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Stability through asymmetry: Modulationally stable nonlinear supermodes of asymmetric
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We analyze the stability of a non-Hermitian coupler with respect to modulational inhomogeneous perturbations
in the presence of unbalanced gain and loss. At the parity-time (PT ) symmetry point the coupler is unstable.
Suitable symmetry breakings lead to an asymmetric coupler, which hosts nonlinear supermodes. A subset of these
broken symmetry cases finally yields nonlinear supermodes which are stable against modulational perturbations.
The lack of symmetry requirements is expected to facilitate experimental implementations and relevant photonics
applications.
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I. INTRODUCTION

Modulational instability (MI) is one of the most ubiquitous
types of instability in natural and technological systems and
is considered to be one of the most fundamental nonlinear
processes in many different branches of modern physics,
including fluid dynamics, electrodynamics, plasma physics,
and nonlinear optics [1]. MI is a symmetry-breaking instability under which a constant-intensity plane wave (CW) is
spontaneously modulated to a spatially or temporally inhomogeneous pattern due to the interplay between the diffraction
or dispersion and self-phase modulation (SPM) nonlinearity.
In the spatial domain this effect results in a wave breaking
up into filaments. In the temporal domain it transforms a CW
into a pulse train. Early studies of the MI date back to the
1960s in the context of fluid dynamics and water waves [2,3]
as well as in the context of nonlinear electromagnetic wave
propagation [4].
The universality of the MI resulted in extended studies
under more general settings. For coupled nonlinear waves as
in the case of cross-phase modulation (XPM), occurring, for
example, in birefringent nonlinear optical fibers, the concept
has been generalized to the vector modulation instability
(VMI), under which the constant-polarization components
of the wave can be simultaneously destabilized due to the
presence of random-noise perturbations [5,6]. Another important generalization takes place in active systems with energy
pumping and loss. Under proper balance conditions a CW can
be formed as an equilibrium that can be either modulationally
stable or unstable. Such nonconservative systems have been
studied in terms of the Ginzburg-Landau (GL) equation [7–9]
for the case of homogeneous gain and loss mechanisms.
On the other hand, nonlinear wave formation and propagation in media with spatially inhomogeneous gain and loss
have been the subject of recent intense research interest in
the field of non-Hermitian photonics. Originally motivated
by quantum physics studies of complex potentials with a
real spectrum under parity-time (PT )-symmetric conditions
[10,11], the field of non-Hermitian photonics has rapidly
grown due to a large number of wave phenomena that have
no counterpart in conventional Hermitian photonic structures
[12–17]. Theoretical and experimental studies have been
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focused almost exclusively on the case of PT -symmetric
structures, where gain and loss are exactly balanced, and
interesting applications have been presented, including perfect
optical absorption [18,19], nonreciprocal light transmission
[20,21], unidirectional invisibility [22,23], nonlinear switching
[24], and microcavity lasing [25–27].
Wave formation and propagation, in inhomogeneous media,
is governed either by coupled-mode equations (under a tightbinding approximation) or by partial differential equations
(PDEs) with spatially varying coefficients, which, in general,
do not admit constant-intensity-wave solutions. Therefore,
the spatial inhomogeneity prevents the existence of spatially
uniform constant-intensity waves, so that any study on MI
is meaningless. One way to overcome this difficulty and
preserve the existence of constant-intensity waves, consists of
introducing specific types of inhomogeneities. Recent attempts
along this direction have utilized a rather special complex
potential in which the spatial forms of the real and imaginary
parts are functionally related. Under this condition, constantintensity waves with nontrivial spatially inhomogeneous phase
are shown to exist [28,29]. However, this condition restricts
the generality of the structure and its potential application in
realistic configurations. Moreover, it is shown that the respective constant-intensity waves are modulationally unstable for
either self-focusing or self-defocusing nonlinearities.
In this work, we overcome the difficulty of the existence of
a constant-intensity wave in an inhomogeneous non-Hermitian
structure by considering a system of coupled waveguides,
one with gain and one with loss. As recently shown, such
a structure has constant-intensity nonlinear supermodes (NSs)
consisting of different wave amplitudes in each waveguide
[30]. The spatially asymmetric NSs are shown to exist only
when the system is not PT symmetric, that is, when gain
and loss are not exactly balanced and the two waveguides (or
their respective guided modes) are not identical. Therefore,
the formation of the NSs does not result from a direct
gain-loss balance but from a more complex dynamical balance
between all the mechanisms governing wave formation,
that is, linear coupling, nonlinearity, waveguide asymmetry,
and gain-loss inhomogeneity. It is worth noting that, in
the PT -symmetric case, no asymmetric finite-power modes
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exist, so that directed power transport capabilities are quite
restricted [31].
The vector modulation instability of the NSs of the
asymmetric coupler is studied in terms of the coupled-mode
equations of the system, and the roles of gain-loss inhomogeneity and waveguide asymmetry are investigated. More
importantly, it is shown that there exist extended parameter
regions where these asymmetric nonlinear supermodes are
modulationally stable.
II. COUPLED-MODE EQUATIONS

