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Quinn breaking scale. When the underlying U(1) symmetries are spontaneously broken,

the aligned structure in the axion field space exhibits itself as a complicated string-wall

network in the real space. We find that the string-wall network likely survives until the QCD

phase transition if the number of the Peccei-Quinn scalars is greater than two. The string-

wall system collapses during the QCD phase transition, producing a significant amount

of gravitational waves in the nano-Hz range at present. The typical decay constant is

constrained to be below O(100) TeV by the pulsar timing observations, and the constraint

will be improved by a factor of 2 in the future SKA observations.
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1 Introduction

The Peccei-Quinn (PQ) mechanism is one of the most attractive solutions to the strong

CP problem [1, 2]. In association with spontaneous breakdown of a global U(1)PQ sym-

metry, there arises a pseudo Nambu-Goldstone boson called the QCD axion [3, 4]. In the

conventional scenarios, the axion decay constant Fa is of order the U(1)PQ breaking scale.

The classical axion window is given by

109 GeV . Fa . 1012 GeV, (1.1)

where the lower bound is due to the SN 1987A neutrino burst duration [5–7] and the upper

bound is due to the cosmological abundance of the axion produced by the misalignment

mechanism, barring fine-tuning of the initial misalignment [8–10]. The QCD axion is stable

in a cosmological time scale, and is a plausible candidate for cold dark matter. See e.g.

refs. [11–16] for reviews on the QCD axion and the related topics.

Axions are also known to appear in string theory in association with compactification

of the extra dimension, and some of them may be so light that they play an important role

in cosmology [17–20]. In particular, a multi-axion inflation model attracted much atten-

tion, because multiple axions with sub-Planckian decay constants can conspire to realize

a light inflaton with the effective super-Planckian decay constant through the alignment

mechanism [21–27]. A peculiar structure of the charge assignment for the N axions was

noted in ref. [28], and a concrete realization was given in refs. [29, 30]. If there are many

axions with various kinds of shift symmetry breaking terms, they may form an axion land-

scape [23, 24], where eternal inflation and the subsequent quantum tunneling or jump-up to

one of the adjacent minima take place repeatedly. In the axion landscape, the slow-roll in-

flation may be realized via the alignment mechanism, and the inflaton potential is generally
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expected to have small modulations, which may lead to a sizable running of the spectral

index [31, 32]. The vacuum structure of the axion landscape was studied in refs. [33, 34].

Recently, four of the present authors (TH, KSJ, NK, and FT) applied the alignment

mechanism to the QCD axion, and studied its cosmological and phenomenological implica-

tions [35, 36]. In this model, the QCD axion is given by a flat direction composed of multiple

axions. Interestingly, even if the decay constant of each axion is around the TeV scale, the

QCD axion decay constant can be enhanced up to the classical axion window (1.1). One

of the axions or saxions in the model can explain the recently found diphoton excess in

LHC [37–40].1 In addition, the required high quality of the PQ symmetry [44, 45] can be

naturally realized in this model [36].

Cosmological evolution of the QCD axion can be quite involved even in the single axion

case. Suppose that the U(1)PQ symmetry is restored in the early Universe. This is the case

if the inflation scale or the reheating temperature is sufficiently high. Then cosmic strings

are formed when the U(1)PQ is spontaneously broken. Subsequently, the axion potential

arises due to the QCD instanton effects, leading to the formation of domain walls bounded

by strings. If the domain wall number of the QCD axion is unity, such a string-wall network

soon collapses by emitting axions [46, 47]. On the other hand, if the domain wall number is

greater than unity, the string-wall network is stable, which causes the cosmological disas-

ter.2 In the aligned axion model with N axions, the associated U(1)N symmetries are likely

restored in the early Universe, because the symmetry breaking scale is much smaller than

Fa. The spontaneous breakdown of the U(1)N symmetries would result in the formation of

a complicated string-wall network, which reflects the aligned structure of the multiple axion

fields. The main purpose of this paper is to study the structure and evolution of the topolog-

ical defects in the aligned axion model. As we shall see, in a case with two axions, an isolated

string-wall system can be formed, which eventually collapses to a bundle of strings that can

be regarded as the QCD axion string. In general, such a bundle of strings glued by walls

exists as a solution corresponding to the QCD axion string, and in fact, their tensions are

approximately same. However, for N ≥ 3, such a structure is rarely formed in the early Uni-

verse, because the solution requires an exponentially large hierarchy in the number of strings

of different types. Instead, we expect that the string-wall network survives until a later

time, and collapses during the QCD phase transition, emitting gravitational waves. We

derive an upper bound on the PQ breaking scale by the pulsar timing experiments [50–53].

