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We demonstrate a scheme for amplifying nanomechanical motion based on strong parametric
interactions between two independent flexural modes of a single nanobeam. A static electric field
polarizes a dielectric nanobeam and additional radio-frequency voltage excites the motion of the beam.
When the excitation frequency equals the difference of the two resonance frequencies, we observe a modesplitting feature in the strong-coupling regime. If the excitation frequency overlaps the sum of the two
resonance frequencies, the optical signal from the thermal motion of the nanomechanical resonator is
amplified by more than 30 dB. We demonstrate that coupling between the odd- and even-numbered
oscillatory mode can be realized and a coupled-mode theory is developed from a simple capacitor model to
explain our observations. We conclude that the results are thoroughly explained by parametric interactions
between two independent nanomechanical modes in thermal motion. This observation of parametric
control can be employed in nanomechanical force detection and molecular sensing applications.
DOI: 10.1103/PhysRevApplied.9.064023

I. INTRODUCTION
Nanomechanical systems have attracted research interest
from diverse scientific and engineering fields as they
exhibit unique characteristics such as versatile coupling
to different physical systems [1–5], high sensitivity to
external forces [6], compatibility with conventional electronics and semiconductor processes [7], and low-power
operation [8]. Recently, these potentials have been realized
in ultrasensitive mass spectroscopy [9,10], quantumlimited force measurements [11,12], and coherent quantum
converters [13,14]. While many of these applications
require ever smaller and lighter mechanical devices to
improve performance, the size of the mechanical system is
often incommensurate with the efficiency of the electronic
or optical transduction of nanomechanical motion: the
coupling between the mechanical resonator and the motion
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transducer generally diminishes as the system size is
reduced.
To address this issue, a direct amplification of mechanical
motion is pursued with efforts to identify a low-noise
amplification method universally applicable to various sensing applications. Degenerate parametric amplification in a
nanomechanical cantilever was reported [15], with subsequent studies of parametric amplification in nanomechanical devices demonstrating its applicability to harmonic force
detection [16,17] and resonator motion control, such as
through quadrature squeezing [18,19]. However, degenerate
parametric amplification is fundamentally phase sensitive
and requires phase information of the weak signal under
study, which is difficult to acquire a priori.
Further, it has been shown that two resonant oscillators
coupled by a time-varying nonlinear component can become
a nondegenerate parametric amplifier in both electrical and
optical domains [20,21]. In the mechanical domain, application of the sum frequency of different resonant modes has
shown an enhancement of resonantly driven mechanical
motions in a torsional structure [22,23]. Despite these
possibilities of developing a mechanical nondegenerate
amplifier, the detailed mechanism based on their structure
and flexural motion is not fully understood.
Our work presents an idea to apply the nondegenerate
mechanical amplification technique to a single
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nanomechanical structure with multiple resonant modes.
The technique utilizes coupling between different flexural
modes in mechanical resonators via the mechanical motion
itself [24–30]; more specifically, our method is based on the
dielectric gradient force transduction scheme [31]. By
modulating the electric field acting on a dielectric nanobeam (or pump) at the difference between the resonance
frequencies of two independent modes, we observe parametric coupling between two nanomechanical modes in
thermal motion. When the pump frequency reaches the sum
of the two resonance frequencies, an amplification of
thermomechanical motion occurs [32]. At stronger pump
amplitude, we observe nondegenerate parametric amplification of thermal motion at two pump frequencies different
from the exact sum frequency of the two flexural modes,
following a decrease in amplification gain at the exact
pump frequency. We provide a theoretical treatment from
general Euler-Bernoulli equations that explains these complex dynamics thoroughly, suggesting that this coupling
and amplification process arises from nondegenerate parametric interactions between two normal modes in the single
nanomechanical oscillator. Furthermore, our observation
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presents that the coupling between flexural modes is very
sensitive and becomes possible without additional structure
for asymmetry [33] between flexural modes of different
parity. A numerical analysis based on experimental parameters is also provided to support our theoretical model.
II. DESIGN AND EXPERIMENT
We fabricate an 80-μm-long, doubly clamped nanobeam
from a 200-nm-thick silicon nitride thin film with high
tensile stress (>700 MPa) [Fig. 1(a)]. Side electrodes are in
the vicinity of the resonator with 200-nm vertical gaps
[inset of Fig. 1(a)] to maximize the dipole interaction
between the electric field and mechanical structure. A dc
voltage between the side electrodes induces a dipole
moment on the mechanical resonator, and a rf voltage
actuates the mechanical motion of the nanobeam by dipole
interaction between the resonator and modulated electric
field, which is known as the dielectric gradient force [31].
The device is maintained at high vacuum (approximately
7.5 × 10−4 Pa) to minimize viscous damping effects on
the nanomechanical motion and at room temperature

