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Any particle that is charged under SUð3ÞC and Uð1ÞEM can mediate the gg → γγ process through loops.
Near the threshold for the new particle pair production, gauge boson exchanges necessitate the resummation
of ladder diagrams. We discuss the leading log order matching of the one-loop result with the nonrelativistic
effective theory resummed result. We show how the diphoton invariant mass spectrum varies depending on
decaywidth, color representation, and electric charge of the new particle. The exclusion limits on the product
of SUð3ÞC and Uð1ÞEM charges of the new scalar or fermion particle are obtained from current LHC data.
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I. INTRODUCTION

Direct production of new particles typically provides the
best opportunities to search for them. However, in princi-
ple, if the decay modes of the new particle are complicated,
involving soft particles, missing energy, or a number of
final states, it may be difficult to see the particle directly.
Still, even in those cases, the new particle leaves imprints in
collider experiments.
In our previous paper [1], we showed that any particle

carrying SUð3ÞC andUð1ÞEM charges can mediate the gg →
γγ process through loops.We obtained the constraints on the
combined charge [which is the product of SUð3ÞC and
Uð1ÞEM charges] in the large charge limit when interference
with the standard model quarks can be neglected. Near the
threshold for the new particle pair production, gauge boson
exchanges necessitate the resummation of ladder diagrams.
In this paper, we present a detailed explanation of the
threshold resummation and the leading log order matching
of the one-loop result with the nonrelativistic effective theory
resummed result. We show how the diphoton invariant mass
spectrum varies depending on decay width, color represen-
tation, and electric chargeof the newparticle.We also include
interference with standard model quarks, which is important
for new particles with small combined charges. Finally we
present new exclusion limits from current LHC data.
The larger the charges are, the bigger their effects on the

gg → γγ cross section. At energies far above the threshold
of the new particle pair production, it will give an extra
contribution to the cross section. However, around the
threshold, it will provide a characteristic signal shape due to
threshold physics. If the particle has a small decay width,

the particle-antiparticle pair will form bound states and
show clear bound state resonances in the diphoton invariant
mass spectrum. However, even if the particle has a large
decay width and does not form clear bound states, it
changes the shape of the diphoton spectrum.
As the decay width increases, the resonances of bound

states are smeared and one cannot apply the spectroscopic
approach developed for charmonium and bottomonium.
Instead, we can use methods developed for toponium. In
their pioneering papers [2,3], Fadin and Khoze proposed how
to treat top quark–antitop quark pair production in the
threshold region when the top quark has a large decay width.
Strassler and Peskin [4] provided a clearer explanation.
Threshold resummation effects in tt̄ production with
bb̄WþW− in the final state were further studied in Ref. [5].
The diphoton final state was studied for a new particle with a
small decay width where the narrow width approximation is
valid [6,7].
A smaller decay width of a new particle, X, results in a

larger branching ratio of X-onium into diphotons and thus
leads to bigger resonances. In order to obtain a conservative
bound, we needed a formalism applicable to large widths.
Furthermore, a smaller signal means that interference with
the standard model process becomes important. Therefore,
cross sections from the narrow width approximation are not
sufficient and we need to obtain amplitudes. In the Higgs
study on threshold effects in diphoton final states [8],

(a) (b)

FIG. 1. Feynman diagrams for gg → γγ mediated by a fermion
with (a) no gluon exchange and (b) ladder gluon exchanges.
Twisted topologies are not shown.
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Melnikov et al. already dealt with the same problem but
only for triangular Feynman diagrams. Within the concept
of nonrelativistic effective field theory [9], we review their
method and apply it to the diphoton process where not only
triangular diagrams but also box and bubble diagrams
appear as in Figs. 1(a) and 2(a). Additionally, they treated
the renormalization scale ambiguity appearing in the
leading log of nonrelativistic terms by comparing them
with the two-loop result. Relying on the effective field
theory, we suggest a prescription to keep the leading log
order without knowing the two-loop result.
The exclusion limits on the combined SUð3ÞC and

Uð1ÞEM charge we present are independent of and often
stronger than existing limits on separate charges obtained
from other processes. For example, the bounds were
obtained from the fact that a new charged particle changes
the running of the corresponding coupling. From the Drell-
Yan process, constraints were obtained on particles with
electroweak charges [10,11]. From the ratio of the 3 to 2
jets cross section, constraints were obtained on color
charged new particles [12].
This paper is organized as follows. In Sec. II, we briefly

review how getting an amplitude corresponds to solving a
Schrödinger equation. We explain how to treat the renorm-
alization scale appearing in the Green’s function, which is
the solution to the Schrödinger equation in Sec. III. In
Sec. IV, amplitude shapes in the leading order and the
leading log approximation of the Green’s functions are
compared. In Secs. Vand VI, we show signal shapes with a
variety of new particle properties: decay width, color factor,
combined charge, and electric charge. In Sec. VII, the
exclusion limits on the combined charge of a new particle
are updated, including the interference effects, using
current LHC data.

II. THRESHOLD RESUMMATION

A. Threshold singularities

Model independently, any particle that is charged under
SUð3ÞC and Uð1ÞEM can mediate the gg → γγ process

through loops; see Fig. 1(a) for a fermion or Fig. 2(a) for a
scalar. These loops are proportional to the combined charge
of a particle X [1],

CX ¼ NXTRX
Q2

X; ð1Þ

where TRX
and QX are its Dynkin index of the SUð3ÞC

representation and electric charge. NF is the number of
copies of Dirac fermions in case X is a fermion, and NS is
the number of copies of complex scalars in case X is a
scalar. However, near the threshold of the loop-particle pair
production, expansion in the usual loop number counting
breaks down and the one-loop result is not a good
approximation. This can be schematically seen using the
cutting rules [13] as illustrated in Fig. 3.
In Fig. 3, the full diagram is cut into simpler parts. For

each cut, we obtain a factor of the velocity of the loop
particle X, β, from the two-particle phase space volume,R
dΦ2. For each t-channel gauge particle exchange between

nearly on-shell loop particles, we obtain αs=β2. Applying
the cutting rule to the zero-gluon-exchanged diagrams in
Figs. 1(a) and 2(a), we see that their imaginary parts start
with β1. On the other hand, their real parts can start with
β0.1 Applying the cutting rule recursively, diagrams with n
exchanged gluons in Figs. 1(b) and 2(b) are thought to have
terms with an extra factor of αns=βn−1 compared to the real
part of the no-gluon-exchange amplitude.2 As the total
energy gets closer to the threshold energy, 2mX, β goes to
zero and infinities appear. Therefore, we have to sum all
ladder diagrams as shown in Fig. 4 for a fermion and
similarly for a scalar.

FIG. 2. Feynman diagrams for gg → γγ mediated by a scalar with (a) no gluon exchange and (b) ladder gluon exchanges. Twisted
topologies are not shown.

1The real part of the one-loop box is actually small at the
threshold, but this has nothing to do with the power of β. It is
accidentally small.

2The cutting rule relates the (n − 1)-gluon-exchange amplitude
and only the imaginary part of the n-gluon-exchange amplitude.
Therefore, in order to see the appearance of αns=βn−1 rigorously
including the real parts, one has to look at a recursive relation like
Eq. (7), which relates complex amplitudes.
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There are other diagrams that have the sameorder in theαs
expansion, but after the resummation, those diagramswill be
higher order in αs or β. For example, the n-gluon-exchange
diagram with two exchanges crossed gives αns=βn−2.
Another example is that if one of the ladder gluon exchanges
has three-gluon self-interaction, then one can think of it as a
higher order correction to αs after the resummation.

