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Primordial magnetic fields in the dark sector can be transferred to magnetic fields in the visible sector
due to a gauge kinetic mixing term. We show that the transfer occurs when the evolution of magnetic fields
is dominated by dissipation due to finite electric conductivity, and does not occur at later times if the
magnetic fields evolve according to magnetohydrodynamics scaling laws. The efficiency of the transfer is
suppressed by not only the gauge kinetic mixing coupling but also the ratio between the large electric
conductivity and the typical momentum of the magnetic fields. We find that the transfer gives nonzero
visible magnetic fields today. However, without possible dynamo amplifications, the field transfer is not
efficient enough to obtain the intergalactic magnetic fields suggested by the gamma-ray observations,
although there are plenty of possibilities for efficient dark magnetogenesis, which are experimentally
unconstrained.
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I. INTRODUCTION

Primordial magnetic fields have been of interest for
many years since they may explain the observed galaxy and
galaxy cluster magnetic fields through the dynamo mecha-
nism during structure formation [1]. Moreover, the pres-
ence of intergalactic magnetic fields is also indicated by the
recent observations of TeV blazars [2–9], which provide a
lower bound on the magnetic field strength, B≳ 10−19 G at
Mpc coherence scales and B≳ 10−16 G × ðλ=pcÞ−1=2 at
smaller length scales [9].1 However, it is difficult to come
up with astrophysical origins of these magnetic fields in the
cosmic voids, and the challenge motivates the consideration
of these intergalactic magnetic fields as remnants from the
very early Universe [11]. Such magnetic fields can even be
related to the matter-antimatter asymmetry of the Universe
[12–17] or the production of dark matter density [18].

There have been many proposals for primordial mag-
netogenesis, such as the inflationary magnetogenesis
[19–22], productions from the first-order phase transition
of the electroweak symmetry [23–25] or QCD [26–28], or
productions through the chiral instability [29–31]. It
remains to be seen if these proposals can match magnetic
field spectra as indicated by the blazar observations (see,
e.g., Refs. [32–34] for reviews). In fact, it has been noticed
that almost all the existing magnetogenesis proposals
have problems in addressing the blazar issue. For example,
inflationary magnetogenesis models are strongly con-
strained by observations of cosmic microwave background
(CMB), which make it difficult to generate the required
magnetic fields in these scenarios (see, however, Ref. [35]).
The electroweak and QCD phase transitions are known to
be crossovers within the standard model (SM) [36,37], and
it is not clear if magnetic fields could be generated by the
SM phase transitions.
However, once we consider particle physics beyond the

SM, there are much more possibilities of magnetogenesis
from the existence of additional U(1) symmetries, which can
be preserved at an earlier time universe and, therefore, suffer
from weaker experimental constraints. The additional U(1)
can be a gauged Uð1ÞB−L, other U(1) symmetries arising in
grand unified theories [38], or simply a dark U(1) field that
couples weakly to the visible sector. We can imagine a “dark
magnetogenesis”mechanism in a hidden sector, e.g., from a
much stronger first-order cosmological phase transition than
the SM symmetry breaking. The dark symmetry breaking
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1Recently the Fermi-LAT team reported a new constraint on
the intergalactic magnetic fields [10], a higher lower bound than
the one in Ref. [9]. But here we use the more conservative
constraint of Ref. [9].
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into a dark U(1) gauge symmetry can produce a strong dark
magnetic field, which is mildly constrained if the process
happens after inflation but before big bang nucleosynthesis
(BBN), and the dark photon later obtains a mass from the
dark U(1) breaking and decays into SM particles before
BBN. Although dark magnetic monopoles may also be
generated during the phase transition, we will not consider
the case by assuming that the larger gauge symmetry group
has a nontrivial first homotopy. If the darkmagnetic fields are
transferred to the SM magnetic fields after their production,
they may provide seeds for the galaxy and galaxy cluster
magnetic fields and explain the TeV blazar observation. In
this article, we examine the evolution of darkmagnetic fields
and how a transfer from dark to electromagnetic (or hyper-
magnetic in the SM)magnetic fields can occur. A related idea
in which background dark photon generated through an
oscillating axion-like particle gets converted into visible
magnetic field is also discussed recently in Ref. [39].
Regardless of the details of the model, the dark Uð1ÞD

gauge field Dμ and the visible Uð1ÞY gauge field Yμ will
interact via a gauge kinetic mixing term, −ϵDμνYμν, with ϵ
being the gauge kinetic mixing parameter. Such a gauge
kinetic mixing can be removed by field redefinition but
generally only when there are no couplings to matter. Once
we introduce couplings to matter fields, the visible and dark
gauge fields as well as the gauge kinetic mixing are
uniquely defined. Here we define the gauge fields so that
the SM matter fields are not charged under the dark U(1)
symmetry in the basis with the nontrivial gauge kinetic
mixing.
To study the cosmological evolution of dark and visible

magnetic fields, we must account for the plasma in which
these magnetic fields are embedded. Therefore, instead of
solving the classical field theory equations, we study
magnetohydrodynamic (MHD) equations that have been
extended to include the dark sector fields. With some
simplifying assumptions, notably ignoring turbulence, we
find that dark magnetic fields are transferred to the visible
sector at early times. The transfer efficiency is suppressed
by a factor of ϵk2cΔts=σY with kc being the typical
momentum of the dark magnetic fields, Δts being the
duration of the transfer, and σY being the (hyper)electric
conductivity. At late times, once the magnetic fields evolve
according to scaling laws indicated by MHD simulations,
no further transfer occurs if there is no dynamo amplifi-
cation. Unless further amplification of the magnetic field
occurs, e.g., at the time of dark U(1) symmetry breaking,
the suppression factor implies that the visible fields are too
weak to explain the blazar observations.
The paper is organized as follows. In Sec. II, we describe

the model and derive the evolution equations of visible and
dark magnetic fields. In Sec. III, we examine how the
transfer from dark to visible magnetic fields occurs. In
Sec. IV, we adopt the formalism developed in the previous
sections and evaluate the present properties of the

intergalactic magnetic fields. We summarize our findings
in Sec. V.