The model governing the evolution of the electric-field
envelopes in the two waveguides consists of two coupled-mode
equations having the form of a vector nonlinear Schrödinger
(VNLS) system with gain and loss:
∂u1,2
∂ 2 u1,2
+ (β1,2 + iα1,2 )u1,2
+
∂z
∂t 2
κ
+ γ (|u1,2 |2 + σ |u2,1 |2 )u1,2 + u2,1 = 0,
(1)
2
where βj + iαj is the complex propagation constant of
waveguide j with aj > 0 (aj < 0) referring to loss (gain), κ/2
is the linear coupling coefficient, and γ and σ are the nonlinear
SPM and XPM parameters, respectively [32]. The propagation
distance is denoted by z, and the “transverse” variable t denotes
real time for the case of pulse propagation in coupled fibers
or a transverse spatial dimension (t ≡ x) for the case of beam
propagation in coupled-slab waveguides, depicted in Figs. 1(a)
and 1(b), respectively. As shown in Ref. [30], the system
supports two NSs of the form ui = Ai exp(ibz) (i = 1,2), with
constant complex amplitudes Ai = |Ai | exp(iφi ) (∂Ai /∂t =
∂Ai /∂z = 0). These amplitudes of the two NSs are given by
√
β1 α(β − 1) + κ2 α(α − 1) cos φ
2
|A1 | =
,
(2)
γ (1 − σ )(α − 1)
i

1
(3)
|A2 | = |A1 |2 .
α
The propagation constant b and the phase difference φ ≡ φ1 −
φ2 are defined as


1
κ α+1
α+1
β1 (β + 1) + √ cos φ + γ (σ + 1)
|A1 |2 ,
b=
2
2
α
α
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where α ≡ −α2 /α1 and β ≡ β2 /β1 . The parameter conditions
for the existence of the NSs are

0<α<

κ
2α1

2

γ (1 − σ )(α − 1)αβ1
⎡
⎤


2
κ
|
α
−
1
|α
1
× ⎣β − 1 ±
− α ⎦ > 0,
√
β1
2α1
α

√
2|α1 | α
sin φ =
,
κ

(7)

with the different signs corresponding to the two nonlinear
supermodes. The first condition (α > 0) necessitates the
presence of both gain and loss in the structure. The second
one determines the number of NSs, so that, depending on
the parameters of the system, there exist either zero, one,
or two NSs with equal amplitude ratios and unequal phase
differences. The existence of nonlinear supermodes requires
that the couplers are nonlinear (γ = 0), with asymmetry in the
SPM and XPM coefficients (σ = 1) and that the system is not
PT symmetric (α = 1) [30]. In order to study the MI of the
system we consider perturbations of the form
u1,2 = (A1,2 +

1,2 )e

ibz

.

We obtain the following linear equation system:
i

∂

∂ 2 1,2
+ F1,2 1,2
∂z
∂t 2
∗
+ H1,2 1,2
+ M1,2 2,1 + G
1,2

+

∗
2,1

= 0,

(8)

with
F1,2 = β1,2 − b + iα1,2 + γ (2|A1,2 |2 + σ |A2,1 |2 ),

(9)

H1,2 = γ A21,2 ,

(10)

M1 = M2∗ = M = γ A1 A∗2 +

2

(4)

(6)

,

κ
,
2

G = γ σ A1 A2 .