B. Nonrelativistic effective field theory

The resummation of the ladder diagrams in Fig. 4 can be
performed in the effective field theory where the relativistic
part of the loop particle X is integrated out. In that theory,
we now have the ggγγ vertex, which is absent in the full
theory. Let us for the moment suppress polarization indices
and call it AðμÞ, where μ is a renormalization scale. We also
obtain the ggXX̄ vertex, which we call C, and the γγXX̄
vertex, which we call CXX̄γγ . Now X and X̄ are non-
relativistic particles and thus nonrelativistic propagators
should be used for them. The resummation of the box
diagram in the full theory, Fig. 4, corresponds to the
resummation in the nonrelativistic effective theory shown
in Fig. 5.
The nonrelativistic fermion and scalar propagators are

S

�
mX þ E

2
þ k0; k⃗

�
≃

ið1�γ0Þ
2

k0 þ E
2
− k⃗2

2mX

; ð2Þ

D

�
mX þ E

2
þ k0; k⃗

�
≃ i

k0 þ E
2
− k⃗2

2mX

: ð3Þ

In the numerator of the fermion propagator, the plus or
minus sign is for the fermion or antifermion, respectively.
For simplicity, in this section we present formulas only for a
scalar. In order to obtain the corresponding formulas for a
fermion, one needs to keep numerators in Eq. (2); see
also Ref. [4].
Counting divergences in this effective theory is a bit

tricky. A loop containing a pair of X and X̄, which is shown
in Fig. 6, givesZ

d4k
ð2πÞ4 Γ1

i

k0 þ E
2
− k⃗2

2mX

Γ2

i

−k0 þ E
2
− k⃗2

2mX

ð4Þ

¼
Z

d3k
ð2πÞ3 Γ1

i

E − k⃗2

mX

Γ2 ð5Þ

¼
Z

d3k
ð2πÞ3 Γ1ð−iÞ ~G0ðE; k⃗ÞΓ2 ð6Þ

after evaluating a contour integral over k0. Note that ~G0 is
the momentum space Green’s function solution to the
Schrödinger equation with no potential. We see that, in
divergence counting, a loop integration givesþ3 powers of
momenta and a pair of nonrelativistic propagators gives−2.
Plus, a gauge particle exchange between two nonrelativistic
particles gives −2.
Let us call the gluon-exchange resummed ggXX̄ vertex

Γ. Then, Strassler and Peskin showed in Ref. [4] that it
should satisfy a self-consistency condition shown in Fig. 7.

X

FIG. 4. Box diagram resummation over the number of ladder
gluon exchanges.

NR X

XX
_

FIG. 5. The resummation of ladder gluon exchanges for gg →
γγ mediated by a fermion in the nonrelativistic effective theory.

FIG. 3. Cutting rules to illustrate the appearance of factors of α
and β for the amplitude with n exchanged gluons.

FIG. 7. Self-consistency condition of the gluon-exchange
resummed vertex, Γ. The resummed vertex should be the same
as the sum of the at-least-one-gluon-exchanged part and the no-
gluon-exchanged vertex, C. The outgoing particle momentum is
ðmx þ E

2
þ p0; p⃗Þ and the loop particle momentum is

ðmx þ E
2
þ k0; k⃗Þ. The loop integration is over ðk0; k⃗Þ.

FIG. 6. A loop with a pair of nonrelativistic X and X̄ attached to
Γ1 and Γ2.
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The Γ can be separated into two parts: an at-least-one-
gluon-exchange part and a no-gluon-exchange part,

ΓðE; p⃗Þ ¼ Cþ
Z

d3k
ð2πÞ3 ΓðE; k⃗Þ

~G0ðE; k⃗Þ
CCg2s

ðp⃗ − k⃗Þ2
; ð7Þ

where C is the tree level of the ggXX̄ vertex and the color
factor in the Coulomb potential, CC, is given by
CC ¼ C2;X − 1

2
C2;XX̄, where C2;X is the quadratic

Casimir for the particle X and C2;XX̄ is that for the bound
state [6,7]. For example, the C2;X is 4=3 for the particle X in
the fundamental representation, the C2;XX̄ is 0 for the
singlet bound state, and thus CC is 4=3. The next smallest
C2;X is 3 and it is for the particle X in the octet
representation. For the gg → γγ process, the C2;XX̄ should
be zero. For the gg → gγ process, the C2;XX̄ should be 3. In
this process, the CC is −1=6 for the particle X in the
fundamental representation. The gg → gg process opens
more possibilities. The CC ¼ −1 is the negative number of
biggest magnitude, which is obtained for the particle in the
octet representation and the bound state in the representa-
tion of dimension 27.
One can manipulate the equation by multiplying it with

~G0ðE; p⃗Þ=C on both sides:

~G0ðE; p⃗Þ
C

ΓðE; p⃗Þ
¼ ~G0ðE; p⃗Þ þ ~G0ðE; p⃗Þ

×
Z

d3k
ð2πÞ3 ΓðE; k⃗Þ

~G0ðE; k⃗Þ
C

CCg2s
ðp⃗ − k⃗Þ2

: ð8Þ

Defining

~GðE; p⃗Þ≡ ~G0ðE; p⃗Þ
C

ΓðE; p⃗Þ; ð9Þ

we obtain a very familiar form,

~GðE;p⃗Þ¼ ~G0ðE;p⃗Þþ ~G0ðE;p⃗Þ
Z

d3k
ð2πÞ3

~GðE;k⃗Þ CCg2s
ðp⃗− k⃗Þ2

:

ð10Þ

Therefore, ~GðE; k⃗Þ is the Fourier transform of GðE; x⃗Þ that
satisfies the Schrödinger equation with the Coulomb
potential,

�
−
∇2

mX
−
CCαs
r

− E

�
GðE; x⃗Þ ¼ δ3ðx⃗Þ: ð11Þ

Melnikov et al. noticed in Ref. [8] that the resummation
over the number of gluon exchanges in loop diagrams can
be represented by using the vertex Γ. Figure 8 shows how
they are related. The amplitude of the diagram using the
resummed vertex is

−
Z

d3p
ð2πÞ3 ΓðE; p⃗Þ

~G0ðE; p⃗ÞCXX̄γγ ð12Þ

¼ −
Z

d3p
ð2πÞ3

C ~GðE; p⃗Þ
~G0ðE; p⃗Þ

~G0ðE; p⃗ÞCXX̄γγ ð13Þ

¼ −CCXX̄γγGðE; x⃗ ¼ 0⃗Þ; ð14Þ

where Eq. (9) is used in the first identity. Thus, including
the tree level vertex, the complete resummed result is

AðμÞ − CCXX̄γγGðE; x⃗ ¼ 0⃗Þ: ð15Þ

The Green’s function is well known in an analytic form,

GðE;x⃗¼ 0⃗Þ¼−
m2

X

4π

8<
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

E
mX

− iϵ

s
−CCαsðμÞ

×ln

0
B@μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

−mXE
þ iϵ

s 1
CA

−
2ffiffiffiffiffiffiffi
mX

p
X∞
n¼1

Enffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið−E− iϵÞp
− signðCCÞ

ffiffiffiffiffiffi
En

p
9=
;;

ð16Þ

where En ¼ C2
Cα

2
smX=4n2. Note that the Green’s function

has a μ dependence coming from lnðmXβ
μ Þ. Here, β≃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijEj=mX

p
is the velocity of the loop particle X.