FIG. 1. Description of the nanoelectromechanical resonator and optical measurement scheme. (a) Scanning electron micrograph of the
nanomechanical beam resonator and side electrodes with false color. The doubly clamped beam (blue) is in thermal motion, and a rf
signal (resonant or parametric pump) in combination with dc bias is applied via metal electrodes (yellow). The parametric pump is tuned
to the frequency of the difference (red detuned) or the sum (blue detuned) of the frequency of its first and second flexural modes. The
inset depicts a schematic diagram of the cross-sectional geometry of the nanomechanical device. (b) Schematic diagram of the optical
measurement based on amplitude modulation from the surface of the nanomechanical structure. An intensity-stabilized He-Ne laser
beam is directed to the mechanical resonator through a beam splitter and mirror and tightly focused on the surface of the device by an
objective lens. The reflected beam is focused onto the photodetector (PD) by a plano-convex lens. The amplitude-modulated signal is
recorded by the PD, and spectral information is analyzed by a spectrum analyzer (SA) or a network analyzer (NA). (c) Driven and
thermal motion of the nanomechanical resonator. With a strong resonant-driving signal (V rf ) near its resonant frequency, the
nanomechanical resonator presents a clear nonlinear response. The inset shows the fundamental and second flexural modes of the
resonator in thermal motion without V rf . Driven response is detected by the NA, and the response of thermal motion to parametric pump
is investigated using the SA.
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(293.0  0.1 K) while reducing temperature fluctuation
during measurement. The spectral responses of motion
are monitored using optical reflectance measurements to
transduce the nanomechanical motion [Fig. 1(b)] [34]. This
measurement scheme provides sufficient sensitivity to
observe multiple flexural modes in thermal motion.
We first characterize the driven and thermomechanical
motion of the nanomechanical resonator. The addition of a
rf voltage (pump) on the side electrodes actuates the
nanomechanical oscillator through the dielectric gradient
force. In a trivial regime, where the frequency ωp of the
applied rf voltage V rf is close to ω1 or ω2, we detect
resonant excitation of these modes and a nonlinear response
[Fig. 1(c)]. We also observe the thermomechanical motion
of fundamental (f 1 ¼ ω1 =2π ≈ 3.400 35 MHz) and second
(f 2 ¼ ω2 =2π ≈ 6.811 92 MHz) flexural modes with only
dc voltage applied on the side electrodes. These modes
possess low dissipation rates (Γ1 ¼ ω1 =Q1 ≈ 2π × 54 Hz,
Γ2 ¼ ω2 =Q2 ≈ 2π × 106 Hz) with a high-frequency-Q
product over fQ ¼ 4.3 × 1011 Hz for the second mode
[35,36], as shown in the inset of Fig. 1(c). High-frequency
flexural motion and a high mechanical quality factor come
from the high tensile stress in the silicon nitride layer [36].
Furthermore, the frequency of the resonant modes becomes
close to an integer multiple of the resonant frequency of the
fundamental mode [37,38], which is usually observed in
string-type mechanical resonators.
More interesting responses are revealed in the nonresonant
regime, when ωp equals the difference (ωred ¼ ω2 − ω1 ¼
2π × 3.411 57 MHz) or the sum (ωblue ¼ ω2 þ ω1 ¼
2π × 10.212 27 MHz) of the two resonance frequencies.
Since the force generated by the pump is off resonant to both
flexural modes in this case, the leading-order effect of
the pump on the mechanical oscillators is to modulate
their effective spring constant (“parametric excitation”).
Furthermore, ωp is also different from either 2ω1 or 2ω2,
and, thus, a nondegenerate parametric process should dictate
the mechanical motion of the two modes.
III. THEORETICAL MODEL
To analyze the nondegenerate parametric dynamics of
two flexural modes sharing the same nanomechanical beam
structure in our experiment, we include a simple capacitor
model with a dielectric that oscillates at its natural
frequency by thermal energy between the two side electrodes. The electrostatic energy of the capacitor structure
(nanoelectromechanical resonator and two side electrodes)
can be described as Uðu; tÞ ¼ 12 CðuÞVðtÞ2 ; where CðuÞ is
the capacitance of the device including mode shape and
displacement
P of the nanomechanical resonator, with
uðz; tÞ ¼ n ϕn ðzÞχ n ðtÞ at longitudinal position z and time
t, and VðtÞ is the time-varying applied voltage between
the side electrodes at pump frequency ωp. The total