(11)
(12)

Without loss of generality we consider perturbations consisting
of Fourier modes
∗

1,2

∗ −i(ωt−λ z)
= c1,2 ei(ωt−λz) + d1,2
e
,

(13)

where ω is the frequency and λ is the (complex) wave number
of the perturbation. We then obtain the linear eigenvalue
problem

(5)

Lψ = λψ,

(14)

FIG. 1. (a) Fiber coupler. The wave profiles in the spatial dimensions x and y are determined by the waveguided modes of the two fibers.
The “transverse” variable t [Eq. (1)] refers to the time dependence of the wave. (b) Slab waveguide coupler. The wave profiles in the spatial
dimension y are determined by the waveguided modes of the two slabs, and their time dependence is harmonic (steady state). The “transverse”
variable t [Eq. (1)] refers to the wave profile along the infinite spatial x dimension (t ≡ x).
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FIG. 2. (a) and (b) Growth rate g for the case of self-focusing nonlinearity (γ = 1) and no XPM (σ = 0) for a gain-loss imbalance
corresponding to α = 0.2 for the two nonlinear supermodes. Both NSs are modulationally unstable.

with the eigenvector ψ = [c1 ,d1 ,c2 ,d2 ] and the matrix
⎡ 2
⎤
ω − F1
−H1
−M
−G
⎢ H∗
−ω2 + F1∗
G∗
M∗ ⎥
⎢
⎥
1
L=⎢
⎥.
⎣ −M ∗
−G
ω 2 − F2
−H2 ⎦
G∗
M
H2∗
−ω2 + F2∗

of the parameters related to the asymmetry of the system (β, α)
and the nonlinearity (γ , σ ). The instability is studied in terms
of the growth rate g corresponding to the maximum imaginary
part of the eigenvalues,
g = max (Im{λi }),
i=1,2,3,4

(15)
Modulational instability takes place for perturbations with an
eigenvalue λ with a positive imaginary part, with the latter
corresponding to the growth rate of the unstable mode. We are
searching for stable propagation cases where the eigenvalues
have only negative imaginary parts.
III. RESULTS AND DISCUSSION

It is well known that for the standard conservative scalar
nonlinear Schrödinger (NLS) equation, MI occurs for selffocusing nonlinearity (or anomalous dispersion regime in
fibers), whereas CWs are modulationally stable for selfdefocusing nonlinearities (or normal dispersion regime in
fibers). The sign of the nonlinearity crucially determines the
interplay between the linear diffraction and the nonlinearly
induced phase shifts resulting in either stability or instability
[6]. In the following, we investigate the role of gain and loss
inhomogeneity as well as of the asymmetry of the system on
the MI of the nonlinear supermodes and study its dependence
on relevant parameters of the configuration. Without loss of
generality, we set the linear coupling coefficient κ = 1 as well
as the propagation constant and gain and loss coefficients of
the first waveguide β1 = 1, α1 = 1 and investigate MI in terms

(16)

with g > 0 being the condition for MI.
For the case of self-focusing nonlinearity (γ = 1) and no
XPM (σ = 0), we always find positive values of g for both
nonlinear supermodes, as shown in Fig. 2 for a gain and
loss imbalance corresponding to α = 0.2 and different values
of β. One of the nonlinear supermodes [Fig. 2(a)] is stable
under homogeneous perturbations (ω = 0), whereas the other
[Fig. 2(b)] is not, in agreement with previous stability analysis
of this restricted case [30]. The range of β is the semi-infinite
interval determined from the existence conditions of the
nonlinear supermodes (7), and the growth rate of the instability
g uniformly increases with decreasing β. The dynamical
evolution of MI is studied by adding small random-noise
perturbations of the order of 10−2 to the exact nonlinear
supermode solution at z = 0, as shown in Figs. 3(a) and 3(b) for
nonlinear supermodes with β = 0.2 and β = 1, respectively.
For the self-focusing case (γ = 1) a nonzero XPM coefficient
(σ = 0) can alter only the magnitude and not the sign of
the growth rate and does not result in qualitative changes
of the modulation instability of the nonlinear supermodes.
This is similar to the case of vector modulational instability in
conservative VNLS systems with no gain and loss, where the
NSs are always modulationally unstable for the self-focusing
case irrespective of the XPM coefficient [6].