II. MODEL AND EVOLUTION EQUATIONS

We focus on the case where there are no light matter
fields in the plasma that are simultaneously charged under
both the visible and dark U(1) symmetries in the basis with
gauge kinetic mixing. (The case with particles in the plasma
that are charged under both U(1) symmetries is discussed in
Appendix A.) The Lagrangian is now written as

L ¼ −
1

4
YμνYμν −

1

4
DμνDμν −

ϵ

2
YμνDμν − JμYYμ − JμDDμ:

ð1Þ

Here Yμ is the SM hypercharge gauge field, Dμ is the dark
U(1) gauge field, and Yμν and Dμν are their field strengths.
ϵ ≪ 1 is the gauge kinetic mixing parameter, which can
come from a loop-induced process with heavy mediators
connecting the two sectors. JYμ and JDμ are the visible and
dark U(1) current carried by matter fields with the asso-
ciated U(1) charges. We assume both U(1) symmetries
remain unbroken throughout the B-field transferring proc-
ess. Depending on the mass of the dark photon, there are
constraints on ϵ [40]. However, for a high dark U(1)
breaking scale, much higher than the electroweak scale,
there are no strong bounds on ϵ and, hence, ϵ ∼Oð0.1Þ is
allowed. Since we focus on the dynamics at a scale higher
than the electroweak scale, the visible magnetic fields are
identified as the SM hyper U(1) magnetic fields. Hyper
magnetic fields are subsequently transformed into (electro)
magnetic fields at the electroweak phase transition [17].
Here we consider the case where the Universe is filled

with thermal fluids, in which both U(1) charged particles
are thermalized. In such an environment, the evolution of
magnetic fields with a spatial scale larger than the intrinsic
scale of the fluids can be described by the MHD equations
[41], which consist of the Navier-Stokes equations and
Maxwell’s equations. We modify the Maxwell’s equations
to include both gauge fields with kinetic mixing.
The focus of this work is the transition between dark and

SM magnetic fields inside thermal fluids. Instead of giving
a specific B-field generation model in the dark sector, we
simply assume the existence of a dark magnetic field,
BDðtiÞ, from the initial conformal time ti. The dark B-field
can come from various field generation models but with a
larger parameter space for phase transitions or chiral
instability that are not directly constrained by SM physics.
The Lagrangian Eq. (1) leads to the equations of motion

for the gauge fields,

∂μYμν þ ϵ∂μDμν ¼ JνY; ∂μDμν þ ϵ∂μYμν ¼ JνD: ð2Þ

In terms of the electric and magnetic fields, BY ¼ ∇ × Y,
BD ¼ ∇ × D, EY ¼ −∇Y0 − _Y, ED ¼ −∇D0 − _D, with the
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dot being the derivative with respect to conformal time, we
obtain modified Ampére’s laws as

∇ × ðBY þ ϵBDÞ ¼ JY; ∇ × ðBD þ ϵBYÞ ¼ JD; ð3Þ

where BY and BD are the magnetic fields for the visible and
dark gauge fields. We work in the conformal frame so that
the effects of the cosmic expansion in the Friedmann
universe do not appear explicitly. The time should be
understood as the conformal time and the electric con-
ductivities should be rescaled by the scale factor a,
σa ¼ aσa;phys. The physical electric and magnetic fields,
Ephys and Bphys, are obtained by Ephys ¼ a−2E and
Bphys ¼ a−2B. We have adopted the nonrelativistic MHD

approximation and neglected the displacement currents _EY

and _ED, where EY and ED are the visible and dark electric
fields, since they are suppressed by factors of the fluid
velocity v ≪ 1 compared to the total currents [42].
Faraday’s laws as well as Gauss’s laws for magnetism
take the standard form,

∇×EY ¼− _BY ∇×ED¼− _BD; ∇ ·BY ¼0; ∇ ·BD¼0;

ð4Þ

since they are derived from the definition of the field
strength tensor.
Assuming the chiral magnetic current [43] as well as the

chiral vortical current [44] are negligibly small2 the currents
obey Ohm’s law,

Ja ¼ σabðEb þ v × BbÞ; a; b ¼ Y;D; ð5Þ

where v is the local velocity of both the SM and dark fluids,
and σab is the electric conductivity tensor. To justify the
treatment of the medium as a single fluid, we note that
t-channel scattering between dark and SM particles,
assuming similar masses, keeps the visible and dark fluids
in thermal equilibrium as long as the scattering rate
Γ ∼ Nscatϵ

2α2YT, is larger than the Hubble expansion rate
H ∼ T2=mPl where Nscat, αY and mPl ¼ 1.22 × 1019 GeV
are the number of particles that are involved in the
scattering, the hyper fine structure constant and the
Planck mass, respectively. Thus, in order for the single

fluid approximation to be justified, the temperature of the
fluid must be smaller than

T ≲ 1014 GeV

�
Nscat

100

��
ϵ

0.1

�
2

: ð6Þ

At much lower temperatures, either the dark U(1) breaking
or recombinations in the two sectors make the system
depart from thermal equilibrium. Hereafter, we consider
the case where the dark magnetic field generation (as well
as the magnetic field transfer) occur in the radiation-
dominated Universe.
In the high-temperature phase, the conductivity tensor is

evaluated by the Kubo formula as

σab ¼ −lim
ω→0

lim
k→0

1

ω
ImhJaJbiirr ð7Þ

with the bracket being the one-boson irreducible correlation
function [46,47]. In our setup, since there are no fields that
carry both the visible and dark U(1) charges, the off-
diagonal components of the electric conductivity tensor
vanishes at tree level and is suppressed by the kinetic
mixing ϵ at higher order. Neglecting the off-diagonal
components (see Appendix A for details), we write the
visible and dark electric currents in terms of the visible and
dark electric and magnetic fields as

JY ¼ σYðEY þ v×BYÞ; JD¼ σDðEDþ v×BDÞ: ð8Þ

The visible and dark electric conductivities (σY ≡ σYY and
σD ≡ σDD) are evaluated as [46,47]

σY ∼ σD ∼ aC
T3g2

Tðg4T ln g−1Þ ∼ 102
�
C
10

��
e
g

�
2

aT; ð9Þ

with g being the gauge coupling of the dominant thermal
fluid particles, and e is the SM electric charge. The
equation can be qualitatively understood as arising from
the classical Drude model, σ ∼ ng2τ=m, with number
density n ∼ T3, typical energy scale m ∼ T, and the
characteristic time scale for large angle scattering τ ∼
ðg4T ln g−1Þ−1 in thermal bath. The coefficient C depends
on the number of charged particle species, and in the SM
ranges from 15, when only the electron is included, to 12,
when all charged fermions besides top are included [47].
Here the scale factor a is included since we define the
electric conductivities in the conformal frame. As a result,
the electric conductivities are invariant under the cosmic
expansion in the limit we neglect the change of the number
of relativistic particles.
We can eliminate the electric fields from Ohm’s and