The rest of this paper is organized as follows. In section 2, we review the aligned QCD

axion scenario. We discuss the formation and evolution of topological defects in the aligned

QCD axion model in section 3. Section 4 is devoted to discussion and conclusions.

1See refs. [41–43] for models of a visible axion as an explanation of the diphoton excess.
2There is an alternative way to form domain walls in a multi-axion scenario, where the system exhibits

a chaotic behavior (axion roulette) during a mass level crossing between two axions [48, 49].
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2 Aligned QCD axion

To enhance the decay constant by the alignment mechanism, one needs multiple axions.

Let us introduce N axions, φ1, φ2, . . . , φN , each of which respects the shift symmetry,

φi → φi + Ci, (2.1)

where Ci is a real transformation parameter. We assume that N−1 of the shift symmetries

are explicitly broken down to their discrete subgroups, giving rise to the potential for (N−1)

combinations of the axions. The remaining massless axion is to be identified with the QCD

axion, and its anomalous coupling to gluons is generated by including extra PQ quarks

as in the Kim-Shifman-Vainshtein-Zakharov axion models [54, 55] . The QCD axion is

given by a certain combination of the N axions, and it remains massless until the QCD

instanton effects are turned on. In this set-up, the QCD axion decay constant depends on

how the N − 1 shift symmetries are broken [56], and it can be significantly enhanced if the

alignment takes place.

Here we adopt the clockwork axion model [29, 30] as a simple and concrete realization

of the aligned axion model, and we apply it to the QCD axion following ref. [35]. The

following discussion, however, can be straightforwardly applied to more general aligned

axion models. In the clockwork axion model, the potential is given by

V = −
N−1∑
i=1

Λ4
i cos

(
φi
fi

+ ni
φi+1

fi+1

)
, (2.2)

for integer ni, where Λi and fi are a characteristic energy scale of the shift symmetry

breaking and the decay constant of φi, respectively. Since there are N − 1 shift symmetry

breaking terms, there remains a flat direction which is to be identified with the QCD axion.

The QCD axion and its decay constant are given by

a ∝
N∑
i=1

(−1)i−1

( N∏
j=i

nj

)
fiφi, (2.3)

Fa =

√√√√√ N∑
i=1

f2
i

 N∏
j=i

n2
j

, (2.4)

where we have defined nN = 1 for notational convenience. Suppose that all the decay

constants fi and the integers ni are comparable to each other, i.e. fi ' f and ni ' n.

Then, the largest contribution to the QCD axion comes from φ1, and the QCD axion

decay constant is exponentially enhanced, Fa ∼ eN lnnf , for large N . For instance, if

fi ' f = O(1) TeV, one needs an enhancement of order 106−9 for Fa to be in the classical

axion window (1.1), which can be realized for e.g. n = 3 and N = 13− 19.

One of the virtues of the aligned QCD axion model is that the high quality of the PQ

symmetry is naturally explained [35, 36]. This is because the actual symmetry breaking

scale is much smaller than Fa, and so, any Planck-suppressed PQ breaking terms give only
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suppressed contributions to the QCD axion potential. In some case, such Planck-suppressed

PQ breaking terms have interesting implications for the QCD axion dynamics [36].3

Another cosmological implication is that the PQ symmetry is easily restored in the

early Universe. To see this, let us now consider a possible UV completion, where each

axion φi is originally embedded in a phase component of a complex scalar field, Φi. The

model is based on global U(1)N symmetries and the scalar potential has a typical form of

V =

N∑
i=1

(
−m2

i |Φi|2 + λi|Φi|4
)
. (2.5)

In addition, the scalars generically acquire a Hubble-induced mass or thermal mass in the

early Universe. Then, if the Hubble parameter or the temperature is higher than mi,

the scalars are stabilized at the origin, and the U(1)N symmetries are restored. As the

Universe expands, Φi becomes tachyonic at the origin, and develops a vacuum expectation

value, |Φi| = fi/
√

2 with fi = mi/
√
λi. Then, N massless axions φ1,··· ,N appear as Nambu-

Goldstone bosons. At the same time, cosmic strings are produced in association with a

non-trivial topological configuration of φi. Later on, the (N −1) symmetry breaking terms

become important and the (N − 1) axions acquire masses. As an example, we may adopt

the following renormalizable potential [30],

∆V =

N−1∑
i=1

εiΦiΦ
3
i+1 + h.c., (2.6)

where εi is an order parameter; εi � 1 implies that the corresponding U(1) symmetry is a

relatively good symmetry. This potential generates the axion potential (2.2) with ni = 3.

