained for
a 3 × 3 × 1 supercell.

favors the T-U and the HX CDWs pointing to a coexistence.
In general, adsorption of atoms changing the local symmetry
mixes the ‘pristine’ CDWs, in particular the HX and the T-C.
The symmetry of the charge density distribution is reduced
from C6 to C2 upon Co or Mn adsorption. Future research
will be focused on understanding the role of the substrate
in the stabilization of the CDWs, in order to have a better
correspondence between theory and experiment.
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APPENDIX A: PRISTINE

As reported in the literature, the (multidimensional) poten-
tial energy surface of the CDW phase features several (rather
shallow) minima; as a result, several symmetries are possible.
The existence of two forms of orthorhombically distorted
structures was mentioned in the main text and is extensively
explained in the literature. Some differences identified in the
main text included the mention of the accompanying Se-Se
bonds. Figures 9(a), 9(b) and 9(c) show the T-U, T-C, and
HX CDWs, respectively, highlighting their Se-Se distance
patterns. Also hexagonally distorted structures can exist in
two forms, one having hexagonal Nb-Nb patterns, analyzed
throughout the paper, and one having threefold symmetric
Nb clusters, as shown in Fig. 12. This latter structure does
not converge within our 6 × 6 × 1 supercells and appears to
be stabilized only in a 9 × 9 × 1 supercell; it is found at a
higher energy with respect to the other three CDW structures
(2.7 meV above the T-U CDW structure) and therefore further
analysis has been dismissed; Figs. 12(a) and 12(b) show its
structure with its Nb clusters and its Se clusters, respectively.

With reference to Fig. 10, the DOS of the main three CDW
structures are compared to the DOS of the fully symmetric
structure of pristine NbSe2. As presented elsewhere [40], for
single layers a single band crosses the Fermi level and extends
from ∼− 0.4 eV to ∼+ 0.7 eV. As the main contribution
for this band come from Nb states, we refer to such band
as Nb band. The CDW formation shifts the spectral weight
from ∼− 0.10 eV to ∼− 0.20 eV and enhances it in the
range (+0.25,+0.30) eV; the DOS peaks are aligned around
−0.20 eV, whereas the DOS peaks around +0.25 eV are at

FIG. 11. Fourier transform (FT) plots of the charge density distributions for the pristine T-U (a), T-C (b), and HX (c) CDW structures, as
given in Fig. 1. The dashed hexagons mark the same regions as in Fig. 2 (see caption).
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FIG. 12. Relaxed structures of a variant of the HX CDW in a 9 × 9 × 1 supercell, highlighting its Nb-Nb (a) and Se-Se (b) distance pattern.
Atoms are represented by spheres, as illustrated in the legends; in (a) and (b), respectively, Nb-Nb or Se-Se bonds shorter than the equilibrium
distance (3.45 Å) are represented by solid lines, in order to help visualizing the CDW structure pattern. Dashed lines mark the supercells
borders.

different energy for different CDWs. The T-U CDW DOS
features a depletion of spectral weight in correspondence of
the Fermi level until ∼+ 0.10 eV and a trough at ∼+ 0.20 eV
(which in fact precedes the peak at ∼+ 0.30 eV); the T-C
CDW DOS has a trough at ∼− 0.10 eV, a second one at Fermi
level, and a third one at ∼+ 0.15 eV; the HX CDW DOS has
one trough at Fermi level and one at ∼+ 0.15 eV, being more
similar to the T-C CDW DOS. The T-U differs from the other
two also by a slightly larger bandwidth, whose tail reaches
∼0.7 eV. Overall, the CDW affects different energy ranges of
the DOS both around the Fermi level and away from it, in
agreement with the literature [40,63].

APPENDIX B: CO ADSORPTION

The DOS of symmetric and selected CDW structures ob-
tained in the 6 × 6 × 1 supercells, computed and analysed

for Co|NbSe2 and for K|NbSe2 in 6 × 6 × 1 supercells, is
shown in Fig. 13. By relaxing the M|NbSe2 (M = Co, K)
structures fixing the in-plane coordinates of the Nb and Se
atoms, the symmetry of each structure was preserved; their
relative DOS curves are labeled ‘sym.’ The main features
of the DOS of the T-U and HX CDWs are maintained with
respect to the pristine CDWs: the peaks at ∼− 0.20 eV and
∼+ 0.25 eV, and the depletion of states around the Fermi
level. However, the position of the peaks for the HX-A and
T-U CDWs are now different in the case of Co adsorption;
also, while the depletion of states in the pristine HX CDW
is accompanied by peaks and troughs near the Fermi level,
the depletion of states in the HX-A CDW (i.e., with Co
adsorbates) shows a profile in line with the T-U CDW. In
summary, the effect of the CDW on the DOS slightly differs
passing from the pristine case to the case with adsorbates,
the states around the Fermi level being the most affected
ones.
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FIG. 13. Total DOS of Co|NbSe2 and K|NbSe2 with symmetric structures and with their CDW structures.
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FIG. 14. Differences of the FT of the charge density distributions, done with respect to pristine T-U, of Co-adsorbed (a), Mn-adsorbed (b),
T-U, and Mn-adsorbed (c) HX-S.