PHYS. REV. APPLIED 9, 064023 (2018)

capacitance ofpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the device
is approximated as
ﬃ
Rl
0
2
Ctotal ≅ 0 f½εo w 1þu ðzÞ =½dþuðzÞgdz, where u0 ðzÞ ¼
f½∂uðzÞ=ð∂zÞg is the curved geometry along the longitudinal axis by the flexural mode shape of thermal motion,
and l is the length of the nanomechanical resonator (for a
detailed description of this model, see the Supplemental
Material [39]). This curvature creates higher-order terms in
forces on the nanomechanical resonator, and the linearized
presentation of force to the normal direction is as follows:

Fc ðu; u0 ; tÞ ≈ −C0

Zl
0


X
dz ϕm ðϕn =d2 þ ϕ00n Þχ n
mn

× ðV 2bias þ 2V bias V rf cos ωp tÞ:

ð1Þ

Different flexural modes are coupled to each other by the
geometry of the nanomechanical resonator. The dielectric
gradient force is included by V bias and V rf ; in the absence of
rf voltage V rf , the force on the nanomechanical resonator is
quadratically proportional to V bias , with resonant frequency
also tuned quadratically. This resonant frequency tuning of
each flexural mode by applied bias voltage is shown in the
inset of Fig. 2(n).
Then, the governing equation for a doubly clamped beam
driven via dipole force is
ρA

∂2u
∂ 4u
∂u
∂ 2u
−
p
þ
EI
þ
Γ
− f c ðu; u0 ; tÞ ¼ 0.
y
0
∂t
∂t2
∂z4
∂z2
ð2Þ

Here, there is time-dependent coupling between the different modes caused by the oscillation of capacitive force with
parametric pump frequency ωp. To investigate the spectral
response of the nanomechanical resonator with this timedependent coupling between different flexural modes, we
transform the governing equation for a doubly clamped
nanomechanical resonator in Euler-Bernoulli form with
coupling force [Eq. (2)] into a generalized coupled equation
as follows:
̈χ m þ γ m χ_ m þ ω2m0 χ m þ

X

kmn ðV 2bias þ 2V bias V rf cosωp tÞχ n

n¼1;2

¼ 2Fd cosωd t;

ð3Þ

which includes the driving force to describe the driven
oscillation by thermal energy. For the interaction between
the two flexural modes, we can simplify Eq. (3) into a
coupled-mode equation of two modes [40–43]. A detailed
derivation of theoretical model can be found in the
Supplemental Material [39],
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χ̈ 1 þ γ 1 χ_ 1 þ ω21 ðV bias Þχ 1 þ 2 cosðωP tÞ

X

κ1n χ n

n¼1;2

¼ 2Fd cosðωd tÞ;
χ̈ 2 þ γ 2 χ_ 2 þ ω22 ðV bias Þχ 2 þ 2 cosðωP tÞ

ð4Þ
X

κ2n χ n

n¼1;2

¼ 2Fd cosðωd tÞ:

ð5Þ

For the coupled equation of motion, κ mn represents the
parametric (m ¼ n) and coupling (m ≠ n) coefficient
including the structural asymmetry between the flexural
modes of a beam. As the nanomechanical resonator is in
thermal motion, we include Fd cosðωd tÞ for the thermal
driving force, with the amplitude of Fd affecting only the

PHYS. REV. APPLIED 9, 064023 (2018)
relative amplitude of the spectral response of the nanomechanical resonator. Here, γ i and ωi ðV bias Þ are the damping rate and resonant frequency of the ith flexural mode
modified by dc bias voltage.
To compare with experimental results, we evaluate
nondegenerate parametric coupling and amplification using
slowly varying amplitude solutions by solving the coupled
equations (4) and (5) for the first and second flexural modes.
IV. DISCUSSION
To confirm the parametric coupling between flexural
modes in thermal motion, we apply a parametric pump near
the red-detuned sideband frequency (ωp ∼ ωred ) and