C. Renormalization scale

To see the origin of the μ dependence, let us go back to
amplitudes before the resummation. The amplitude of the
n-gluon-exchanged diagram given in Fig. 9(c) is propor-
tional to

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 � � �

d3knþ1

ð2πÞ3
1

E − k⃗21
mX

CCg2s
ðk⃗1 − k⃗2Þ2

1

E − k⃗22
mX

×
CCg2s

ðk⃗2 − k⃗3Þ2
1

E − k⃗23
mX

� � � CCg2s
ðk⃗n − k⃗nþ1Þ2

1

E − k⃗2nþ1

mX

: ð17Þ

FIG. 8. The gluon-exchange resummation represented by the
gluon-exchange resummed vertex, Γ.
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As explained earlier, we can count the divergence and we
find that the amplitude with n gluon exchanges has a 1 − n
divergence. Thus, for n ≥ 2, amplitudes are convergent.
There is no pole and no ln μ term in dimensional
regularization.
For n ¼ 0, the above integration gives

mX

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−mXE

p
: ð18Þ

Note that from the counting, this is linearly divergent, but
because the integrals are over three-momenta and we work
in dimensional regularization, we do not obtain any pole.
For n ¼ 1, the above integration gives

m2
X

4π
CCαs

�
1

2ϵ
− 1 − ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
−mXE

p
μ

��
: ð19Þ

Here αs ¼ g2s=4π2. Note that the integration is the same as
for the sunset diagram in three dimensions with zero
external momentum [14]. Because of the 1=ϵ pole, there
should be a counterterm to cancel it. In the nonrelativistic
effective theory, we have the ggγγ vertex; see Fig. 9(a).
Because of lnðmXβ

μ Þ in Eq. (19), we also have to take into
account the running of the ggγγ vertex, AðμÞ. This running
is what is called a soft running. [Hard running is lnðmX=μÞ
or lnðmγγ=μÞ for the diphoton invariant mass mγγ , and
ultrasoft running is lnðmXβ

2=μÞ.] On the other hand, the
ggXX̄ and γγXX̄ vertices do not have soft running in the
first order of αs. This means that Eq. (15) is μ independent
if we consider only the soft running. We choose μ ¼ mXβ.
This choice corresponds to the typical gluon momentum
scale exchanged in the ladder diagrams, so it is expected to
give the renormalization group improved potential and
Green’s functions.

D. Effects of nonzero decay width

Fadin and Khoze proposed how to deal with the unstable
loop particle case in their pioneering papers [2,3]. They
suggested replacing E with Eþ iΓX, where ΓX is the decay
width of the loop particle X. Accordingly,

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þ Γ2

X

qr
ð20Þ

is now our choice. They noticed that this ΓX plays the role

of an IR cutoff. It cuts off μ smaller than mX

ffiffiffiffiffi
ΓX
mX

q
. One can

also see this from the uncertainty relation, 1
ΓX
ðmXβ

2Þ > 1,
and the fact that the typical gluon momentum exchanged in
ladder diagrams is mXβ. For the top quark, this IR cutoff is
about 15 GeV.
Other than each constituent particle decaying, the bound

state can decay through an annihilation of the XX̄, with the
decay rate of ordermXᾱ

3
sα

2
s for a digluon final state after the

threshold resummation. Here, ᾱs is the strong coupling
evaluated at the soft scale, mXᾱs, and αs is the strong
coupling evaluated at the hard scale, mX. The tree level
effective vertex before resummation is a four-vertex from
XX̄ → gg → XX̄. One can follow the same procedure for
this vertex to do the resummation. However, this is not of
interest in this paper because the decay width of the bound
state through annihilation is of the order of 10−5mX and we
are going to discuss decay widths of the constituent particle
larger than 10−4mX.

III. METHODOLOGY

A. Matching

The effective theory result, Eq. (15), should be matched
with the full theory result, Fig. 4, which we do not know
how to sum. Since the summation is only needed to take
into account αs=β expansion near the threshold, away from
the threshold, the one-loop (no gluon exchange) or two-
loop (one gluon exchange) result gives a good approxi-
mation. As shown in Sec. II A, n gluon exchanges result in
αn=βn−1, and thus for the two-loop result (one gluon
exchange) we do not expect a threshold singularity of
1=β. Therefore, we can assume that except for some
possible large log terms, it is sufficient to keep the one-
loop result, which was for the fermion case already
calculated for a light-by-light scattering [15]. We obtained
the fermion loop amplitudes and also scalar loop ampli-
tudes in Veltman-Passarino basis integrals using FeynArts,
FormCalc, and LoopTools [16].
In the effective theory, the amplitude of the single gluon

exchange in Fig. 9(c) contains CCαs lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−mXE

p Þ; see
Eq. (19). At the same time, we should take into account
the same kind of log term that comes from the one-gluon-
exchange diagram in the full theory. General knowledge of
the effective field theory tells us that logs of low energy
parameters should agree between a full theory and its
effective theory. Thus, in order for the argument of the log
to be dimensionless, the full theory must contain the term
lnð ffiffiffiffiffiffiffiffiffiffiffiffiffi

−mXE
p

=mXÞ with the same coefficient as in the
effective theory. This can in principle be large for small
E, and thus we should keep it in the matching. In other
words, we are doing the leading log (LL) computation. By
the way, from Eqs. (15) and (16), we see that the log term
shares its coefficient with the

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−E=mX

p
term in the

effective theory and so should they in the full theory.

(a) (b) (c)

FIG. 9. From an effective field theory where the relativistic part
of the top and antitop is integrated out, Feynman diagrams for
gg → γγ with (a) tree level, (b) no gluon exchange, and (c) gluon
exchanges. Gray gluons indicate ladder diagrams.
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More explicitly, up to LL order, we take approximations

MUV 1-loopð
ffiffiffi
s

p ¼ 2mX þ EÞ

≃MUV 1-loopð
ffiffiffi
s

p ¼ 2mXÞ þ B

ffiffiffiffiffiffiffi
−E
mX

s
; ð21Þ

MUV 2-loopð
ffiffiffi
s

p ¼ 2mX þ EÞ≃ BCCαs ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
−mXE

p
mX

�
;

ð22Þ

where the one-loop amplitude,MUV1-loopð
ffiffiffi
s

p ¼ 2mXþEÞ,
obtained in the full theory as a function of the diphoton
invariant mass,

ffiffiffi
s

p
, is expanded as a Taylor series aboutffiffiffiffi

E
p ¼ 0 and we ignore terms Oðααsð

ffiffiffiffiffi
−E
mX

q
Þ2Þ,Oðαα2sÞ, and

Oðα2αsÞ. For each set of polarizations of initial gluons and
final photons, this is matched to

AðμÞ þ CCXX̄γγ
m2

X

4π

� ffiffiffiffiffiffiffiffiffiffiffi
−

E
mX

s
− CCαsðμÞ ln

�
μffiffiffiffiffiffiffiffiffiffiffiffiffi

−mXE
p

��
:

ð23Þ

Then, matching the β1 terms gives

B ¼ CCXX̄γγ
m2

X

4π
; ð24Þ

and the rest of the terms result in

MUV 1-loopð
ffiffiffi
s

p ¼ 2mXÞ ¼ AðμÞ þ BCCαsðμÞ ln
�
mX

μ

�
;