Ampére’s laws, so that the evolution equations for the
magnetic fields read

2As has been shown in Refs. [15–17], chirality flip interactions
in the standard model prevent the chiral chemical potential from
being amplified efficiently due to the free decay of the magnetic
helicity. Then the magnetic field evolution is unchanged by the
chirality of the medium, at least in the relevant case of weak
magnetic fields. On the other hand, if chirality flip interactions do
not exist in the dark sector, the chiral chemical potential can be
amplified and the chiral magnetic and vortical effects may affect
the dark magnetic field evolution, but it is unlikely according to
the recent numerical MHD studies, Ref. [45]. Here, we assume
that the dark sector contains chirality flipping interactions.
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_BY ¼ 1

σY
∇2BY þ ϵ

σY
∇2BD þ ∇ × ðv × BYÞ; ð10Þ

_BD ¼ 1

σD
∇2BD þ ϵ

σD
∇2BY þ ∇ × ðv × BDÞ: ð11Þ

By redefining

B̂Y≡−
ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1−αÞ2þ4αϵ2
p BYþ

�
1

2
−

1−α

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−αÞ2þ4αϵ2

p
�
BD;

ð12Þ

B̂D≡ ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−αÞ2þ4αϵ2

p BYþ
�
1

2
þ 1−α

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−αÞ2þ4αϵ2

p
�
BD;

ð13Þ

with α≡ σD=σY , the evolution equations for the magnetic
fields are decoupled as

_̂BY ¼ 1þ α −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

∇2

σY
B̂Y þ ∇ × ðv × B̂YÞ;

ð14Þ

_̂BD ¼ 1þ αþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

∇2

σY
B̂D þ ∇ × ðv × B̂DÞ:

ð15Þ

We can see that the nonvanishing gauge kinetic mixing and/
or α ≠ 1 generate a difference in the effective electric
conductivities and therefore a different time evolution of
the two magnetic fields. This will be the source for the
transfer from the dark to visible magnetic fields as we show
in the next section by solving the evolution equations. Note
that the field redefinition [Eqs. (12) and (13)] makes sense

only when ϵ ≠ 0 and hence nonvanishing ϵ is essential for
the magnetic field transfer.

III. TRANSFER OF MAGNETIC FIELDS

We explore the transfer of dark magnetic fields to visible
magnetic fields in two steps. First, at early times, soon after
the dark BD is generated, we assume that the fluid velocity
is negligible. At such early times, energy in the B-fields
has not been transferred to kinetic flows and this
assumption is justified. Eventually, the velocity fields are
emerged through the Lorentz force and the eddy turnover
scale catches up with the coherence scale of the B-fields. At
that time we can no longer ignore the fluid velocity. In this
second stage, however, we can use the scaling laws derived
using numerical MHD simulations [48,49].

A. First stage: v ≈ 0

Setting v → 0 in Eqs. (14) and (15), the equations
linearize. Then it is convenient to go to Fourier space,

Bðt; xÞ ¼
Z

d3k
ð2πÞ3

X
s¼�

Bsðk; tÞQsðkÞ exp½ik · x�; ð16Þ

with Q�ðkÞ being the circular polarization vectors. The
mode functions Bsðk; tÞ then obey,

_̂B
s
Yðk;tÞ¼−

1þα−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−αÞ2þ4αϵ2

p
2α

k2

σY
B̂s

Yðk;tÞ; ð17Þ

_̂B
s
Dðk;tÞ¼−

1þαþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−αÞ2þ4αϵ2

p
2α

k2

σY
B̂s

Dðk;tÞ; ð18Þ

with the solutions,

B̂s
Yðk; tÞ ¼ exp

�
−
1þ α −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

k2

σY
ðt − tiÞ

�
B̂s
Yðk; tiÞ; ð19Þ

B̂s
Dðk; tÞ ¼ exp

�
−
1þ αþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

k2

σY
ðt − tiÞ

�
B̂s
Dðk; tiÞ; ð20Þ

where t is the conformal time, and ti is the time of BD
generation. The exponential decay corresponds to dissipation
of the B-fields caused by the finite conductivity. B̂s

Y and B̂s
D

decay with different rates due to the different effective

conductivities. Since we are interested in having both the
initial dark B-field generation and the later time dark U(1)
breaking in the un-hatted basis (BY;D), wewrite the solutions
in the original basis as in Eq. (1) and take BY ¼ 0 initially,
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Bs
Yðk; tÞ ¼

αϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
�
exp

�
−
1þ α −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

k2

σY
ðt − tiÞ

�

− exp

�
−
1þ αþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

k2

σY
ðt − tiÞ

��
Bs
Dðk; tiÞ; ð21Þ

Bs
Dðk; tÞ ¼

�
−1þ αþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p exp

�
−
1þ α −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

k2

σY
ðt − tiÞ

�

−
−1þ α −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p exp
�
−
1þ αþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αÞ2 þ 4αϵ2

p
2α

k2

σY
ðt − tiÞ

��
Bs
Dðk; tiÞ: ð22Þ

Thus, even if magnetogenesis only comes from the dark
sector, nonvanishing visible magnetic fields are still pro-
duced from the magnetic field transfer between two sectors.
The dark-to-visible transfer is a consequence of the

difference of the effective electric conductivities in the basis
B̂Y and B̂D. As we discuss below, although both B̂-fields
dissipate through Eqs. (19) and (20), the incomplete
cancellation between them lead to the linear growth of
the visible field when k2ðt − tiÞ=σY ≪ 1 with a size that is
inverse proportional to the conductivity. We have been
deriving results by assuming particles charged either under
the SM or dark U(1) but not both. The result can
alternatively be understood qualitatively in a different
charge basis. From the original basis in the Lagrangian
of Eq. (1), we can go to the basis without gauge kinetic
mixing but with mixed currents that are charged under both
dark and visible U(1) symmetries. Then the dark magnetic
fields are associated with the current charged under both the
dark and visible U(1), and the nonzero visible U(1) charge
carried by the current in this basis sources the visible
magnetic fields.
We show an example of the visible B-field evolution in

Fig. 1. We are interested in scenarios with photon mixing
ϵ ≪ 1 and conductivity ratio α ∼ 1. At early times,
k2ðt − tiÞ=σY ≪ 1, the visible field grows linearly,