FIG. 2. Parametric coupling by red-detuned sideband pump. (a)–(c),(g)–(i) Parametric coupling between the first and second flexural
modes, respectively. Responses of the first and second modes of the nanomechanical resonator to a parametric pump near the reddetuned sideband frequency ωred ¼ ω2 − ω1 for different pump amplitudes: V rf ¼ 0.089 V [(a),(g)], 0.316 V [(b),(h)], and 0.562 V [(c),
(i)]. Spectral response of each flexural mode is recorded by a SA while sweeping pump frequency ωP from ωred − 500 × 2π to
ωred þ 500 × 2π. At V rf ¼ 0.089 V, there is no apparent normal mode splitting for either flexural mode when ωp ¼ ωred . At
V rf ¼ 0.316 V, the mode-splitting frequency is estimated to be 135 and 115 Hz and increases to 245 and 223 Hz with V rf ¼ 0.562 V for
the first and second modes, respectively. (d)–(f),(j)–(l) Numerical analysis for the responses of the first and second flexural modes,
respectively, derived from slowly varying ω amplitudes of Eqs. (2) and (3) for frequency of interest near mechanical resonant frequency,
and ωp ∼ ωred , the parametric pump frequency with different pump amplitudes (see the Supplemental Material [39]). (m) Spectral
response of the first flexural mode in thermal motion to different parametric pump amplitudes and the theoretically estimated spectrum
of flexural modes. Each spectrum is offset for clarity on the same scale. At V rf ¼ 0.089 Vp , the amplitude of the resonant spectrum of
the nanomechanical resonator decreases, and the dissipation rate increases to 134 Hz without normal mode splitting. At larger
parametric pump amplitudes, the normal-mode-splitting feature becomes more explicit. (n) Mode-splitting frequency by applied
parametric pump amplitude from V rf ¼ 0.089 to 0.562 Vp for both flexural modes. The theoretically estimated mode-splitting
frequency is shown as a solid line for each mode. The inset demonstrates the capacitive tuning of resonant frequency by applied dc bias
voltage df=dV approximately −350 and −700 Hz=V for the first and second flexural modes at 10-V dc.
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observe the spectral response of the nanomechanical
resonator. With the lowest peak amplitude of applied
parametric pump (V rf ¼ 0.089 Vp ), the resonant peak of
the first mode is broadened (Γ1 ≈ 2π × 140) and deamplified [Fig. 2(a)]. This broadening effect is also observable in
the second mode [Fig. 2(g)]; however, the spectral amplitude of the second mode does not decrease. This amplitude
disparity by the red-detuned sideband pump is attributed to
an energy transfer from the first to second mode by mode
coupling [24].
The mode-splitting feature becomes noticeable at
stronger pump amplitudes, as shown in Figs. 2(b) and
2(c) for the first mode and Figs. 2(h) and 2(i) for the second
mode. Mode-splitting enhancement and deamplification of
the first mode by different pump amplitudes at exact reddetuned sideband parametric pump frequency (ωp ¼ ωred )
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is shown in Fig. 2(m). The mode-splitting feature has an
onset at finite pump amplitudes for both first and second
modes; we note that the onset of normal-mode splitting at
finite parametric pump amplitudes is also observed in
cavity optomechanical systems, which couple microwave
and optical cavities to mechanical resonators with dissipation [5,44]. For our system with parametric coupling
between flexural modes, we can observe a different onset
of pump amplitude due to the larger dissipation rate of the
second mode. With different pump amplitudes, we extract
the mode-splitting frequency by extracting the peak separation from two peaks at ωp ¼ ωred . The measured frequency splitting shows an onset at a pump amplitude of 0.28 Vp
and increases linearly up to approximately 230 Hz (first
mode) and 220 Hz (second mode) by the applied parametric
pump [Fig. 2(n)]. This clear normal-mode-splitting feature