ð25Þ

where the logarithm can be interpreted as the renormaliza-
tion group evolution of the effective ggγγ vertex AðμÞ from
the scale μ to the scalemX. We should emphasize again that
this matching is to be done for each set of polarizations of
initial gluons and final photons. Actually, B is nonzero only
for polarizations of ðþ þ þþÞ, ð− − −−Þ, ðþ þ −−Þ, and
ð− −þþÞ, where the first two labels in parentheses are the
polarizations of the initial state gluons and the last two
are those of the final state photons. Up to LL order, the
matched effective vertices do not depend on the details of
the model other than whether the new particle is a scalar or
fermion. A model dependence will appear in higher order
matching.
Now, we can write the effective theory resummed result,

Eq. (15), using parameters obtained from the UVone-loop
result, as

MUV 1-loopð
ffiffiffi
s

p ¼ 2mXÞ þ B

8<
:

ffiffiffiffiffiffiffi
−E
mX

s
− CCαsðμÞ ln

�
mXffiffiffiffiffiffiffiffiffiffiffiffiffi
−mXE

p
�
−

2ffiffiffiffiffiffiffi
mX

p
X∞
n¼1

Enffiffiffiffiffiffiffi
−E

p
− signðCCÞ

ffiffiffiffiffiffi
En

p
9=
; ð26Þ

or, using the Green’s function, as

MUV 1-loopð
ffiffiffi
s

p ¼ 2mXÞ − BCCαsðμÞ ln
�
mX

μ

�
− B

4π

m2
X
GðE; 0⃗Þ; ð27Þ

where GðE; 0⃗Þ is given in Eq. (16). In our calculations, keeping polarization indices and angular dependence, we will use

Mλ1λ2λ3λ4
UV 1-loopðs; t; uÞ − Bλ1λ2λ3λ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ð ffiffiffi

s
p

− 2mXÞ
mX

s
− Bλ1λ2λ3λ4CCαsðμÞ ln

�
mX

μ

�
− Bλ1λ2λ3λ4

4π

m2
X
Gð ffiffiffi

s
p

− 2mX; 0⃗Þ ð28Þ

around the threshold.

B. LL Green’s function

The Green’s function GðE; 0⃗Þ sensitively depends on
αsðμÞ because it enters in the denominators in a polelike
form, 1ffiffiffiffiffi

−E
p � ffiffiffiffi

En
p . The αsðμÞ is sensitive to the choice of μ,

and so GðE; 0⃗Þ has a strong dependence on the unphysical
parameter μ. We want to cure it. Since the origin of αsðμÞ
dependence of GðE; 0⃗Þ is from the gluon exchange [see
Eqs. (7) and 8], adding the next order correction to it will

reduce the μ dependence of GðE; 0⃗Þ. This is done by
replacing the Coulomb potential, − CCαs

r , in Eq. (11) by

−
CCαsðμÞ

r

�
1þ αs

4π
ð2β0 lnðμeγErÞ þ a1Þ

�
; ð29Þ

where β0 ¼ 11 − 2
3
nF and a1 ¼ 31

3
− 10

9
nF for nF quarks

lighter than gluon momentum exchange energy [17,18]. γE
is the Euler-Mascheroni constant. We can obtain GðE; 0⃗Þ
numerically as suggested in Ref. [19]. Let us call it
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GLLðE; 0⃗Þ. The large μ dependence disappears in the
following expression,

MUV 1-loopð
ffiffiffi
s

p ¼ 2mXÞ − BCCαsðμÞ ln
�
mX

μ

�

− B
4π

m2
X
GLLðE; 0⃗Þ; ð30Þ

and what we will use in our calculation is Eq. (28) withGLL
in place of G.

IV. AMPLITUDE SHAPES: LO VS LL

In this section, we compare amplitude shapes using the
leading order (LO) Green’s function and the LL Green’s

function. Figures 10 and 11 describe the real and
imaginary parts of the amplitude shapes at the angle
perpendicular to the beam line as functions of invariant
mass. Colored dotted lines are amplitude contributions
only from particle X for the renormalization scales, from
left to right, 20 GeV (red), 40 GeV (green), 80 GeV
(blue), and 160 GeV (purple). The black solid line
corresponds to the choice of running μ in Eq. (20).
The black dashed line is the amplitude involving standard
model quarks. All of the amplitudes are normalized
by the standard model amplitude at the large energy
limit. Because the top quark contribution is not saturated
yet at 600 GeV, the dashed line in Fig. 10 is slightly
away from 1. Parameters for particle X are chosen to be

(a) (b)

FIG. 10. Normalized real part of amplitudes gg → γγ (at an angle perpendicular to the beam line) using Eq. (28) with (a) the LO
Green’s function and (b) the LL Green’s function. The normalization factor is chosen to be the real part of the standard model amplitude
in the large energy limit. The dotted lines are contributions from a fermion particle X with renormalization scales, from left to right,

20 GeV (red), 40 GeV (green), 80 GeV (blue), and 160 GeV (purple). The solid black line is using μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmγγ − 2mXÞ2 þ Γ2

X

qr
.

The dashed black line is the contribution from the standard model quarks. The parameters for the fermion particle X aremX ¼ 300 GeV,
ΓX=mX ¼ 0.1%, CC ¼ 4=3, and CF ¼ 1=2. The photon exchange ladder diagrams are neglected.

(a) (b)

FIG. 11. Normalized imaginary part of amplitudes gg → γγ (at an angle perpendicular to the beam line) using Eq. (28) with (a) the LO
Green’s function and (b) the LL Green’s function. The normalization factor and parameters are the same as in Fig. 10.
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mX ¼ 300 GeV, ΓX=mX¼0.1%, CC¼4=3, and
CF ¼ 1=2. Photon exchange ladder diagrams are
neglected.
In QCD, a mass parameter that is free from the

renormalon is the 1S mass [20]. This is where the 1S state
resonance appears. The 1S mass is related to the parameter
mX we use in the Schrödinger equation and the one-loop
computation by

m1S ¼ mX

�
1 −

1

2

C2
Cα

2
s

4

�
ð31Þ

for the LO Green’s function, and by

m1S ¼ mX

�
1 −

1

2

C2
Cα

2
s

4

�
1þ αs

π

�
β0 ln

�
μeγE

mXCCαs

�

þ a1
2
þ ψð2Þ

���
ð32Þ

for the LL Green’s function [21]. Here, ψðxÞ ¼
d lnΓðxÞ=dx is the polygamma function. The β0 and a1
are defined below Eq. (29).
One can clearly see from the figures that using the LL

Green’s function decreases the renormalization scale
dependence, since keeping the leading log lessens the μ
dependence of the Coulomb potential. Thus, the LL
Green’s function is used in the following sections.

V. FERMION SIGNAL SHAPES

In this section, we show the unpolarized cross section of
gg → γγ with varying decay width ΓX, color factor in
Coulomb potential CC, combined charge CX, and electric
charge QX of a fermion particle X with mX fixed at
300 GeV. The Coulomb potential from photon ladder
exchanges is considered. Even if Q is so large that Q2α
is comparable to αs, its running effect is small and can be
neglected. The gluon parton distribution function is con-
sidered using the CTEQ6L data set [22]. The efficiency
(∼50%) of the PT > 0.4mγγ cut and the K-factor (∼150%)
of gluon fusion production are not taken into account in our
analysis. We assume that the K-factor does not change after
the threshold resummation. In other words, we assume that
most of the K-factor comes from somewhere other than the
gluon ladder diagrams. Threshold resummation is a huge
effect only around the threshold, while the K-factor affects
the cross section at all energies.
Dependences on ΓX, CC, and QX are shown in the large

CX limit. In this limit, the signal shape is gg → XX̄ → γγ
without interference with standard model quark loops. The
dependence on CX is shown for the gg → γγ process,
including interference with standard model quark loops.
One should subtract the standard model part to see the
signal shape.