As a result, domain walls appear stretching between the cosmic strings. The strings and

walls form a complicated string-wall network. We will study the nature of these topological

defects in the next section.

Lastly let us comment on the axion coupling to gluons. In order to couple the QCD

axion a to gluons with a coupling suppressed by 1/Fa, we introduce the following interaction

of ΦN with heavy PQ quarks,

L = yQΦN Q̄Q+ h.c., (2.7)

taking into account that the φi-fraction in a quickly decreases with i for fi ' f . Then,

integrating out the PQ quarks, heavy axions and saxions, we are left with the usual QCD

axion coupled to gluons.4

3See also ref. [57] for the study of the pseudo Nambu-Goldstone dark matter in a potential with small

modulations.
4The PQ quarks are considered to be thermalized if the U(1) symmetries are restored in the early

Universe. They can decay into the standard model particles via a small mixing with the ordinary quarks.

Since the mixing requires the ordinary quarks to carry a U(1)PQ charge, we need several pairs of PQ quarks

to arrange the domain-wall number of the QCD axion to be unity.
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3 Topological defects and gravitational waves

Here we study the formation and evolution of cosmic strings and domain walls in the aligned

axion model. First we discuss the structure of string-wall network and its correspondence

with the ordinary QCD axion string. Then we investigate their evolution based on numer-

ical simulations. Lastly, we evaluate the gravitational waves emitted in the process of the

domain wall collisions during the QCD phase transition.

3.1 Cosmic strings and domain walls

In the aligned QCD axion model, the actual symmetry breaking scales, fi, are much smaller

than Fa, and so, the U(1)N symmetries are easily restored in the early Universe. When the

U(1)N symmetries are spontaneously broken, the radial component of each complex scalar

field develops a nonzero vacuum expectation value, while the phase component is randomly

distributed in space. There appear N kinds of cosmic strings corresponding to a non-trivial

topological configuration of φ1,··· ,N . Consider a string of Φi along the z-axis. Then, one

can express the complex scalar field around the string in a cylindrical coordinate system as

Φi =
fi√

2
eiφi/fi =

fi√
2
eiwiθ, (3.1)

where θ is the angular coordinate, wi is the winding number and we have neglected the

radial component of Φi. Most of cosmic strings realized in the spontaneous symmetry

breaking have wi = ±1, and so, we will focus on this case, and denote the (anti-)string

with wi = 1(−1) by Si (S̄i) in the following. The energy per unit length, i.e., the sting

tension, for an infinitely long global string is given by the sum of the potential energy

stored inside the string core and the gradient energy outside the string. The former is

roughly µcore,i ∼ f2
i , and the latter is logarithmically divergent and gives the dominant

contribution. For each cosmic string, the tension is estimated as

µi ∼ µcore +

∫ R

δ

∣∣∣∣1r ∂Φi

∂θi

∣∣∣∣22πrdr ≈ πw2
i f

2
i ln

(
R

δ

)
, (3.2)

where δ ∼ m−1
i is the typical core radius, and R is the cutoff length corresponding to the

distance between strings, which is usually the Hubble radius. Those N kinds of strings

individually follow the scaling law until the domain walls are formed.

Later on, the shift symmetry breaking terms such as (2.6) become important, and the

N − 1 U(1) symmetries are explicitly broken down to their discrete subgroups, generating

discrete minima for the (N − 1) axions. As a result, domain walls appear between strings.

There are two kinds of domain walls, W(i,i+1) and W(i,i), where the former stretches between

S̄i and Si+1 with i = 1, · · · , N − 1, and the latter between the anti-string S̄i and string Si.

For the potential (2.2), a single wall is attached to S1, ni−1 + 1 walls are attached to Si
with i = 2, · · · , N − 2, and nN−1 walls are attached to SN . The composition of the walls

depends on the initial string configuration, and it also evolves with time as strings and walls

annihilate. Specifically, Si with i = 2, · · · , N − 2 has ni−1 + 1 walls whose composition is

expressed by

aiW(i,i+1) + bi−1W(i,i−1) + (ni−1 + 1− ai − bi−1)W(i,i) (3.3)
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with ai = 0, 1 and bi = 0, · · · , ni. Those strings and walls form a complicated string-wall

system, whose evolution is numerically studied later in this section.

3.2 Cosmic string bundles as QCD axion strings

Here we show that there is a special configuration in which many strings S1,··· ,N glued by

domain walls form an isolated string bundle. The effective tension of the bundle is of the

same order of the QCD axion string in a usual axion model without the alignment.