With reference to Fig. 14, we analyze further details of the
effect of Co/Mn adsorption on the CDW intensity, started with
Fig. 6. The asymmetry of the FT plots, highlighted by comput-
ing the difference with the charge distribution in the pristine
CDWs (T-U in the case of Fig. 6) is clearly due to the adsor-
bate, rather than the asymmetric nature of the CDW itself. In
fact, Figs. 14(a) and 14(b) show the FT of the charge densities
of Co-adsorbed T-U and Mn-adsorbed T-U minus pristine
T-U—while Fig. 14(c) shows the Mn HX-S minus pristine
T-U for comparison with the figure in the main text. The effect
of Co adsorption and Mn adsorption on the CDW peaks is
somehow opposite to each other: Co adsorption suppresses
the CDW at q = (±2π/3a, 0), (±4π/3a, 0) while enhanc-
ing it along the lines q = (±π/a,

√
3π/a); Mn adsorption

suppresses the CDW at q = (±π/3a, π/
√

3a), (0, 2π/
√

3a),
enhancing it only at small values of |q|. The asymmetry of
the charge distribution of T-U suggests that such asymmetry
is still reduced even for low concentrations of Co/Mn, when
the energy competition starts to turn in favor of the T-U CDW.

A single Co adsorbed on NbSe2, with a concentration of 1
atom over 81 unit cells (a 9 × 9 × 1 replica), was studied in
order to assess how fast the energy order changes to recover
that of pristine system. Four solutions were found within
0.4 meV/f.u, see Fig. 15; such a small difference in energy
makes them accessible by thermal fluctuations. The structure
of the HX solutions shows some similarities to the case with
higher adsorbate coverage. Among the low energy solutions,
the T-C CDW was found with some mixing with HX and

FIG. 15. Relaxed structures of Co|NbSe2 in a 9 × 9 × 1 supercell. Atoms are represented by spheres, as illustrated in the legends; Nb-Nb
bonds shorter than the equilibrium distance (3.45 Å) are represented by solid lines, in order to help visualizing the CDW structure pattern.
Dashed lines mark the supercells borders.
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FIG. 16. Direct space charge density distribution of Co|NbSe2 in a 9 × 9 × 1 supercell; (a) and (b) correspond to the respective structures
in Fig. 15. The isosurface value for the volumetric data is set in agreement with the relative figures in the main text. Atoms are represented by
spheres, as illustrated in the legends; Nb-Nb bonds shorter than the equilibrium distance (3.45 Å) are represented by solid lines, in order to
help visualizing the CDW structure pattern. Dashed lines mark the supercells borders.

T-U, see Figs. 15(a), 15(c) and 15(d). The T-U solutions are
closer in energy to the ground state solution HX-A (0.3–
0.4 meV/f.u.), whereas other mixed structures are found at
higher energy, Figs. 15(b) and 15(d), respectively.

The direct space charge distributions of the lowest en-
ergy HX solution and the first T-U solution are shown in
Figs. 16(a) and 16(b), corresponding to the structures shown
in Figs. 15(a) and 15(b); the HX solution shows characteristic
patches of the T-C and HX CDWs, following the structural
modulation and confirming the tendency for these two CDW
to mix together upon Co adsorption; in fact, patches as rep-
resented in Fig. 1 are found in the 9 × 9 × 1 supercell. The
charge distribution of the T-U solution looks almost identical
to that in the 6 × 6 × 1 supercell, including the reduced
symmetry, which is likely due to unidirectional local structural
distortions driven by the Co electronic degree of freedom.

Finally, the energetic stability of CDWs in Co|NbSe2 was
also used to estimate how small changes of U and J affect the
results presented in this paper. Several DFT+U calculations
were performed for the 6 × 6 × 1 supercell, sampling U in the
range 3–5 eV and J in the range 0.5–0.9 eV. We found that the

values reported in Table II are independent from the chosen
Coulomb interaction parameters. The only exception is the
calculation for U = 5 eV and J = 0.5 eV, when the HX-A
CDW ends up in a different solution (minimum), much higher
in energy, while the other two CDWs keep their energetic
arrangement.

APPENDIX C: MAGNETIC DENSITY

The comparison between magnetic couplings within the
Nb band in the two cases of Co adsorption and Mn adsorption
has been discussed in the main text. The actual magnetic
moments (i.e., involving all states up to the Fermi level)
of Co, Mn, and their respective underlying Nb atoms are
+1.9 μB , +4.4 μB , +0.6 μB , and −0.8 μB , respectively. In
summary, the Co and Mn magnetic moments in the Nb bands
are inverted with respect to the total magnetic moments, while
the underlying Nb magnetic moments do not change sign,
remaining positive in the case of Co adsorption and negative
in the case of Mn adsorption.

FIG. 17. Magnetization densities of Co|NbSe2 T-U (a) and Mn|NbSe2 T-U (b) with details around Co and Mn, respectively. The sets of
axes represent the unitary lattice vectors in red, green, and blue color, respectively. Volumetric data representation is set in agreement to the
relative figures in the main text.
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