A. Dependence on the width for large CX

As the decay width decreases, the signal shape becomes
sharper and higher. At the same time, the area under the
curve increases. Actually, for very small ΓX, the narrow
width approximation can be applied, to each bound state
excitation, to separate production and decay parts.
However, for a large decay width, it is important to also
keep real parts of amplitudes, including the effective ggγγ
vertex. Figure 12 shows signal shapes gg → XX̄ → γγ for
various decay widths of the fermion particle X with
mX ¼ 300 GeV, QX ¼ 1, and CC ¼ 4=3. ΓX=mX is
0.1% (red), 0.3% (green), 1% (blue), and 3% (purple).
The black dashed line represents the one-loop result.
Running of strong couplings αsðmγγÞ for the overall factor
and αs

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmγγ − 2mXÞ2 þ Γ2

X

qr �
for the Coulomb

potential is considered. Quantum Electro Dynamics (QED)
couplings α ¼ 1=127 for the overall factor and α ¼ 1=130
for the Coulomb potential are used. The QED coupling is
about 1=127 for the scale of order 100 GeV and about
1=130 for the scale of order 10 GeV, which is a typical
momentum scale exchanged in the ladder diagrams.

B. Dependence on the color factor for large CX

If the quadratic Casimir of the particle X or that of the
bound state changes, then the color factor for Coulomb
potential CC also changes as CC ¼ C2;X − 1

2
C2;XX̄. For the

diphoton process, C2;XX̄ is always 0 because the diphoton is
a color singlet. On the other hand, the gg → gγ process

FIG. 12. Scattering cross section of gg → γγ as a function
of invariant mass, mediated by a fermion with mX ¼ 300 GeV,
QX ¼ 1, and CC ¼ 4=3. Only the particle X contribution
is shown with the normalization of C−2

X . Running of
strong couplings αsðmγγÞ for the overall factor and

αs

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmγγ − 2mXÞ2 þ Γ2

X

qr �
for the Coulomb potential is

considered. QED couplings α ¼ 1=127 for the overall factor and
α ¼ 1=130 for the Coulomb potential are used. ΓX=mX is 0.1%
(red), 0.3% (green), 1% (blue), and 3% (purple). The black
dashed line represents the one-loop result.
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should carry C2;XX̄ ¼ 3. This gives CC ¼ −1=6 for the
particle X in the fundamental representation. In the
gg → gg process, we can obtain CC ¼ −1 for the particle
in the octet representation and the bound state in the
representation of dimension 27.
Figure 13 shows the “fictitious” gg → XX̄ → γγ process

merely changing CC to be 4=3 (red), −1=6 (green), and −1
(blue). The fictitious cross section with CC ¼ −1=6 is
proportional to the cross section for the gγ process. The
fictitious cross section with CC ¼ −1 is proportional to the
partial cross section for the gg process; it is only partial
because the four-gluon vertex in the full theory is not
considered. Solid lines are using the correct form,
Eq. (28) with the LL Green’s function, and dotted lines
are, again, using Eq. (28) with the LL Green’s function but
without the third term (log term) in Eq. (28). Loss of the log
term means that the running of the ggγγ vertex is not
considered properly. The dashed black line is the one-loop
cross section. We can see from the solid lines that, if the
running is properly considered, then the Sommerfeld sup-
pression is obtained for negative CC or the repulsive
potential. The blue dotted line shows that ignoring the
log termwould result in Sommerfeld “enhancement” for the
repulsive potential.
The unphysical enhancement is due to the choice of μ ∼

mβ and the excitation summation in the Green’s function,
Eq. (16). If μ ∼mβ is chosen, then the log term in the
Green’s function is gone. If the running of the effective tree
level vertex is taken into account, then we do not lose the
log because AðmXβÞ ¼ AðmXÞ þ BCCαs lnðmXβ

mX
Þ. Ignoring

the running means that we are setting AðmXβÞ ¼ AðmXÞ
and we do not see the explicit lnðmXβÞ anymore.

Other than the explicit log term,CCαsðμÞ lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−mXE

p
=μÞ,

there is a hidden log term in the excitation summation which
is the third term of Eq. (16). When E=E1 is much smaller
than 1, there existsn such that up to nwe can ignoreE. Then,
the summation is ΣnEn=

ffiffiffiffiffiffi
En

p
∝ Σn1=n, which is approxi-

mated by the log function:

−
2ffiffiffiffiffiffiffi
mX

p
X∞
n¼1

Enffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið−E−iϵÞp
−signðCCÞ

ffiffiffiffiffiffi
En

p

¼CCαs

�
γþψ

�
1−

Cαs
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−E=m

p ��

≃CCαs

�
γþ ln

�
−CCαs=2ffiffiffiffiffiffiffiffiffiffiffiffiffi

−E=m
p ��

−
ffiffiffiffiffiffiffi
−E
m

r
þO

�� ffiffiffiffiffiffiffi
−E
m

r �2�
;

ð33Þ
unless E ¼ En for some n. If the running was properly
considered, there would have been the explicit lnð ffiffiffiffiffiffiffiffiffiffiffiffiffi

−mXE
p Þ

term that cancels the same log term in Eq. (33). It is this log
term that gives the strange behavior of the blue dotted line in
Fig. 13 for small

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−mXE

p
. In order to illustrate this point,

ΓX=mX is chosen to be 0.1%. Parameters except CC and
ΓX=mX are kept to be the same as in Fig. 12.
For the gg → γγ process, different choices of CC can

come from choosing different particle representations
under SUð3ÞC. However, the next smallest possible CC
is 3 (octet particle X) and this gives already too large CCαs,
which is one of the expansion parameters. The signal shape
is shown in Fig. 14 for CC ¼ 3 or 6. Although it is
perturbatively meaningless, we guess that the shown
tendency of getting a larger signal for larger CC is true.

C. Dependence on CX

The previous sections focused on the large CX limit and
the interference effect was neglected. For small CX,

FIG. 13. Fictitious gg → gγ and gg → gg with no gluon self-
interaction (i.e., box loop only). The purpose of this is to show
strange behavior coming from lnðmαs=mβÞ after summation over
excitations for a small velocity if we do not properly consider the
running of the effective tree level vertex. The large CX limit is
shown with the normalization of C−2

X . CC is 4=3 (red), −1=6
(green), and −1 (blue). The black dashed line represents the one-
loop result. Solid lines are using Eq. (28). Dotted lines are without
the third term (the log term) in Eq. (28). Other parameters are as
in Fig. 12 with ΓX=mX ¼ 0.1%.

FIG. 14. Scattering cross section of gg → γγ as a function of
invariant mass. Only the particle X contribution is shown with the
normalization ofC−2

X .CC is 4=3 (red), 3 (green), and 6 (blue). The
black dashed line represents the one-loop result. Other parameters
are as in Fig. 12 with ΓX=mX ¼ 1%.