Let us begin with the case of N = 2 and adopt the renormalizable potential (2.6). In

this case, one possible configuration is such that three S̄1 strings are connected to an S2

string by the walls W12, as schematically illustrated in figure 1a. Once such a configuration

is formed, each string gets attracted to each other by the domain wall tension, leading to

a single string bundle composed of S2 + 3S̄1 glued by the walls W12. Taking account of

the fact that the effective winding number w1 is equal to −3, the effective tension of such

a string bundle is

µeff ' π(32f2
1 + f2

2 ) ln

(
R

δ

)
= πF 2

a ln

(
R

δ

)
, (3.4)

where we have used the effective decay constant, Fa =
√

32f2
1 + f2

2 (see the relation (2.3)),

in the second equality, and we have neglected subdominant contributions from the string

cores and the walls. The tension is consistent with that of the QCD axion string with the

winding number equal to unity. The above argument can be straightforwardly applied to

the case of N ≥ 3. An isolated string bundle is composed of SN + 3S̄N−1 + 32SN−2 + · · ·+
3N−1S1(S̄1) for odd (even) N . See figure 1b in the case of N = 3. The effective tension is

in general

µeff ' π(32(N−1)f2
1 + · · ·+ 32f2

N−1 + f2
N ) ln

(
R

δ

)
= πF 2

a ln

(
R

δ

)
. (3.5)

Thus, the string bundle can be regarded as the usual QCD axion string with the decay

constant Fa.

Let us note here that the aligned structure in the axion field space appears in the real

space as the string bundle. The string bundle contains exponentially many strings, and

as a result, the effective winding number of each string becomes exponentially large. This

enhances the string tension by a factor of F 2
a /f

2.

To reinforce the estimation above, here we numerically analyze the structure of an

isolated string bundle for N = 2. For this purpose, we have computed a static solution of

Φi that minimizes the action with a potential consisting of eqs. (2.3) and (2.6). The action

is computed on a 2-dim lattice with the number of grids Ngrid = 5122. The box size is taken

to be about 70 times larger than the typical length scale of strings (
√
λifi)

−1. To obtain an

isolated string bundle, we have adopted a Dirichlet boundary condition, so that along the

boundary eq. (3.1) is satisfied. The minimization of nonlinear actions with such a large Ngrid

is not trivial. In this paper we have adopted the scheduled relaxation Jacobi method [58, 59].

Figure 2 shows the configurations of Φ1 and Φ2. Here we have assumed f1 = f2 = f

and ε = 0.25. First of all, it can be clearly seen that there are three distinct S1 strings,

which surround the S̄2 string at the center. This is consistent with the schematic picture

– 6 –
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(a) N = 2. (b) N = 3.

Figure 1. Isolated string-wall structure in the clockwork axion model with N = 2 (left) and N = 3

(right), where we set ni = 3. The squares, triangles and cross-marks represent cosmic strings for Φ1,

Φ2 and Φ3 respectively and green and magenta lines represent domain walls connecting each string.

in figure 1a. We also note that the contours indicating |Φ2| are elongated towards the

cores of the S1 strings. This is because domain walls stretch between S1 and S̄2 strings.

For the potential energy in ∆V of eq. (2.6) to be reduced, |Φ2| is required to be nonzero

along the domain walls. We note that in the right panel in figure 2, the discontinuity in

the color scale corresponding to θ2 = 0 appears wiggling, which results from minimizing

the potential energy around domain walls. While it is not as apparent as θ2 = 0, loci

corresponding to θ2 = 2/3π and θ2 = 4/3π are also wiggling in a similar way.

From our numerical calculation, we can also compute the tension of the string bundle.

In figure 3, we plot the energy stored inside the radius from the center of the bundle.

Because the gradients of the phases θi dominate at large radii, the energy approximately

logarithmically increases and its asymptotic behavior converges into eq. (3.2).

3.3 Formation and evolution of string-wall network

Now the question is if isolated string bundles are produced after the domain walls appear

in the early Universe. As we shall argue below, such isolated string bundles are unlikely to

be formed if N ≥ 3.

Starting from the random initial condition, cosmic strings are necessarily produced

after the spontaneous breakdown of the N U(1) symmetries. The cosmic strings are con-

sidered to follow the scaling law in a few Hubble time, and the number of each string per the

Hubble horizon is of order unity. At a later time, the shift symmetry breaking terms gener-

ate discrete minima for the (N−1) axions, and domain walls are formed between two strings.