Bs
Yðk; tÞ ≃

ϵk2

σY
ðt − tiÞBs

Dðk; tiÞ; ð23Þ

while after k2ðt − tiÞ=σY > 1, the field decays exponen-
tially ∝ exp½−k2ðt − tiÞ=σY � due to the usual diffusion
effects (blue curve). The change from growth to decay
will occur at time t − ti ≈ σY=k2, once the visible magnetic
field has grown to Bs

Yðk; tÞ ≈ ϵBs
Dðk; tiÞ. However, in

Sec. IV, we will see that our assumption v ≈ 0 breaks
down before the dissipative regime can start for the
case with relatively small coherence length, and we have
to use the full MHD solution that takes the fluid velocity
into account (red curve). The efficiency of the transfer,

ϵk2ðt − tiÞ=σY , is the same for both helicity modes. Since
there is no transfer to the opposite helicity mode,
the helicity-to-energy ratio (jBþðk; tÞj2 − jB−ðk; tÞj2Þ=
ðjBþðk; tÞj2 þ jB−ðk; tÞj2) for each k mode is conserved
during the dark to visible B-field transfer. However, unless
the magnetic field spectrum is dominated by a single k
mode, the total helicity-to-energy ratio in the visible
magnetic fields obtained by integrating over all k modes
may differ from that in the dark magnetic fields if the
helicity-to-energy ratio is k dependent. In the case of
maximally helical fields, only one of B� is nonvanishing.
Maximally helical BY emerges from maximally helical BD
with identical polarizations, independent of the spectrum
since all the k modes are maximally helical.

FIG. 1. An illustration of the evolution of mean visible B-field
strength from the dark B-field transfer as a function of conformal
time that is divided by the coherence length of the dark B-field
(kc ¼ 2π=λc). Blue curve shows the growth and dissipation of the
visible B-field, Bs

Y , if the co-moving eddy scale of the turbulence,
ðt − tiÞBDðtiÞ=T2

D, is much smaller than the coherence length
2π=kc of the dark B-field. However, before Bs

Y grows to its
maximum size ϵBs

D permitted by the kinetic mixing, the fluid
velocity cannot be ignored and turbulence becomes important.
Then if there is no dynamo amplification, the B-field decays
following the scaling law discussed in Sec. IVand is shown by the
red curve in the plot.
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B. Second stage: v ≠ 0

Through the Lorentz force that acts on the charged
particles in the fluids, velocity fields are eventually gen-
erated from the magnetic fields, and the fluid becomes
turbulent. At that stage, the standard MHD studies (without
dark magnetic fields) have shown that the magnetic fields
evolve according to a scaling law that depends on whether
there is an inverse cascade [48–51], direct cascade
[41,48,49,52], or inverse transfer [53–56]. In any case,
as a first approximation, the magnetic fields are described
by the comoving field strength BcðtÞ at the coherence
length λcðtÞ or the peak scale kðtÞ ¼ 2π=λcðtÞ in the
conformal frame, and they evolve as

BcðtÞ ∝ t−nB ; λcðtÞ ∝ tnλ : ð24Þ
Here nB and nλ are positive constants, which are deter-
mined by the helicity of the magnetic fields and properties
of the turbulence [55,56]. Supposing that (i) the equilibra-
tion of the magnetic fields and velocity fields, v ∼ Bc=

ffiffiffiffiffi
ρc

p
,

where ρc ∼ T4
c denotes the comoving fluid energy density

(Tc is the temperature when the scale factor a ¼ 1), is
established when the system enters the scaling regime,3 and
(ii) the coherence length is determined by the eddy scale of
the turbulence, λc ∼ vt ∝ Bct, we have nB ¼ 1 − nλ, which
is also seen in the MHD simulations. Analytical explan-
ations of the scaling behavior, such as those given in
Refs. [48,49,52,57], suggest that these exponents are
insensitive to the values of MHD parameters.
We assume Eq. (6) is satisfied and take the single fluid

approximation. This means the coherence lengths in two
sectors are determined by the same eddy turnover scale
and velocity field, λY;Ŷ ≃ λD;D̂ ≃ vt. In our setup, when
BD ≫ BY in the un-hatted frame, we have the following
relations in the hatted frame,

8>>><
>>>:

B̂D ≃ B̂Y ≃ BD; for α ≃ 1;

B̂D ≃ BD; B̂Y ≃ ϵ2α
ð1−αÞ2 BD; for α ≪ 1;

B̂D ≃ ϵ2α
ð1−αÞ2 BD; B̂Y ≃ BD; for α ≫ 1.

ð25Þ

For α ≃ 1, both of the hatted magnetic fields drive
the plasma velocity, v ≃ BD=T2

c ¼ BD;phys=T2 with B̂D ≃
B̂Y ≃ BD, and the hatted magnetic fields individually evolve
according to the scaling laws, Eq. (24). For α ≪ 1, the
velocity fields are driven by the B̂D fields, and the B̂D field
strength as well as the coherence length evolve according to
the scaling law. Similarly, for α ≫ 1, the velocity fields are
driven by the B̂Y fields, and B̂Y field strength as well as the
coherence length evolve according to the scaling law. In

these latter two cases, since the coherence length for the
weaker hatted field, B̂Y for α ≪ 1 and B̂D for α ≫ 1, is
determined by the same eddy turnover scale, which is the
same as the coherence length of the dominant hatted field,
evolving with the scaling exponent nλ, we expect that both
magnetic fields B̂Y and B̂D evolve or decay with a scaling
law of the same exponent once the turbulence is fully
developed (see Appendix B for more detailed explanation).
Since the visible and dark magnetic fields in the original
basis (Eq. (1) are linear combination of those with the basis
B̂Y and B̂D (Eqs. (12) and (13), the ratio between the
magnitude of dark and visible magnetic fields are fixed
during turbulent evolution, and there is no further field
transfer at the order of our approximation.
In scenarios of magnetogenesis such as those from the

first-order phase transitions, the system enters the scaling
regime before the dissipation starts to erase the magnetic
fields exponentially, k2cðt − tiÞ=σY < 1, with kc being the
characteristic scale of the magnetic fields, as we will show
in the next section. See Eq. (27) and discussions around it.
We also discuss a concrete setup and evaluate the visible
magnetic field surviving until today.
Before we end the section, we want to comment on a

possible amplification of BY . It should be noticed that there
is no numerical study yet for the case when ρD̂ ≳ ρv ≫ ρŶ ,
where ρD̂;Ŷ and ρv are the energy densities in the hatted
B-fields and fluid velocity field. It remains as a possibility
that the weaker B̂Y field (for α ≪ 1) can experience
dynamo-amplification and/or will enter the scaling regime
at some time after the stronger B̂D field starts scaling (and
vice versa for α ≫ 1). The two B̂ fields may therefore
evolve with different scaling exponents for some time,
which may result in additional amplification of the visible
BY fields. A quantitative estimation of such an amplifica-
tion requires detailed numerical simulations. Here we take a
conservative position where we assume that such amplifi-
cations of visible B-field are negligible.