MODEL INDEPENDENT CONSTRAINTS ON CHARGES OF … PHYSICAL REVIEW D 95, 115004 (2017)

115004-9



interference between the X particle loop and standard
model quark loops is important. Figure 15 shows the cross
section of gg → γγ through standard model quarks and the
fermion particle X as a function of the diphoton invariant
mass. CX is 7 (red), 5 (cyan), 3 (blue), 1 (purple), and 2=9
(magenta). The black line represents the standard model
result, CX ¼ 0. Other parameters are as in Fig. 12 with
ΓX=mX ¼ 1%. Figure 15(b) is a magnified version of
Fig. 15(a).
What we usually call signal shape will be obtained by

adding this gg → γγ to other background processes
like qq̄ → γγ and then subtracting the standard model
fitting function. Roughly speaking, it would look like
colored lines minus the black line in Fig. 15. The
magenta line has the same CC ¼ 2=9 as the top quark.
The top quark contribution after resummation is shown
in Ref. [1].

D. Dependence on QX for large CX

There are ladder diagrams of not only the gluons, but also
photons. The summation of the photon ladder diagrams is
combined with that of the gluon ladders by replacing the
coefficient of the Coulomb potential CCαs by CCαs þQ2

Xα
in the Schrödinger equation, Eq. (11). Dependence on the
electric charge of particle X is shown in Fig. 16(a) for
ΓX=mX ¼ 1% and Fig. 16(b) for ΓX=mX ¼ 0.1%. Running
of strong couplings, αsðmγγÞ for the overall factor and

αs

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmγγ − 2mXÞ2 þ Γ2

X

qr �
for the Coulomb poten-

tial, is considered. Overall electric couplings, α ¼ 1=127,
and the Coulomb electric coupling, α ¼ 1=130, are fixed
without running. The QED coupling is about 1=127 for the
scale of order 100GeVand about 1=130 for the scale of order
10 GeV, which is the typical momentum scale exchanged in

(a) (b)

FIG. 15. Scattering cross section of gg → γγ through standard model quarks and the fermion particle X (a) as a function of invariant
mass and (b) magnified. CX is 7 (red), 5 (cyan), 3 (blue), 1 (purple), and 2=9 (magenta). The black line represents the standard model
result, CX ¼ 0. Other parameters are as in Fig. 12 with ΓX=mX ¼ 1%.

(a) (b)

FIG. 16. Scattering cross section normalized with C−2
X of gg → γγ only through the particle X as a function of invariant mass. QC is 3

(red), 2 (green), 1 (blue), and 1=3 (purple). The black dashed line represents the one-loop result. Other parameters are as in Fig. 12 with
(a) ΓX=mX ¼ 1% and (b) 0.1%.

CHWAY, DERMÍŠEK, JUNG, and KIM PHYSICAL REVIEW D 95, 115004 (2017)

115004-10



the ladder diagrams. Electric chargeQX is 3 (red), 2 (green),
1 (blue), and 1=3 (purple). The black dashed line represents
the one-loop result.
A larger charge gives a larger cross section. Considering

photon ladder resummation is more important in the cases
that particle X has a smaller decay width.

VI. SCALAR SIGNAL SHAPES

In this section we provide corresponding signal shapes in
the case that the particle X is a scalar. The main difference
from the fermion case originates from the fact that the ratio
of MUV 1-loopð2mXÞ to B in Eq. (27) is different. For large
CX, the scattering cross section of gg → γγ, mediated by a
scalar X, is shown as a function of invariant mass in Fig. 17.
Four different choices of the widths are taken; ΓX=mX is
0.1% (red), 0.3% (cyan), 1% (blue), and 3% (purple). The

black dashed line represents the one-loop result. All the
parameters used in Fig. 17 are the same as in Fig. 12.
For moderate or small CX, we include interference in

Fig. 18. Scattering cross section of gg → γγ, through
standard model quarks and the scalar X, is shown as a
function of invariant mass. The CX is 7 (red), 5 (cyan), 3
(blue), 1 (purple), and 2=9 (magenta). The black line
represents the standard model result, CC ¼ 0. Other
parameters are as in Fig. 12 with ΓX=mX ¼ 1%.
Finally, we show dependence on the electric charge for

large CX in Fig. 19. The scattering cross section, mediated
by the scalar X, normalized with C−2

X , of gg → γγ is shown
as a function of invariant mass. Four difference choices of
the charges are taken; QX is 3 (red), 2 (green), 1 (blue), and
1=3 (purple). The black dashed line represents the one-loop
result. Other parameters are as in Fig. 12 with mX ¼
300 GeV and (a) ΓX=mX ¼ 1% and (b) 0.1%.

VII. EXCLUSION PLOTS

In order to make exclusion plots, we assume that the
pp → γγ differential cross section can be separated into
two parts, the gluon-initiated process and the others. For the
non-gluon-initiated process, we assume it can be fitted by a
smooth function,

d
dmγγ

ðσðpp → γγÞ − σðgg → γγÞÞ ¼ Nð1 − x1=3Þbxa0 ;

ð34Þ
where x ¼ mγγ=

ffiffiffi
S

p
for the center of mass energy

ffiffiffi
S

p
and N

is the normalization factor, which depends on two fitting
parameters, a0 and b [23–25]. This assumption was vali-
dated in Ref. [23]. Unlike the references where the back-
ground function is fitted for the pp → γγ process, we further
assume that the background function well describes the
non-gluon-initiated process alone too, of course with differ-
ent values of a0 and b than in the references. For the

(a) (b)

FIG. 18. Scattering cross section of gg → γγ, through standard model quarks and the scalar X, as a function of invariant mass. CX is 7
(red), 5 (cyan), 3 (blue), 1 (purple), and 2=9 (magenta). The black line represents the standard model result, CC ¼ 0. Other parameters
are as in Fig. 12 with ΓX=mX ¼ 1%.

FIG. 17. Scattering cross section of gg → γγ, mediated by a
scalar X, as a function of invariant mass. ΓX=mX is 0.1% (red),
0.3% (cyan), 1% (blue), and 3% (purple). The black dashed line
represents the one-loop result. Parameters are the same as in
Fig. 12.
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gluon-initiated process, we follow the matching procedure
and the resummation method that we described in the
previous sections. Here, we use the LL QCD potential
and we choose renormalization group scales: overall
coupling scale μhard ¼ mγγ , QCD factorization scale
μfactorization ¼ mγγ , and the ladder exchange scale μsoft ¼
m1=2

X ððmγγ − 2mXÞ2 þ Γ2
XÞ1=4. As was discussed in Sec. V,

the K-factor and the cut selection efficiency were not
considered.
Unlike in Ref. [1], we use maximum binned likelihood

estimation. The null hypothesis corresponds to using the
standard model gluon-initiated cross section while the
signal hypothesis is that of the standard model plus a
new particle X. The procedure to obtain exclusion plots is

(a) (b)

FIG. 19. Scattering cross section, mediated by the scalar X, normalized with C−2
X , of gg → γγ as a function of invariant mass. QX is 3

(red), 2 (green), 1 (blue), and 1=3 (purple). The black dashed line represents the one-loop result. Other parameters are as in Fig. 12 with
mX ¼ 300 GeV and (a) ΓX=mX ¼ 1% and (b) 0.1%.