Let us take one SN string, and consider a whole object connected to it by various kinds

of walls and strings. Assume that such an object contains a finite number of strings. As we

start from the SN string, each string contained in this object is identified with either Si or

S̄i with i = 1, · · · , N . Namely, the orientation of the strings is determined by how they are

connected to the SN string. The number of strings is monotonically decreasing with time

– 7 –
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Figure 2. Field configuration around an isolated string bundle for N = 2 with f1 = f2 = f and

ε = 0.25. Left and right panels respectively show Φ1 and Φ2. Contours indicate |Φi|/(f/
√

2), whose

values are incremented from 0 (innermost) by 0.2, while color scales indicate θi/π ∈ [0, 2).
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Figure 3. Energy stored inside the radius from the center of the string bundle in figure 2. The

green and purple lines are respectively the gradient and potential energy, while the cyan one is the

sum of them. For reference, the yellow line is depicted to show eq. (3.2) with δ set to 1/m =
√

2/f .
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unless pairs of string and anti-string are created. If the difference between the number of

SN strings and that of S̄N strings contained in this object is equal to unity, i.e., if∣∣#(SN )−#(S̄N )
∣∣ = 1, (3.6)

such an object will collapse into an isolated string bundle at a sufficiently late time when

the whole object is contained in a Hubble horizon. Since there is no essential difference

between SN and S̄N and their number density is comparable, the above condition (3.6) is

easily satisfied if such an object with a finite number of strings is formed. However, the

object must have a larger bias in the number of the strings of the other types. This can be

understood by noting that the object must contain much more S1(S̄1) strings than S̄N (SN )

strings for odd (even) N , as it collapses into SN + 3S̄N−1 + 32SN−2 + · · ·+ 3N−1S1(S̄1) at

the end of the day. That is to say, the number of strings in the object must satisfy∣∣#(Si)−#(S̄i)
∣∣ = 3N−i (3.7)

for 1 ≤ i ≤ N . However, starting with the random initial condition, the number of strings

and anti-strings in a part of the whole string-wall network typically satisfy∣∣#(Si)−#(S̄i)
∣∣ = O(1). (3.8)

Therefore it is extremely unlikely that the required huge bias in the number of strings is

realized. We thus conclude that such an object contains most likely an infinite number of

strings for large N , and no isolated objects are produced.5 Indeed, as we shall see below,

we could not find any isolated structure in the numerical simulations with the N = 3 case

(see figure 7). On the other hand, in the case of N = 2, the required bias is not huge, and

isolated string bundles are formed (see figure 6).

Even if isolated string bundles are not formed, the string-wall network will never

disappear until the QCD instanton effects are turned on. This can be understood as

follows. Note that only N −1 of the original N U(1) symmetries are explicitly broken, and

there remains a massless degree of freedom corresponding to the QCD axion, a. Before

the domain wall formation, all possible field values of the N axions are realized in space,

and there is no bias in their distribution. However, if the string-wall network disappeared,

it would imply that the distribution of the QCD axion is topologically trivial everywhere.

This is the case if only a part of its field space is realized, which is inconsistent with

the initial condition. Indeed, the QCD axion has a non-trivial topological configuration

around the SN string, which would be the core of isolated string bundle. In other words, the

SN strings cannot completely disappear in the Universe until the QCD phase transition,

irrespective of whether isolated string bundles with SN being the core are formed or a

complicated string-wall network remains around it.

In summary, it is highly unlikely that isolated string bundles are formed in the Universe

for large N , as long as the initial condition is random. The string-wall network in the

aligned axion model likely remains until the QCD phase transition.

5This may imply that, even if the scalar potential for multiple PQ scalars is complicated, such isolated

structure will be likely formed unless the alignment is realized.
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(a) (b) (c)

Figure 4. Two-dimensional lattice simulation for N = 2. Time evolves from left to right. The

red (blue) square and triangle points represent S1 (S̄1) and S2 (S̄2) respectively and the green line

represents W12.

3.4 Numerical simulation of the string-wall network

We have performed two and three-dimensional lattice simulations for the string-wall net-

work in the aligned axion model given by eqs. (2.5) and (2.6). The results for the two-

dimensional simulations with N = 2 and 3 are shown in figures 4 and 5, and those for the

three-dimensional ones are in figures 6 and 7. The initial values of the axions are taken to

be random on each grid point.

In the case of N = 2 (figures 4 and 6), S1 or S̄1 becomes the boundary of domain walls

W12. One can see from the figures that such domain walls tend to shrink and eventually

(almost) disappear, leading to the cosmic string bundle, S2 + 3S̄1 or S̄2 + 3S1, as discussed

before. Thus, isolated string bundles are formed in the case of N = 2 and n = 3.