IV. ESTIMATE OF PRESENT
INTERGALACTIC MAGNETIC FIELD

Now we evaluate the strength and coherence length of
the present visible magnetic fields in a concrete setup. Here
we assume that the dark magnetic fields are generated at an
early time before the electroweak phase transition and
transferred to the SM hyper U(1) magnetic fields. Then the
hyper magnetic fields smoothly turn into the (electro)
magnetic fields at the electroweak symmetry breaking
without any decay or amplification, which evolve accord-
ing to the scaling law and remain until today. Let us write
the temperature at dark magnetogenesis as TðtiÞ ¼ TD and
parameterize the typical momenta (or the inverse of the
coherence length) of the dark magnetic fields as kc ∼ γHD.
Here HD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8π3g�=90

p
T2
D=mPl ≃ 1.66g1=2� T2

D=mPl is the
Hubble parameter at the dark magnetogenesis with g� being

3This is equivalent to the statement that the velocity fields are
amplified up to the Alfvén velocity vA ¼ Bphys=

ffiffiffi
ρ

p
with ρ being

the physical (charged) fluid energy density.
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the number of relativistic degrees of freedom.4 γ is the ratio
between the Hubble radius and initial magnetic field
coherence length, which we take as a free parameter that
parameterizes the magnetogenesis models. If we specify a
magnetogenesis model, γ can be obtained, e.g., from
numerical simulations. For instance, γ ∼ 102 [33] if the
dark magnetogenesis comes from a first-order phase tran-
sition, and the initial coherence length of the magnetic fields
is the order of the size of the largest bubbles at coalescence.
The magnetic field strength at this time is denoted by

BDðtiÞ and has energy density ∼ðBDðtiÞÞ2, which can be
comparable to the energy density of the thermal fluids ρ ¼
ζT4

D with ζ ¼ π2g�=30. At first the dark magnetic fields
evolve adiabatically except for the slight decay due to
dissipation. The first stage terminates when the coherence
length 2π=kc is caught up by the eddy turnover scale vΔts
with v ≈ vA ≈ ζ−1=2BDðtiÞ=T2

D, supposing that the velocity
fields gets equilibrated to the magnetic fields at a suffi-
ciently earlier time. Δts is the time interval of the first
stage, and we take the scale factor to be a ¼ 1 at t ¼ ti to
write it as

Δts ∼
2πζ1=2T2

D

kcBDðtiÞ
∼

ffiffiffiffiffiffi
6π

p

2γ

mPl

BDðtiÞ
: ð26Þ

The dissipative evolution starts at t − ti ≃ σY=k2c ≃ 3σYm2
Pl=

8πγ2ζT4
D. For a sufficiently small γ,

γ ≲
ffiffiffi
3

p
σY

2ð2πÞ3=2ζTD

�
BDðtiÞ
T2
D

��
mPl

TD

�
; ð27Þ

the first stage ends before the system reaches the regime of
dissipative evolution (Δts ≪ t − ti). Since we are interested
in an efficient magnetogenesis ∼BDðtDÞ=T2

D ∼ 10−2 and
focus on scenarios with TD ≤ 1014 GeV for the single fluid
approximation, the inequality becomes γ ≲ 102 after taking
σY ≃ 100TD from Eq. (9). The equality can be naturally
satisfied, e.g., in magnetogenesis from the first-order phase
transition at TD ≪ 1014 GeV that has typical γ ≃ 102 [33].
We assume the inequality holds for the following derivation.
Now let us evaluate the properties of the visible magnetic

fields at the present epoch. In order to compare them with
the observations here, we move to the physical frame.
Combining Eqs. (23) and (26) and the relations kc ¼ γHD,
the coherence length at the time of dark magnetogenesis
λY ¼ 2π=kc, and the Hubble redshift factor ðHDΔtsÞ−2 of
the magnetic field strength (note that t denotes conformal
time), the physical visible magnetic field strength and
coherence length when the first stage ends and the system
enters the scaling regime (t ¼ ts) are

BY;physðtsÞ ≃
ϵk2c
σY

ΔtsBDðtiÞðHDΔtsÞ−2 ≃
ϵγ3

2πζ1=2
HDT2

D

σY

�
BDðtiÞ
T2
D

�
2

¼ 3.8 × 103 GeV2

�
ϵ

10−1

��
σY

102TD

�
−1
�

γ

102

�
3
�
BDðtiÞ=T2

D

0.01

�
2
�

TD

108 GeV

�
3

¼ 5.6 × 1022 G

�
ϵ

10−1

��
σY

102TD

�
−1
�

γ

102

�
3
�
BDðtiÞ=T2

D

0.01

�
2
�

TD

108 GeV

�
3

; ð28Þ

λY;physðtsÞ ≃
2π

kc
ðHDΔtsÞ ≃

ffiffiffiffiffiffi
3

8π

r �
2π

γ

�
2 mPl

BDðtiÞ

≃ 1.6 × 102 GeV

�
γ

102

�
−2
�
BDðtiÞ=T2

D

0.01

�−1� TD

108 GeV

�
−2

≃ 1.1 × 10−36 Mpc

�
γ

102

�
−2
�
BDðtiÞ=T2

D

0.01

�−1� TD

108 GeV

�
−2
: ð29Þ

Here we have taken into account the redshift from the magnetic field generation to the onset of the scaling law using,

HDΔts ≃
2πζ1=2T2

D

γBDðtiÞ
; ð30Þ

which also gives the temperature at the onset of the scaling evolution (when fluid velocity cannot be ignored),

Ts ≃
TD

HDΔts
¼ γBDðtiÞ

2πζ1=2TD
¼ 1.9 × 106 GeV

�
γ

102

��
BDðtDÞ=T2

D

0.01

��
TD

108 GeV

�
: ð31Þ

4We assume g�ðTDÞ ¼ 213.5 when presenting result. The number is the sum of SM degrees of freedom above the electroweak scale
(106.75) and the number from dark sector (106.75) that contains a mirror copy of SM particles with the same SM temperature.
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Note that this expression applies only for BDðtiÞ < 2πT2
D=γ.