FIG. 3. Nondegenerate parametric amplification by blue-detuned sideband pump. (a),(b) Spectral responses of nondegenerate
parametric amplification of the first flexural mode with different pump amplitude of V rf ¼ 0.251 and 0.447 Vp , correspondingly. (c),(d)
Numerical calculation of nondegenerate parametric amplification in the first flexural mode with the same pump amplitude as
experiment. (e),(f) Nondegenerate parametric amplification of the second flexural modes with the same pump amplitudes used for the
first mode. (g),(h) Numerically attained color maps of the spectral response of the second mode. The frequency of parametric pump ωP
is swept from ωblue − 500 × 2π to ωblue þ 500 × 2πHz for V rf ¼ 0.251 to 0.447 Vp . At V rf ¼ 0.251 Vp , the amplification of thermal
motion by parametric pump is not clear and gain is close to unity. However, the amplification gain reaches its maximum when V rf is
increased to 0.447 Vp for both first and second flexural modes. (i) Nondegenerate parametric amplification of the resonant spectrum of
the first flexural mode by the blue-detuned parametric pump. Each spectrum is offset to display the displacement of the mechanical
structure at the same scale. The resonant spectrum for V rf ¼ 0.562 Vp (red) corresponds to ωP ∼ ωblue þ 25 × 2π to consider frequency
drift during the measurement process. (j) Real gain of nondegenerate parametric amplification by the parametric pump at the exact bluedetuned sideband frequency ωP ¼ ωblue ¼ ω2 þ ω1. Real gain is calculated by the ratio of the peak amplitudes with the parametric
pump to the peak amplitude without the parametric pump. Maximum gain is approximately 33 and 79 for the first and second modes,
respectively. The theoretically expected gain to the applied parametric pump is shown as a solid line.
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and small dissipation rate (Δ > Γ1 , Γ2 ) demonstrate that this
system is in the strong-coupling regime by the parametric
sideband pump.
We now extend the mode-coupling physics to the nondegenerate parametric process in order to amplify the
motion of the nanomechanical resonator. Vibrational
motion in both flexural modes is amplified with the
parametric pump at the blue-detuned sideband
(ωblue ¼ ω2 þ ω1 ). In contrast to phase-sensitive, degenerate parametric amplification, here there is no phase relation
between the pump and each flexural mode (ωp , ω1 , ω2 Þ;
therefore, nondegenerate parametric interaction can be
beneficial to detect or exploit unexpected signals without
preliminary information of their phase correlation.
With a blue-detuned parametric pump on a thermally
driven mechanical structure in experiment, we can expect
the nondegenerate parametric amplification effect for both
flexural modes. With a small parametric pump amplitude of
0.251 Vp , the amplification gain of the optical signal is
close to unity for both the first and second modes. With a
higher pump amplitude of 0.447 Vp , nondegenerate parametric amplification presents its maximum gain of 33
(approximately 30 dB) and 79 (approximately 38 dB)
for the first and second modes, respectively. We attain a
color map of the spectral response of the nanomechanical
resonator to the parametric pump with different pump
amplitude and frequency by numerically solving the slowly
varying amplitude solution of Eqs. (4) and (5). These color
maps present that the amplification phenomena are also
generated at the same pump amplitude as shown in
Figs. 3(c) and 3(d) and Figs. 3(g) and 3(h). The resonant
spectrum of the first mode with increasing pump amplitude
by blue-detuned sideband pump (ωp ¼ ωblue ) is shown in
Fig. 3(i) with the theoretically estimated resonant spectrum.
A theoretical analysis based on our model shows good
agreement with the experimentally acquired gain for
both flexural modes. The gain can be approximated as
G ∼ fA=½1 − ðκ 2 Þ=ðγ 1 γ 2 ω1 ω2 Þg2 , where κ ¼ κ 12 ¼ κ 21 is
the coupling constant in Eqs. (4) and (5), γ i and ωi are the
dissipation rate and resonant frequency of each mode,
respectively, and A is a constant (see the Supplemental
Material [39]). In the regime where the coupling constant κ
becomes close to the product of the dissipation rate and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
resonant frequency γ 1 γ 2 ω1 ω2, the gain increases and
approaches its maximum value. However, for
κ > γ 1 γ 2 ω1 ω2 , where the parametric pump power is
stronger than that of the maximum amplification gain,
the amplification gain decreases, and the experimental
results align well with theoretical estimation. The estimated
parametric pump amplitude for maximum gain also coincides with the experimental result, as seen in Fig. 3(j). The
discrepancy in gain between theory and experiment is
presumably attributed to the small temperature fluctuation
during the measurement and nonlinear damping [45,46],
which are not considered in our theoretical model.
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Although the amplification gain at exact blue-detuned
sideband frequency decreases for a higher amplitude of
parametric pump over 0.447 Vp, we can observe a peaksplitting feature at different pump frequency, which needs
more detailed study (see the Supplemental Material [39]).
V. CONCLUSION
In conclusion, we demonstrate parametric mode interaction in the strong-coupling regime between two flexural
modes of a nanomechanical resonator by modulating the
external electric field. With a parametric pump at the reddetuned sideband of the first and second modes, both
mechanical modes present a clear normal-mode-splitting
feature, with a splitting frequency over 230 Hz. Using the
same technique with a blue-detuned sideband pump, we
realize nondegenerate parametric amplification of thermal
motion, with the amplification gain reaching 33 (approximately 30 dB) and 79 (approximately 38 dB) in amplitude
for the first and second modes, respectively. The nanomechanical resonator also exhibits resonant spectrum
splitting by strong parametric pumping. These results
demonstrate that parametric dynamics between normal
modes can be achieved by modulating external parameters
rather than strain-mediated coupling by resonant driving.
With potential for active nonlinear devices [47,48] and
mechanical logic devices [49,50], coupling based on an
external control parameter as shown here can be extended
to multiple mechanical modes of distinct devices and
coupled hybrid systems. Moreover, nondegenerate parametric amplification can be suitable for various sensing
applications considering its advantages in amplifying the
motional amplitude of the device as well as high gain in the
absence of preliminary phase information.
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