In the case of N = 3 (figures 5 and 7), the domain wall network survives and the

isolated structure cannot be seen. In the two-dimensional case, the walls wrap around the

lattice simulation box, and both W12 and W23 remain. On the other hand, in the three-

dimensional case, while incomplete string bundles, S2 + 3S̄1 or S̄2 + 3S1, are formed, there

also remain S3 and S̄3 strings. Importantly, their numbers are comparable to each other

as expected, which makes it difficult to form isolated string bundles. We could not find

any isolated string bundle and the string-wall system remains in the case of N = n = 3.

The string-wall network likely survives until the QCD phase transition and after that

it disappears due to the QCD axion potential which serves as an energy bias to break the

degeneracy of discrete vacua. During the domain wall collisions, heavy axions are emitted

and they will decay into gluons. Depending on the strength of the coupling to gluons

and the masses, some of them may be so long-lived that the energetic gluons change the

light element abundances. In addition to heavy axions, the QCD axion is produced by the

domain walls and strings. Their abundance may be different from the ordinary QCD axion

model, but it requires dedicated numerical simulations. The detailed study of those axions

produced by the collapse of the string-wall network is left for future work.
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(a) (b) (c)

Figure 5. Same as figure 4 but for N = 3. The red (blue) x-mark represents S3 (S̄3) and the

magenta line represents W23.

(a) (b) (c)

Figure 6. Three-dimensional lattice simulations for N = 2. Time evolves from left to right. The

red and blue lines represent S1 and S2 respectively and green region represents W12.

(a) (b) (c)

Figure 7. The same as figure 4 but for N = 3. The magenta lines represent S3 and cyan region

represents W23. In the right panel, there are a similar number of two kinds of strings, S2 + 3S̄1 and

S3, and the walls W23 stretching between them.
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3.5 Gravitational waves from domain wall annihilation

We have seen that the domain walls are long-lived for N ≥ 3 and most probably survive

until the QCD axion potential arises. Assuming the scaling regime, the energy density of

domain walls evolves as ρwall ∼ σH. Here σ is the tension of the domain wall, and it is

approximately given by

σ = 8maHf
2, (3.9)

maH = O(
√
εf), (3.10)

where we have set fi = f and εi = ε for simplicity, and maH is the mass of heavy axions

that form the domain walls. Note that those heavy axions are orthogonal to the QCD

axion. Since the energy density of domain walls decreases more slowly than radiation or

matter, stable domain walls will eventually dominate the Universe and make it unaccept-

ably inhomogeneous, spoiling the standard cosmology. Thus, domain walls must annihilate

before they dominate the Universe.

In our aligned QCD axion model, the domain walls annihilate after the QCD axion

potential arises from the QCD instanton effects at T ∼ 1 GeV if the domain wall number

of the QCD axion is equal to unity. This is because the QCD axion potential behaves like a

bias Vε ∼ Λ4
QCD for the WN−1,N domain walls and they annihilate at σH ∼ Λ4

QCD [60]. Re-

maining domain walls WN−2,N−1, . . . ,W1,2 also annihilate one after another with attached

cosmic strings. If σH < Λ4
QCD is satisfied at T ∼ 1 GeV, the domain walls annihilate soon

after the QCD axion potential is turned on. Otherwise, the annihilation temperature is

estimated as

Tann ∼ 1 GeV ε−1/4

(
g∗(Tann)

80

)−1/4( ΛQCD

400 MeV

)2(100 TeV

f

)3/2

, (3.11)

which implies that the annihilation is delayed significantly for f & 100 TeV ε1/6. We have

numerically confirmed that the string-wall system collapses after the QCD instanton effects

become relevant. Requiring that the domain walls should not dominate the Universe until

T = Tann, one obtains a conservative constraint on f ,

f . 400 TeV ε−1/6

(
ΛQCD

400 MeV

)4/3

, (3.12)

and the annihilation temperature must be Tann & 0.1 GeV.6 In fact, a more stringent

constraint comes from the pulsar timing observation, as we shall see below.

In the violent collisions of domain walls, gravitational waves are produced over fre-

quencies ν corresponding to a typical physical length scale [61–64]. Once the domain-wall

network follows the scaling law, a typical curvature radius is of order the Hubble parameter.

6In the presence of extra PQ breaking terms, each axion is trapped at each potential minima even before

the QCD phase transition [36]. In this case, the string-wall network sooner disappears and f can be a larger

value.
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Then, the power spectrum of the gravitational waves has a peak at frequency correspond-

ing to the Hubble parameter at the domain wall annihilation, νpeak(tann) ' Hann. As the

Universe expands, the peak frequency is red-shifted, and its present value is given by

νpeak,0 ' 1.6× 10−7 Hz

(
g∗ann

80

)1/6( Tann

1 GeV

)
, (3.13)

which happens to be in the sensitivity range of the pulsar timing experiments.