For BDðtiÞ ≳ 2πζ1=2T2
D=γ, magnetic fields will be entering

the scaling regime in a Hubble time but we do not consider
such cases.
Assuming that the visible magnetic fields evolve accord-

ing to the scaling law without experiencing significant
dynamo amplifications until recombination and afterwards
evolve adiabatically until today, we can estimate the present
strength and coherence length of the intergalactic magnetic
fields using the scalings,

B0
phys ¼

�
aðtsÞ
a0

�
2
�

ts
trec

�
nB
BY;physðtsÞ;

λ0phys ¼
�
aðtsÞ
a0

�
−1
�

ts
trec

�
−nλ

λY;physðtsÞ; ð32Þ

where B0
phys and λ0phys are the physical magnetic field

strength and coherence strength today, respectively, and

trec is the conformal time at recombination. Since we are
interested in getting maximal B-field and coherence length,
we assume the dark B-field is generated with maximal
helicity, in which case the exponent of the scaling exponent
is known as nB ¼ 1=3 and nλ ¼ 2=3 [48,49]. (See also
Appendix B.) For example, maximally helical B-field can
be generated by pseudo scalar inflation [21,22] and chiral
instability [29,30] (see also Refs. [58,59]). Besides taking it
as an assumption for generating large magnetic fields, the
existence of helical intergalactic magnetic fields may even
be indicated by data from the parity-violating correlations
of the diffuse gamma ray flux [60–63]. This gives a
motivation to study the maximally-helical scenario, while
our derivations can be easily adapted to different (nB, nλ)
assumptions.
From Eqs. (28), (31), and (32) we obtain the present

magnetic field strength and coherence length in terms
of the temperature and field strength at the dark magneto-
genesis as,

B0
phys ≃ 2.8 × 10−22 G

�
γ

102

�
2=3

�
ϵ

0.1

��
σY

100Td

�
−1
�
BDðtiÞ=T2

D

0.01

�−1=3� TD

108 GeV

�
2=3

; ð33Þ

λ0phys ≃ 7.5 × 10−6 Mpc

�
γ

102

�
−1=3

�
BDðtiÞ=T2

D

0.01

�
2=3

�
TD

108 GeV

�
−1=3

: ð34Þ

In Fig. 2, the field strength and coherence length of the
present magnetic fields for different choices of TD are
depicted with the blue thick solid line. We can see that
such fields are too weak and incoherent to explain the
observed deficit of secondary GeV cascade photons from
blazars even if we take relatively extreme parameters such
as TD ≃ 1014 GeV (comparing to Eq. (6)) and a large γ.
The main reason for the weak field strength is that the
transfer efficiency factor ϵk2cΔts=σY is very small, ∼1.0 ×
10−7ðϵ=0.1Þðγ=102ÞððBDðtiÞ=T2

DÞ=0.01Þ−1ðTD=108 GeVÞ
due to the large electrical conductivity (kc=σY ∼HD=
TD ≪ 1). One might think that taking γTD > 1016 GeV
and BDðtiÞ=T2

D < 10−2 can increase the size of B0
phys in

(33). But this violates the condition in Eq. (27), and the
exponential dissipative decay happens too early and
eliminate the magnetic fields before the turbulent plasma
develops, so Eqs. (33) and (34) do not apply. Moreover,
since magnetic fields decay faster in the nonhelical or
partially helical case, the maximally helical case we study
should give the largest visible B-field.
In order to avoid all possible collider and cosmological

constraints, we have in mind that the dark Uð1ÞD symmetry
breaks down at a high temperature, e.g., above the
electroweak symmetry breaking. It is not quite clear if
the scaling relation with the exponents in Eq. (32) holds

after the Uð1ÞD symmetry breaks. When deriving Eqs. (33)
and (34) with the exponents nB ¼ 1=3 and nλ ¼ 2=3, we
implicitly assume helicity conservation for each of the B̂
fields, λB̂2

Y;B=2π ¼ const, with the same coherence length
that is comparable to the eddy turnover scale λ ∼ vt, where
the velocity fields are in equilibrium with the darkmagnetic
fields v ∼ vA ∼ BD;phys=

ffiffiffi
ρ

p
[15,16]. (See also Appendix B.)

However, these assumptions do not hold after dark Uð1ÞD
symmetry breaking. The Alfvén velocity evaluated with the
BY field after Uð1ÞD symmetry breaking will be much
weaker than the velocity fields we used to derive Eqs. (33)
and (34). Thus, we also expect that the eddy turnover scale
to be shorter after Uð1ÞD breaking. Consequently the
coherence length of the BY fields will be smaller than
the estimate in Eq. (34), which is the largest possible
coherence length that can be achieved in this scenario.
The actual coherence length as well as the BY field

strength depend on the decay of the velocity fields and can
be estimated as follows. Suppose that the velocity fields
cannot become smaller than the Alfvén velocity for the BY
field, theBY field strength and the minimal coherence length
satisfy the relation λ0phys=pc ≃ B0

phys=ð10−14 GÞ [33,48] (see
also Appendix C), which is the red dashed line in Fig. 2.
Therefore, if there is no additional dynamo-amplification of
the BY fields, the actual magnetic field properties will lie
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between the red dashed line (λ0phys=pc ≃ B0
phys=ð10−14 GÞ)

and the blue solid line (Eqs. (33) and (34) in Fig. 2.
How can we determine the magnetic field properties

further? We can take advantage of helicity conservation.
Since we consider the maximally helical case, the helicity
density h ¼ λ0physðB0

physÞ2=2π is conserved. Thus, we expect
that the final magnetic field properties lie on the black
dashed line shown in Fig. 2 with respect to the temperature
at the dark magnetogenesis TD. In summary, we conclude
that the magnetic field properties today in this scenario lie
in the blue shaded region in Fig. 2. We can see that even
taking into account the possible faster decay of the velocity
fields after the dark U(1) symmetry breaking, the present
field strength and coherence scale of the magnetic fields are
below the lower bound of the numbers that can explain the
blazar observations. Therefore, in our conservative esti-
mate, it is not possible to explain the blazar observation by
the magnetic fields transferred from the dark U(1) fields.
However we do not exclude the possibility where the

dynamo-amplification works when the scaling regime starts
or the dark Uð1ÞD symmetry breaks down, so that the
amplified magnetic fields may still explain the observation.
Before closing our discussion, let us mention that we

have not considered another issue on the dark U(1)
symmetry breaking. When the symmetry breaks down,
the dark U(1) gauge boson gets massive and the dark
magnetic fields are confined to cosmic strings. The impli-
cations for the visible magnetic fields will then depend on
when the dark U(1) symmetry breaking occurs.