(a) scalar (b) fermion

FIG. 20. 95%C.L. exclusion limits onmX andCX parameter space. The dark red curve corresponds to the current exclusion plot and the
red, green, and blue curves correspond to the expected exclusion curveswith integrated luminosity, 15.4, 120, and 3000 fb−1, respectively.
The two sigma anomaly obtained from current data is indicated by the regions closed by purple lines near mX ¼ 350 GeV. The decay
width is taken to be 10−2 (solid) and 10−4 (dashed) of its mass. (a): Gray dotted horizontal lines represent one top-squark-like particle and
the equivalent of one generation and three generations of degenerate scalar quarks. (b): Such lines correspond to one vectorlike up-type
quark and a degenerate set of two vectorlike up-type and two vectorlike down-type quarks (motivated by one complete vectorlike family).
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described in detail in Appendix B. For current exclusion
plots, we use recent ATLAS 15.4 fb−1 data [23], and for
expected exclusion plots, we assume that the best-fitted
values of the parameters a0 and b for the current data are
the true values.
Figure 20 shows current (dark red) and expected (red,

green, and blue) 95% confidence level (C.L.) exclusion
limits on mX and CX parameter space for the (a) scalar and
(b) fermion. The integrated luminosity for expected exclu-
sion limits are 15.4 (red), 120 (green), and 3000 fb−1

(blue), which represent the current, run II, and high-
luminosity LHC data, respectively. The solid lines corre-
spond to ΓX=mX ¼ 10−2 and represent the conservative
limits. For larger widths, we get only slightly weaker limits
[1]. For smaller widths, we get significantly stronger limits
from the sharper shape of the signal. In this case it is
beneficial to reduce the bin size, which will be possible
with future data. Green and blue dashed lines indicate
future sensitivity for ΓX=mX ¼ 10−4. The regions inside the
orange contours correspond to the 2σ anomaly with the best
fit: mSðFÞ ¼ 350ð290Þ GeV and CSðFÞ ¼ 6.7ð2.1Þ, having
2.2 (2.5) σ significance, assuming ΓX=mX ¼ 10−2. In
Fig. 20(a), the gray dotted horizontal lines represent one
top-squark-like particle and the equivalent of one gener-
ation and three generations of degenerate scalar quarks. In
Fig. 20(b), such lines correspond to one vectorlike up-type
quark and a degenerate set of two vectorlike up-type and
two vectorlike down-type quarks (motivated by one com-
plete vectorlike family).
By looking at their intersections with the blue curves, we

estimate some benchmark points assuming 3 ab−1 of the
integrated luminosity. ForΓX=mX ¼ 10−2, one up-type (two
up-type+two down-type) quark(s) lighter than 360
(460) GeV, one top-squark-like particle lighter than
200 GeV, and the equivalent of one (three) generation(s)
of supersymmetric quark partners lighter than 280
(390) GeV would be probed. For ΓX=mX ¼ 10−4, one up-
type (two up-typeþtwo down-type) quark(s) lighter than
450 (700) GeV, one top-squark-like particle lighter than
300 GeV, and the equivalent of one (three) generation(s) of
supersymmetric quark partners lighter than 480 (800) GeV
would be probed. When the total decay width of the bound
state is small, the integrated luminosity needed to achieve a
sufficient chi square of the bin to which the resonance
belongs is related with the CX limit, the total decay width,
and the size of the bin byCX ∝ ð bin size

LuminosityÞ1=4Γ1=2
tot . Therefore,

one top-squark-like particle as heavy as 300 GeV can be
probed for a 24 GeV bin size with the integrated luminosity
of 180 fb−1 when the bound state dominantly decays to the
two-gluon state so that Γtot ¼ 10−5 × 300 GeV. With the
same parameters, the luminosity of 300 fb−1 is found to be
required in Ref. [26]. We obtained a smaller integrated
luminosity because we assumed a K-factor that cancels cut
selection efficiency.

The limits in Fig. 20 assume the bin size 20 GeV for
ΓX=mX ¼ 10−2, while forΓX=mX ¼ 10−4we choose the bin
size 2 GeV for 120 fb−1 and 1 GeV for 3 ab−1. The bin size
was chosen to optimize the sensitivity. In the previous
ATLAS paperwith 15 fb−1, they used a 20GeV bin size.We
consider that 2 GeV for 120 fb−1 is a reasonable choice as
the integrated luminosity is about 10 times larger. For
3000 fb−1, the photon detector resolution is expected to
be about 1 GeV. In order to understand the importance of the
proper choice of the bin size for different widths, we provide
Fig. 21, in which the expected upper bound on CX is
depicted assuming mX ¼ 300 GeV for the integrated lumi-
nosity 120 fb−1 (green) and 3 ab−1 (blue) with ΓX=mX ¼
10−2 (circle), 10−3 (square), and 10−4 (triangle). We can see
that for large widths, the limits are not sensitive to the bin
size. Weak dependence on the bin size in this case indicates
that the analysis relies more on the structure of the loop
function than the bound state structure. However, as the
width decreases, the smaller bin size sets significantly
stronger limits.
In the small width limit, we can compare our exclusion

limit with the result obtained using the usual bound state
analysis [27] in which the production and the decay are
separately considered. In this limit, the narrow width
approximation should give the same result as our full
resummation computation as given in Appendix A.
Nevertheless, we obtain a weaker limit for ΓX ≃ 10−5mX.
There are three reasons for this. Firstly, the usual bound state
analysis used the leading order Coulomb potential, whilewe
use the next leading order (NLO) potential, which produces
a smaller bound state amplitude as shown in Figs. 10 and 11.
Secondly, the running of αs makes the resonance peak more

(a) scalar (b) fermion

FIG. 21. Expected upper bound of CX where mX ¼ 300 GeV
for integrated luminosity 120 fb−1 (green) and 3ab−1 (blue), with
ΓX=mX ¼ 10−2 (circle), 10−3 (square), and 10−4 (triangle).
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squeezed and we obtain a smaller signal cross section
compared to the narrow width approximation. Finally, the
global fitting of the background shape slightly reduces the χ2

of the signal as we did not assume that we know the
background precisely.

VIII. CONCLUSIONS

In this paper, we presented a detailed explanation of the
threshold resummation and the leading log order matching
of the one-loop result with nonrelativistic effective theory.
We showed how the diphoton invariant mass spectrum
varies depending on decay width, color representation, and
electric charge of the new particle. We also included
interference with the standard model quarks, which is
important for new particles with small combined charges.
We presented new exclusion limits from current LHCdata

corresponding to 15.4 fb−1 and projections for expected
exclusion limits. For example, assuming ΓX=mX ≤ 10−2,
the LHCwill be sensitive to a toplike particle up to 360 GeV
and a top-squark-like particle up to 200 GeV. For
ΓX=mX ≤ 10−4, the LHC will be more sensitive, and a
toplike particle up to 450 GeVand a top-squark-like particle
up to 300 GeV can be seen. Any new particles with larger
SUð3ÞC representation and/or largerUð1ÞEM charges can be
probed in larger mass ranges.
Our exclusion limits on the combined SUð3ÞC and

Uð1ÞEM charge do not depend on details of a given model
just like the limits on hypercharges of new particles from
the Drell-Yan process [10,11] or limits on colored particles
from the ratio of 3 to 2 jets cross section [12]. If the new
particle is colored, our projected limits are significantly

stronger than those from the Drell-Yan process. In addition,
if the electromagnetic charge of the new particle is not
small, our limits can also exceed those from the ratio of 3 to
2 jets cross section. Furthermore, in the case the effects of a
new particle are seen, our process can be used to measure
the mass and the width of the new particle, which is not
possible using these other methods.
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APPENDIX A: SMALL WIDTH LIMIT

