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Ions in high salt solutions form a variety of ion aggregates, from ion pairs to clusters and networks.
Their influences on water hydrogen bonding (H-bonding) network structures have long been of great
interest. Recently, we have shown that the morphological structures of ion aggregates can be analyzed
by using a spectral graph analysis theory, where each ion cluster or ion network is represented by a
properly defined graph with edges and vertices. Here, to further examine the network properties of
ion aggregates and water H-bonding networks in high salt solutions, we consider a few represen-
tative graph-theoretical descriptors: clustering coefficient, minimum path length, global efficiency,
and degree distribution of ion aggregates. From the molecular dynamics trajectories, these graph
theoretical properties of ion aggregates and water structures in NaCl and kosmotropic solutions are
calculated and shown to be strongly dependent on the two types of ion aggregate structures, i.e., ion
cluster and ion network. Ion clusters in high NaCl solutions exhibit typical behaviors of scale free
network. The corresponding graph theoretical properties of ion networks in high KSCN solutions are
notably different from those of NaCl ion clusters and furthermore they are very similar to those of
water hydrogen-bonding network. The present graph-theoretical analysis results indicate that the high
solubility limits of KSCN and other ion-network-forming salts might originate from their ability to
form a large scale morphological network that can be intertwined with co-existing water H-bonding
network. Furthermore, it is shown that the graph-theoretical properties of water H-bonding network
structures do not strongly depend on the nature of dissolved ions nor on the morphological structures
of ion aggregates, indicating that water’s H-bonding interaction and network-forming capability are
highly robust. We anticipate that the present graph-theoretical analysis results of high salt solutions
would provide important information on the Hofmeister ion effects on water structure. C 2015 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4930608]

I. INTRODUCTION

Graph theory is a branch of mathematics, which has been
extensively used to analyze electrical circuits,1 transportation
networks,2 neural networks in brain,3,4 and even chemical
reaction kinetics.5,6 When it is applied to chemical prob-
lems, atoms, molecules, or quantum mechanical orbitals are
treated as vertices and covalent (or ionic) bonds or electrostatic
interactions between such objects are considered to be edges
(connecting lines).5,7–11 For instance, a spectral graph analysis
method has been shown to be of critical use in obtaining
quantitative information on topological structures of tertiary
and even quaternary structures of proteins12–14 and hydrogen
bonding networks in water.15–20

Recently, we considered the adjacency (connection) ma-
trix representations of ion aggregates as well as water H-
bonding network structures in high salt solutions and showed
that ions in high salt solutions at concentrations close to their
solubility limits have a tendency to form either cluster-like
or network-like aggregate depending on the nature of dis-
solved ions.21 Here, we extend our previous graph-theoretical

a)Author to whom correspondence should be addressed. Electronic mail:
mcho@korea.ac.kr

analysis study by considering additional descriptors such as
clustering coefficient (C), minimum path length (L), global
efficiency, and degree distribution. Depending on the magni-
tudes of clustering coefficient, minimum path length, and
global efficiency as well as on the shape of degree distribu-
tion, the graph or network topology is often classified into
four different types that are ordered (regular crystal-like)
graph, small world network, scale free network, and random
network.22 The ordered graph has high C and large L, whereas
random network has low C and small L. The so-called small
world network typically has high C like ordered graphs but
its L is small much like random networks. A few examples
of networks showing such small world behavior are neural
networks in brain, social networks, and networks of power
plants.4 Small world networks with high C and small L have
degree distributions that can often be described by a power
law equation, i.e., P(k) ≈ k−γ, where k represents the degree
and the exponent γ is typically in the range from 2 to 3. This
power law degree distribution is also one of the characteristic
features of scale free network.4,22 Two well-known scale free
networks are the internet and the airport network. They have
heavily linked nodes that are referred to as hub sites.22,23

Recently, Longo and his coworkers carried out graph theoret-
ical analyses of water H-bonding networks of pure water at

0021-9606/2015/143(10)/104110/11/$30.00 143, 104110-1 © 2015 AIP Publishing LLC
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room temperature as well as at supercritical condition (500 bar
and 673 K), employing Monte Carlo simulation.18 They found
that the water H-bonding network at the supercritical condition
exhibits a small world behavior with high C and small L, while
water at ambient condition has high C and large L.18 Now,
when a large amount of salt is dissolved in water, the ions
are believed to affect water structure and solution properties.
Extensive theoretical and experimental studies have shown that
the so-called chaotropic ions like SCN− and ClO4

− affect water
structure by breaking water network, whereas the kosmotropic
ions, e.g., F−, SO4

2−, and CO3
2−, in the Hofmeister series

can stabilize water H-bonding network.24–39 However, there
also exist evidences showing that the water structure is little
influenced by dissolved ions except for those water molecules
in the immediate vicinity of ions.27,40 Thus, the specific ion
effects on water structure still remain to be a hotly debated
issue.41,42

To find an answer to the question of how dissolved ions
in high salt solutions affect water structure, we have recently
carried out the infrared pump-probe (IR PP) measurements
of OD stretch mode of HDO in aqueous salt solutions as
well as extensive molecular dynamics (MD) simulations.43 As
expected, ions are fully hydrated by surrounding water mole-
cules at low salt concentrations. However, as salt concentration
increases, ions tend to form large aggregates but their morpho-
logical structures are found to be highly dependent on the
nature of ions.21 Our recent MD simulation studies of highly
concentrated NaCl solutions revealed that the corresponding
ions tend to form ion clusters varying in size and the population
of ion cluster size shows a quasi-exponential distribution.21 In-
terestingly, a directly related work was reported, where various
nano-size ion clusters of Ca2+ and CO3

2− in a supersaturated
solution of calcium carbonate were found to play a key role at
the onset of mineralization.44 On the other hand, K+ and SCN−

ions in high KSCN solutions form extended ion networks
that are fully intertwined with water H-bonding networks. In
Paper II, we applied a spectral graph theory to the studies of
morphological characteristics of the ion aggregates in high
NaCl and KSCN solutions and of the ion effects on water
H-bonding network.21 From the eigenvalue analyses of the
adjacency matrix representations of ion aggregates and water
H-bonding networks, we found an interesting isomorphic and
isospectral relationship between the ion network structure and
the water H-bonding network in high KSCN solution.