V. SUMMARY

In this article, we have examined how dark magnetic
fields can be transferred to the visible magnetic fields
through the gauge kinetic mixing. We have considered the
system with the Lagrangian Eq. (1) where there are
independent dark and visible U(1) currents in the basis
with gauge kinetic mixing. We have found that in such a
system the visible magnetic fields emerge due to the
transfer from the dark magnetic fields in thermal fluids
through the gauge kinetic mixing, when the velocity fields
are small. The efficiency is suppressed by the gauge kinetic
mixing parameter ϵ as well as the large electric conductivity
σY and the duration of the transfer. This is because the
magnetic field transfer occurs through the difference in the
strength of the dissipation between two sectors, whose
amplitudes are determined by k2c=σY, at the early stages
when the effect is linear in (conformal) time prior to the
onset of exponential decay. At some later time the velocity
fields develop turbulence and the transfer terminates when
the magnetic fields enter the scaling regime. The ratio
between the visible and dark magnetic field strength is
fixed at that time. Due to the shortness of the duration for
the system to enter the scaling regime, the visible-to-dark
magnetic field strength ratio is generally very small, say
∼10−7. As a result, it is not possible to explain the TeV
blazar observations by the visible intergalactic magnetic
fields generated by this mechanism without further dynamo
amplification.
We have not considered the dark U(1) symmetry break-

ing in detail, which should be associated with a possible
dynamo amplification of the visible magnetic fields as well
as the dark cosmic string production. We assume the
symmetry breaking does not affect the abundance of relic
visible magnetic fields. However, we do not exclude the
possibility that this would change the strength of the visible
magnetic fields. This is left for future work.
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APPENDIX A: THE CASE WITH PARTICLES
CHARGED UNDER BOTH U(1) SYMMETRY

In the main part of the present article, we focused on the
dark-visible U(1) gauge system with visible and dark
currents that are independent of each other as described by
Eq. (8). We now examine the case where there are particles
charged under both dark and visible U(1) symmetry.5

This is the case, e.g., when Uð1ÞB−L magnetic fields
are generated. In this case, both dark and visible U(1)
currents consist of the current of these particles and are
not independent. Then the off-diagonal components of
the electric conductivity need to be taken into account.

The discussion in this Appendix also shows the validity
of the treatment in the main part that we neglect the off-
diagonal components of the electric conductivity.
Compared to the discussion in the main article, Ohm’s

law in Eq. (8) is modified to

JY ¼ σYðEY þ v × BYÞ þ σYBðED þ v × BDÞ; ðA1Þ

JD ¼ σDðED þ v × BDÞ þ σYBðEY þ v × BYÞ; ðA2Þ

where the off-diagonal component of the electric conduc-
tivity σYB is introduced, which we expect to satisfy σYB ∼
σY ∼ σD. Eliminating the electric fields by using Eqs. (A1)
and (A2) and substituting them in the modified Maxwell’s
equations (3) and (4), we obtain the evolution equations for
the magnetic fields as

_BY ¼ 1

σDσY − σ2YB
ððσD − ϵσYBÞ∇2BY þ ðϵσD − σYBÞ∇2BDÞ þ ∇ × ðv × BYÞ

¼ 1

σ̂Y
∇2BY þ ϵ̂Y

σ̂Y
∇2BD þ ∇ × ðv × BYÞ; ðA3Þ

_BD ¼ 1

σDσY − σ2YB
ððσY − ϵσYBÞ∇2BD þ ðϵσY − σYBÞ∇2BYÞ þ ∇ × ðv × BDÞ

¼ 1

σ̂D
∇2BD þ ϵ̂D

σ̂D
∇2BY þ ∇ × ðv × BDÞ; ðA4Þ

where

σ̂Y ≡ σDσY − σ2YB
σD − ϵσYB

; σ̂D ≡ σDσY − σ2YB
σY − ϵσYB

; ϵ̂Y ≡ ϵσD − σYB
σD − ϵσYB

; ϵ̂D ≡ ϵσY − σYB
σY − ϵσYB

: ðA5Þ

Then the evolution equations are decoupled as

_̂BY ¼
1þ α̂−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− α̂Þ2þ4α̂ϵ̂Y ϵ̂D

p
2α̂

∇2

σ̂Y
B̂Y þ∇× ðv× B̂YÞ;

ðA6Þ

_̂BD¼ 1þ α̂þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− α̂Þ2þ4α̂ϵ̂Y ϵ̂D

p
2α̂

∇2

σ̂Y
B̂Dþ∇× ðv× B̂DÞ;

ðA7Þ

where

α̂≡ σ̂D
σ̂Y

¼ σD − ϵσYB
σY − ϵσYB

; ðA8Þ

and

B̂Y ≡ −
ϵ̂Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − α̂Þ2 þ 4α̂ϵ̂Y ϵ̂D
p BY

þ
�
1

2
−

1 − α̂

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − α̂Þ2 þ 4α̂ϵ̂Y ϵ̂D

p
�
BD; ðA9Þ

B̂D ≡ ϵ̂Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − α̂Þ2 þ 4α̂ϵ̂Y ϵ̂D

p BY

þ
�
1

2
þ 1 − α̂

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − α̂Þ2 þ 4α̂ϵ̂Y ϵ̂D

p
�
BD: ðA10Þ

From this point on, we can take over the discussion from
the main part of this article. Then we conclude that
(1) When the velocity fields are negligible for the evolu-

tion ofmagnetic fields, e.g., just after magnetogenesis,
5The case when particles charged under dark U(1) symmetry

are absent is studied at Ref. [39].
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the magnetic field transfer occurs and the visible
magnetic fields evolve as

Bs
Yðk; tÞ ¼

ϵ̂Yk2

σ̂Y
ðt − tiÞBs

Dðk; tiÞ: ðA11Þ

Since we expect σYB ≃ σD ≃ σYð≃σ̂YÞ, we have ϵ̂Y ≃
−1 and the sign of the visiblemagnetic field strength is
opposite to the dark magnetic field strength. Note that
if the off-diagonal component σYB is suppressed by a
factor of ϵ, the result is the same to the one obtained in
themain part of this article unless a fine-tuning ϵ̂Y ¼ 0
or ϵ̂D ¼ 0, namely, ϵσD ¼ σYB or ϵσY ¼ σYB is
realized. Thus, we can safely neglect the off-diagonal
components of the electric conductivity in the dis-
cussion of the main part.