When the width of the new particle X is small, one can
use the usual bound state analysis, which gives the signal
cross section as the product of the production cross section
and the branching ratio of the bound states. In this
appendix, we show this following the appendix of Ref. [6].
Let a new scalar particle that is in a fundamental

representation of SUð3ÞC has electric charge Q ¼ 1 (i.e.,
CS ¼ NSTRS

Q2 ¼ 1=2). For an unpolarized beam with the
center of mass energy

ffiffiffi
S

p
, the differential cross section

from the digluon to the diphoton after the Coulomb
resummation for the new particle is

dσgg→γγ

dmγγ
¼

�Z
1

m2
γγ
S

fgðxÞfg
�
m2

γγ

xS

�
2mγγ

xS
dx

�
α2α2s

212πm2
γγ
×
Z

1

−1
d cos θ

�
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2
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4π

m2
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2 þ jMþ−þ− þAþ−þ−j2 þ jMþ−−þ þAþ−−þj2

þ 4jMþþþ− þAþþþ−j2
�
; ðA1Þ

where α2M and α2A are amplitudes of the diphoton to the diphoton mediated by quarks and the new scalar, respectively. (If
the new particle is a fermion, the Green’s function terms should be doubled.) Defining the parton luminosity for a pair of
gluons as

Lggðm2
γγÞ ¼

m2
γγ

S

Z
1

m2
γγ=S

dx
x
fg=pðxÞfg=p

�
m2

γγ

xS

�
; ðA2Þ

the integral inside the first big parentheses of Eq. (A1) is 2Lggðm2
γγÞ=mγγ . When the decay width of the particle is small, the

Green’s function of the bound state resonances can be approximated as

GðEþ iΓ; x⃗ ¼ 0⃗Þ ¼ −
m2

X

4π

8<
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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where En¼C2
Cᾱs

2mX=4n2, CC ¼ 4=3,m2
γγ ¼ ð2mX þ EÞ2,

and Mn ¼ 2mX − En. Since the peak height decreases
rapidly as 1=n3, taking only the n ¼ 1 term, we find3

jGðEþ iΓ; x⃗ ¼ 0⃗Þj2 ≃
���� − 2M1

C3
Cᾱs

3m3
X

8π

m2
γγ −M2

1 þ 2iM1Γ

����
2

ðA4Þ

≃
�
C3
Cᾱs

3m3
X

8π

�
2M1

Γ
2πδðm2

γγ −M2
1Þ: ðA5Þ

With this approximation, the signal is given by

Z
dσgg→γγ ≃

Z
dm2

γγ
Lggðm2

γγÞ
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212πm2
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Recall that Γ is the decay width of the scalar particle itself.
In terms of the total decay width, Γtot, we should substitute
Γtot=2 for Γ as in the appendix of Ref. [6]. Plus, considering
the annihilation rate gives Γtot ¼ 2Γþ Γann. In order to
compare the result with Refs. [7,27], we set Γ ¼ 0. From
Refs. [7,26], the annihilation decay width is

Γannðη → 2gÞ ¼ 4π

3

�
αs
mX

�
2

jψð0Þj2 ðA7Þ

¼ 1

6
α2sC3

Cᾱs
3mX: ðA8Þ

(If the constituent particle is a fermion, this should be
doubled.) Substituting Γann=2 for Γ results in

Z
dσgg→γγ ≃ Lggðð2mXÞ2Þ

ð2mXÞ2
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212πð2mXÞ2
4

�ð4πÞ2
m2

X

�
2

×

�
C3
Cᾱs
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¼ 3C3
C
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3
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m2
X
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Recovering electric charge Q, we finally obtain

Z
dσgg→γγ ≃ 3Q4C3

C

64
π2α2ᾱs

3
Lggðð2mXÞ2Þ

ð2mXÞ2
: ðA10Þ

This agrees with Eq. (4.3) in Ref. [7] and Eq. (2.6) in
Ref. [26].

APPENDIX B: PROCEDURE FOR EXPECTED
EXCLUSION LIMITS

Here, we describe in detail how we obtained the expected
exclusion curves:

1. The non-gluon-initiated process was estimated from
the ATLAS fitted plot.
We read the differential cross section of pp → γγ

from the background-only fit in Fig. 4 of the ATLAS
note [23]. After subtracting the differential cross
section of gg → γγ from it, we fitted (in the log scale
as the figure is in the log scale) the non-gluon-
initiated process as N0ð1 − x1=3Þb0xa00 , resulting in
a00 ¼ −3.67 and b0 ¼ 4.15.

2. The gluon-initiated process for nonzero CX was
determined.
Perturbatively, we can trust the one-loop differ-

ential cross section for the energy range that gives the
velocity β of the particle Xwith CCαs

β < 1
4
. On the other

hand, we can trust the Coulomb resummed result
within the range β < 1

4
as it was calculated in the

nonrelativistic limit. For regions that do not belong to
any of the two, we have to interpolate the one-loop
result and resummed result. In the future if both the
continuum calculation and resummed calculation are
done in higher order, this arbitrariness will be less-
ened. For now, we have to choose among various
interpolation choices such as using, in the interpola-
tion region, the one-loop result, the resummed result,
or a linear interpolation of the two. As an alternative,
we can choose to use the resummed result in the
interpolation region and then shift the one-loop result
horizontally to make the differential cross section
continuous. We worked in this interpolation because
discontinuities can give rise to artificial shapes affect-
ing the likelihood estimation and the overall shift can
be compensated by the fitting that we use to estimate
the non-gluon-initiated process in the next step.

3. The exclusion limit was obtained by the maximum
binned likelihood estimation.
We binned the differential cross section as

μiðCX;a0;bÞ¼Lum
Z
i-th bin

dmγγ

�
N

�
1−

�
mγγffiffiffi
S

p
�

1=3
�

b

×

�
mγγffiffiffi
S

p
�

a0þdσðgg→γγÞ
dmγγ

	
; ðB1Þ

where Lum is the integrated luminosity and the
gg → γγ differential cross section is as determined in

3One caution is that if the scale μ of ᾱsðμÞ runs as a function of
mγγ , M1ðᾱsðμÞÞ is no longer a constant and the approximate
equality to Eq. (A5) does not hold, as the function is no longer a
Lorentzian function. If one uses the NLO potential, the scale
dependence is reduced and the error of the approximation as a
Lorentzian delta function for running μ becomes smaller.
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the previous step. Then, 95% C.L. expected exclu-
sion limits were obtained by

ð1.96Þ2 ¼ −2 ln
LðCX; â0; b̂Þ

LðCX ¼ 0; a00; b0Þ
; ðB2Þ

where the likelihood LðCX; a0; bÞ ¼
ΠiPðμið0; a00; b0Þjμ¼ μiðCX; a0; bÞÞ is the products
of Poisson probability to find μið0; a00; b0Þ

with a mean value μiðCX; a0; bÞ. â0 and b̂maximize
the likelihood for a givenCX. The normalization of
the fitting function is always chosen to keep the
total number of events to remain the same. In the
future, we believe that generating the non-gluon-
initiated process like in Ref. [28] without relying
on a fitting function will be possible and a stricter
exclusion limit will be obtained.
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