FIG. 3. Development of the modulation instability of the nonlinear supermodes under a random-noise perturbation of the order of 10−2
superimposed at z = 0 for the cases corresponding to (a) Fig. 2(a) with β = 0.2 and (b) Fig. 2(b) with β = 1.
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FIG. 4. Growth rate g for the case of self-defocusing nonlinearity (γ = −1) and no XPM (σ = 0) for a gain-loss imbalance corresponding
to α = 0.2 for the two nonlinear supermodes. (a) The first NS is shown to be modulationally stable (g < 0 for all ω) for a range of β values.
(b) The second NS is always modulationally unstable.

In contrast to the standard scalar NLS equation, in conservative VNLS systems, constant-intensity CWs can be destabilized due to coupling even for self-defocusing nonlinearities
[6]. In the following, we investigate the parameter space of the
asymmetric non-Hermitian coupler for the existence of modulationally stable nonlinear supermodes for a self-defocusing
nonlinearity (γ = −1). First, we consider a case with no
XPM (σ = 0) and gain and loss imbalance corresponding to
α = 0.2. The growth rate g for each perturbation frequency ω
and different values of β for the two NSs is depicted in Fig. 4.
We observe that one of the nonlinear supermodes [Fig. 4(a)] is
modulationally stable (g < 0 for all ω) for part of its domain
of existence with respect to parameter β, whereas the second
supermode [Fig. 4(b)] is always modulationally unstable.
The existence domain of modulationally stable nonlinear
supermodes in the control parameter space of the asymmetry
parameters α and β is shown in Fig. 5(a). The nonlinear
supermodes are stable under homogenous perturbations ω = 0
in the whole shaded area of the parameter space, and they are
modulationally stable under perturbations with arbitrary ω in
the blue shaded regions. In Fig. 5(b), it is shown that a nonzero
XPM coefficient (σ = 0.5) results in a narrower domain of
modulation stability in comparison to a zero one, shown in
Fig. 5(a). This is similar to the case of a conservative VNLS
system, where the XPM is shown to have a destabilizing effect
[6]. In both cases of different σ , it is clear that a smaller α,
corresponding to larger gain and loss imbalance between the

two waveguides, results in a wider domain of modulational
stability. Therefore, there is enough freedom in parameter
selection for the control of the existence conditions for a
modulationally stable nonlinear supermode.
The modulational stability of the respective NSs results in
the asymptotic decay (due to negative growth rates) of any
type of finite perturbation. The wave evolutions for spatially
(temporally) periodic and localized excitations superimposed
on such a modulationally stable nonlinear supermode at z = 0
are depicted in Figs. 6(a) and 6(b), respectively. The parameters
of the system correspond to the case shown in Fig. 4(a) with
β = 1.8. In both cases, it is clear that the initial excitations
evolve to the stable NS. Therefore, dissipative dynamics takes
place on a constant background that is not itself excited by
either periodic or localized waves. Periodic perturbations are
uniformly dissipated, whereas localized perturbations, having
the form of a beam (pulse), split in secondary beams (pulses)
that are subsequently dissipated. In both cases, the system
evolves to the asymptotically stable NS.
IV. CONCLUSIONS

The modulation instability of an inhomogeneous nonHermitian photonic structure was studied for the fundamental
paradigm of two coupled waveguides. This structure was
shown to support nontrivial nonlinear supermodes due to its
asymmetric characteristics. The existence and the modulation

FIG. 5. Existence domain of modulationally stable nonlinear supermodes in terms of the parameters α and β expressing the asymmetry of
the structure. The nonlinear supermodes are stable against homogeneous perturbations (with ω = 0) in the whole shaded area and modulationally
stable (against perturbations with arbitrary ω) in the blue shaded area. Cases of (a) zero (σ = 0) and (b) nonzero (σ = 0.5) XPM coefficients
are shown.
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FIG. 6. Wave evolution of periodic and localized perturbations superimposed on a modulationally stable nonlinear supermode. Parameter
values are as in Fig. 4(a), and β = 1.8. In the second waveguide, (a) a periodic wave ũ = 0.5 cos(t) and (b) a localized wave ũ = 0.5 sech(0.5t)
have been superimposed on the stable NS at z = 0.

instability of the NSs were investigated in the parameter
space of the system. It was shown that modulationally stable
nonlinear supermodes can exist for a wide parameter range
as a result of the asymmetry of the system. The generic
configuration is not restricted by any symmetry conditions and
facilitates experimental implementation and interesting photonics applications utilizing the existence of stable continuous
waves for directed power transport and/or their controllable
breaking either to time-periodic pulse trains or to spatial beam
filaments.
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