(2) When the system enters the scaling regime after the
velocity fields fully develop, there will not be any
further magnetic field transfer as long as both of the
magnetic field spectra have the peaks at the same
momentum and the scaling exponents are exactly
the same.

APPENDIX B: THE SCALING LAWS
FOR TWO FIELDS

Here we explain why the exponents for the scaling laws
for the hatted fields are the same, argued in Sec. III B.

1. Maximally helical case

In the maximally helical case, the reason why the
exponents of two hatted fields (B̂B and B̂Y in our dis-
cussion) become the same can be explained as follows. In
the conformal frame, we have the helicity conservations for
both fields (denoted as B̂D for the dominant field and B̂S for
the weaker field),

λDðtÞB̂2
DðtÞ ¼ const; λSðtÞB̂2

SðtÞ ¼ const: ðB1Þ
In the single fluid approximation, the coherence length are
determined by the eddy turnover scale common to both
fields,

λDðtÞ ≃ λSðtÞ ≃ vðtÞt: ðB2Þ
Supposing that the velocity fields are equilibrated to the
dominant field,

vðtÞ ≃ B̂DðtÞffiffiffi
ρ

p ; ðB3Þ

where ρ is the comoving energy density that is a constant.
Then we first obtain the relations for the dominant field,

λDðtÞB̂2
DðtÞ ¼ const; λDðtÞ ≃

B̂DðtÞffiffiffi
ρ

p t; ðB4Þ

which yeild

B̂DðtÞ ∝ t−1=3; λDðtÞ ∝ t2=3: ðB5Þ

Then we have λSðtÞ ∝ t2=3 for the weaker field. From the
helicity conservation, λSðtÞB̂2

SðtÞ ¼ const, we obtain

B̂SðtÞ ∝ t−1=3: ðB6Þ

Thus, the exponents of the scaling laws for both fields are
the same if both of them are maximally helical.

2. Nonhelical case with direct cascade

The direct cascade for the nonhelical magnetic fields can
be derived as follows. Suppose that the initial MF spectra
are written as with the common exponents ns

B̂DðkÞ¼ B̂0
D

�
k
k0

�
ns
; B̂SðkÞ¼ B̂0

S

�
k
k0

�
ns
; for k<k0;

ðB7Þ

with vanishing power at k > k0, where B̂0
D and B̂0

S are
understood as the typical field strength. If the velocity fields
just erase smaller scale powers than the eddy turnover scale
without amplifying the power at larger scales, the spectra
are expressed as

B̂Dðk;tÞ¼ B̂0
D

�
k
k0

�
ns
; B̂Sðk;tÞ¼ B̂0

S

�
k
k0

�
ns
; for k<

2π

vðtÞt:

ðB8Þ

Then the typical field strengths are given by

B̂DðtÞ ¼ B̂0
D

�
2π

k0vðtÞt
�

ns
; B̂SðtÞ ¼ B̂0

S

�
2π

k0vðtÞt
�

ns
;

ðB9Þ

and the coherence lengths are given by the eddy turnover
scale,

λDðtÞ ≃ λSðtÞ ≃ vðtÞt: ðB10Þ

Again, supposing that the velocity fields are equilibrated to
the dominant field, we can write

vðtÞ ≃ B̂DðtÞffiffiffi
ρ

p : ðB11Þ

From Eqs. (B9) and (B11), we obtain

B̂DðtÞ ∝ t−ns=ð1þnsÞ: ðB12Þ

Then, from Eqs. (B10) and (B11), we obtain
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λDðtÞ ≃ λSðtÞ ∝ t1=ð1þnsÞ; ðB13Þ

and from Eqs. (B9) and (B11), we obtain

B̂SðtÞ ∝ t−ns=ð1þnsÞ: ðB14Þ

Thus, the exponents of the scaling laws for both fields are
the same in the nonhelical case if the direct cascade scaling
law is realized with the discussions in the above.

APPENDIX C: DERIVATION OF THE
λ0phys=pc ≃ B0

phys=ð10− 14 GÞ CONDITION

Here, we show how the relation λ0phys=pc ≃ B0
phys=

ð10−14 GÞ is derived. At the recombination, the eddy
turnover scale for the visible magnetic fields is

λrecet ≃
vrecA

Hrec ¼
Brecffiffiffiffiffiffiffi
ρrecB

p
Hrec

¼
ffiffiffiffiffiffiffiffiffiffi
3=8π

p
BrecmPlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ΩB=ΩDM

p
ρrec

¼ 30
ffiffiffiffiffiffiffiffiffiffi
3=8π

p
zrecBrecmPl

π2grec�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩB=ΩDM

p ðΩDM=ΩγÞT4
rec

; ðC1Þ

where ρrecB is the energy density of baryons at recombina-
tion, ΩB, ΩDM, and Ωγ are the density parameters of
baryons, dark matter, and relativistic particles, respectively,
zrec is the redshift at recombination, and g� is the number
of relativistic particles at recombination. We can evaluate
that the coherence length of the magnetic fields are the
comparable to the eddy turnover scale. Assuming that after
the recombination magnetic fields evolve adiabatically
[33], λ0 ¼ zrecλrec ¼ zrecλrecet , B0 ¼ z−2recBrec, we obtain the
relation between the present magnetic field coherence
length and strength as

λ0 ¼ z4rec
30

ffiffiffiffiffiffiffiffiffiffi
3=8π

p
ΩγB0mpl

π2grec�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩBΩDM

p
T4
rec

∼ 1 pc
�

B0

10−14 G

�
: ðC2Þ

There are still discussions that turbulent plasma might
appear again and the magnetic fields might still experience
the cascade, which gives an uncertainty of the order of unity.
However, taking into account the uncertainties coming from
the amplitude of the velocity fields and the relation between
the coherence length of magnetic fields and the eddy
turnover scale, the above expression gives a good estimate
and consistent with the expressions in Refs. [33,48].
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