The intensity of the gravitational waves is usually characterized by a dimensionless

quantity, Ωgw(t), defined by

Ωgw(ν(t)) =
1

ρc(t)

d log ρgw(t)

d log ν
, (3.14)

where ρgw(t) is the energy density of gravitational waves, ρc(t) the critical density, and ν

is the frequency. The peak value of Ωgw at the annihilation is estimated as

Ωgw(νpeak(tann)) =
8πε̃gwG

2A2σ2

3H2
ann

, (3.15)

where ε̃gw ' 0.7 ± 0.4 [64] is an efficiency parameter of the gravitational wave emission,

and A parametrizes the energy density of domain walls as ρwall = Aσ/t in the radiation-

dominated era. In the case of a simple Z2 potential, A ' 0.8± 0.1, and it is considered to

increase in proportion to the number of the potential minima [46, 47]. In our aligned axion

model, the vacuum structure is much more complicated than the case of Z2, and we expect

A = O(1−10). In fact, we have obtained A ∼ N from two dimensional lattice simulations.

The present value of Ωgw at the peak frequency is given by

Ωgw(νpeak(t0))h2 = ΩRh
2

g 4
3
∗s,0/g∗,0

g
1/3
∗ann

Ωgw(νpeak(tann)) (3.16)

' 2× 10−11ε
(g∗ann

80

)− 4
3

(
ε̃gw

0.7

)(
A
10

)2( Tann

1 GeV

)−4( f

102 TeV

)6

,

where ΩRh
2 ' 4.15×10−5 is the density parameter of radiation (assuming massless neutri-

nos), g∗,0 ' 3.363, g∗s,0 ' 3.909, and g∗ann are the effective relativistic degrees of freedom.

The subscript ‘0’ and ‘ann’ represent that the variable is evaluated at present and at the

domain wall annihilation, respectively.

Interestingly, the peak frequency with Tann ∼ 1 GeV is within the target range of

pulsar timing observations [50–53]. The current 95% confidence upper limit reads Ωgwh
2 <

2.3 × 10−10 at ν1yr ' 3 × 10−8 Hz [52]. The gravitational waves from the domain wall

annihilation have a frequency dependence, Ωgw ∝ ν3, at ν < νpeak. Thus we obtain the

upper bound on f ,

f . 200 TeV × ε−
1
6

(
g∗ann

80

) 1
198 (εgw

0.7

)− 2
33

(
A
10

)− 4
33
(

ΛQCD

400 MeV

) 28
33

. (3.17)
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As mentioned before, it may take a longer time for the string-wall system to annihilate

completely in the aligned axion model, compared to the usual case of a single PQ scalar.

As a result, the gravitational power spectrum may be modified, and, in particular, the peak

frequency may be slightly lowered. Taking account of this uncertainty, the upper bound

on f may be tightened by a factor of several. Detailed lattice numerical simulations for

the produced gravitaional waves are warranted.

The future observation by SKA will reach Ωgwh
2 ∼ 10−13 [65] and the upper bound

on f will be improved by a factor of 2. It implies that the gravitational waves produced in

the aligned axion model with a decay constant of O(10 − 100) TeV will be probed by the

pulsar timing experiment in future.

4 Discussion and conclusions

Let us discuss the case in which the U(1)N symmetries are only partially restored by some

of the scalar fields which develop VEVs after inflation. Suppose that ΦN develops a non-

zero VEV during inflation. In this case, a complicated string-wall network does not remain

for a long time. This is because, for the cosmic string to remain in the end, the phase of

ΦN should rotate from 0 to 2π about the string, but if ΦN has a non-zero VEV already,

such configuration does not appear. It seems that only the cosmic strings associated with

the scalars which develop non-zero VEVs after inflation will appear for the moment, but

they are attached to domain walls and so, they will disappear as soon as the domain

walls appear. As for the isocurvature fluctuations, only some fraction of the field space is

populated by this partial spontaneous symmetry breaking. Therefore, after the string-wall

network disappears, some amount of isocurvature perturbations may be left. But it is

difficult to know what actually happens unless the evolution of the string-wall network is

numerically studied. In any case, complete symmetry restoration seems more plausible, in

which case no isocurvature perturbations are generated.

In this paper we have studied the formation and evolution of the complicated string-

wall network in the aligned axion model. Since the actual PQ symmetry breaking scale is

much smaller than the classical axion window, the symmetry restoration is more plausible

in this scenario. Such axion model has several virtues: the high quality of the PQ symmetry

is naturally explained, and no isocurvature perturbations are generated if the symmetry is

restored during or after inflation. We have shown that there exists a solution of the isolated

string-wall system, which can be identified as the QCD axion string as their string tensions

are approximately equal to each other. However, the formation probability of such isolated

string bundles is extremely suppressed for N ≥ 3, because it requires a highly biased

population of each type of strings (Si) over anti-strings (S̄i), which cannot be realized

if the strings follow the scaling law. Thus, the string-wall network is considered to be

extremely long-lived, and most probably survives until the QCD axion potential appears.

During the violent domain wall collisions, a significant amount of gravitational waves are

emitted. We have derived an upper bound on the axion decay constant, fi . O(100) TeV,

by the pulsar timing experiments, and the bound will be improved by a factor of 2 in the

future observations by SKA.
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Jacobi method: improvements and applications, J. Comput. Phys. 321 (2016) 369

[arXiv:1511.04292] [INSPIRE].

[60] G.B. Gelmini, M. Gleiser and E.W. Kolb, Cosmology of biased discrete symmetry breaking,

Phys. Rev. D 39 (1989) 1558 [INSPIRE].

[61] M. Gleiser and R. Roberts, Gravitational waves from collapsing vacuum domains, Phys. Rev.

Lett. 81 (1998) 5497 [astro-ph/9807260] [INSPIRE].

[62] T. Hiramatsu, M. Kawasaki and K. Saikawa, Gravitational waves from collapsing domain

walls, JCAP 05 (2010) 032 [arXiv:1002.1555] [INSPIRE].

[63] M. Kawasaki and K. Saikawa, Study of gravitational radiation from cosmic domain walls,

JCAP 09 (2011) 008 [arXiv:1102.5628] [INSPIRE].

[64] T. Hiramatsu, M. Kawasaki and K. Saikawa, On the estimation of gravitational wave

spectrum from cosmic domain walls, JCAP 02 (2014) 031 [arXiv:1309.5001] [INSPIRE].

[65] G. Janssen et al., Gravitational wave astronomy with the SKA, PoS(AASKA14)037

[arXiv:1501.00127] [INSPIRE].

– 18 –

http://dx.doi.org/10.3847/0004-637X/821/1/13
http://arxiv.org/abs/1508.03024
http://inspirehep.net/search?p=find+EPRINT+arXiv:1508.03024
http://dx.doi.org/10.1103/PhysRevX.6.011035
http://dx.doi.org/10.1103/PhysRevX.6.011035
http://arxiv.org/abs/1511.05994
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.05994
http://dx.doi.org/10.1093/mnras/stw347
http://dx.doi.org/10.1093/mnras/stw347
http://arxiv.org/abs/1602.03640
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.03640
http://dx.doi.org/10.1103/PhysRevLett.43.103
http://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,43,103%22
http://dx.doi.org/10.1016/0550-3213(80)90209-6
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B166,493%22
http://inspirehep.net/search?p=find+R+UFTP-86-28
http://arxiv.org/abs/1605.01367
http://inspirehep.net/search?p=find+EPRINT+arXiv:1605.01367
http://dx.doi.org/10.1016/j.jcp.2014.06.010
http://dx.doi.org/10.1016/j.jcp.2016.05.053
http://arxiv.org/abs/1511.04292
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.04292
http://dx.doi.org/10.1103/PhysRevD.39.1558
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D39,1558%22
http://dx.doi.org/10.1103/PhysRevLett.81.5497
http://dx.doi.org/10.1103/PhysRevLett.81.5497
http://arxiv.org/abs/astro-ph/9807260
http://inspirehep.net/search?p=find+EPRINT+astro-ph/9807260
http://dx.doi.org/10.1088/1475-7516/2010/05/032
http://arxiv.org/abs/1002.1555
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.1555
http://dx.doi.org/10.1088/1475-7516/2011/09/008
http://arxiv.org/abs/1102.5628
http://inspirehep.net/search?p=find+EPRINT+arXiv:1102.5628
http://dx.doi.org/10.1088/1475-7516/2014/02/031
http://arxiv.org/abs/1309.5001
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.5001
http://pos.sissa.it/cgi-bin/reader/contribution.cgi?id=PoS(AASKA14)037
http://arxiv.org/abs/1501.00127
http://inspirehep.net/search?p=find+EPRINT+arXiv:1501.00127

	Introduction
	Aligned QCD axion
	Topological defects and gravitational waves
	Cosmic strings and domain walls
	Cosmic string bundles as QCD axion strings
	Formation and evolution of string-wall network
	Numerical simulation of the string-wall network
	Gravitational waves from domain wall annihilation

	Discussion and conclusions