However, the network properties of ion aggregate struc-
tures and their relationships with water H-bonding network
structures have not been fully investigated yet. In this paper,
considering graph-theoretical quantities, such as clustering
coefficient, global efficiency, minimum path length, and degree
distribution, we show that the ion aggregates and water H-
bonding structures can be classified into small-world, scale
free, or random network and that the water H-bonding network
properties are not sensitive to morphological variations of ion
aggregates.

II. MD SIMULATION METHOD

The KSCN aqueous solutions at five different concen-
trations, 0.92M (0.96m), 3.22M (3.89m), 5.23M (7.3m),

7.21M (11.92m), and 9.88M (21.88m), were considered in
the previous MD simulation and the present graph-theoretical
studies. The numbers of KSCN molecules in a periodic
box containing 1000 TIP3P (Transferable Intermolecular
Potential 3P) water molecules are 17, 70, 132, 215, and
395, respectively. For the NaCl solutions, the concentrations
considered are 1.0M (1.02m), 2.0M (2.08m), 3.0M (3.19m),
4.0M (4.36m), and 5.0M (5.59m), where each box has 18, 38,
58, 79, and 101 dissolved NaCl molecules, respectively. The
highest (5.59m NaCl and 21.88m KSCN) salt solutions are
close to their solubility limits at room temperature—note that
the solubility limits of NaCl and KSCN in water are about 6m
and 22m, respectively.

To examine the validity of forcefield parameters for Na+,
Cl−, K+, SCN−, and water, we considered a few different sets of
forcefields and compared the calculated vibrational properties
and site-site radial distribution functions (RDFs) with experi-
mental results.43,45,46 Despite that the onset concentration and
the size distribution of ion clusters in high NaCl solutions
appear to be dependent on forcefields,47–50 the general patterns
that ions in high NaCl and KSCN solutions form ion clusters
and ion networks, respectively, remain unchanged for different
sets of forcefield parameters.43

We additionally carried out classical and quantum mech-
anical/molecular mechanical (MD) simulations of aqueous
KSCN solutions to elucidate the structures of various ion pair
states.51 Classical MD simulation predicted that the contact ion
pair is in slightly more stable state than the solvent separated
ion pair, which is confirmed by quantum mechanical/molecular
mechanical MD simulation. For this study, one of the most
sophisticated water potential, which is the effective fragment
potential model, was used to describe molecular mechanical
water molecules.51

In the MD simulation, the cutoff distance for non-
bonding interactions was assumed to be 10 Å and the
periodic boundary condition was imposed. All the long-range
electrostatic interactions were treated with the particle-mesh
Ewald method.52,53 Before running an equilibrium MD simu-
lation, the solution system was energy-minimized with the
steepest descent method and the conjugate gradient method.
A constant N , p, and T ensemble simulation at 1 atm and 298 K
was then performed for 2 ns, which was to adjust the density
of the composite solution system. An additional 2 ns constant
N , V , and T simulation at 298 K was performed to equilibrate
the whole system. Finally, production run was performed for
10 ns at the same constant N , V , and T condition, where the
simulation time step was 1 fs. The MD trajectories including
all the atomic coordinates of water molecules and ions were
saved for every 1 ps, which were later used for statistical and
graph theoretical analyses of the ion aggregates and water
H-bonding network structures in aqueous salt solutions.

III. GRAPH THEORY: CLUSTERING COEFFICIENT,
MINIMUM PATH LENGTH, AND DEGREE
DISTRIBUTION

The spectral graph analyses of ion aggregates and water
H-bonding networks in a series of highly concentrated NaCl
and KSCN solutions provided clear evidence on the structural
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difference between cluster-like aggregates of Na+ and Cl−

ions in high NaCl solutions and network-like aggregates of
K+ and SCN− in high KSCN solutions.21 More specifically,
the eigenvalue spectrum and the largest eigenvalue of the
adjacency matrix that is a graph representation of a given
ion aggregate are significantly different for the two (NaCl
and KSCN) solutions at the same concentration. However,
the morphological network properties of thus formed ion
aggregates were not been fully studied before. As mentioned in
the Introduction, we here focus on four representative graph-
theoretical properties: clustering coefficient, global efficiency,
minimum path length, and degree distribution.

To provide descriptions (and definitions) of these prop-
erties, let us consider a graph G with V vertices and E
edges.1,54,55 If two vertices vi and v j of the graph G are
connected by the corresponding edge ei j, they are said to be
adjacent. The degree d j of the jth vertex represents the number
of adjacent vertices connected to the vertex v j. Since the
edge representing either H-bond between two water molecules
or direct interaction between ions in salt solutions has no
directionality, we needed to consider the undirected adjacency
matrix A = A(G),56 which is an N × N symmetric matrix with
N being the number of constituent vertices. The adjacency
matrix elements Ai j (for i , j) for non-weighted graph are
then defined as

Ai j = 1 if i and j are connected by an edge,
Ai j = 0 if i and j are not adjacent,
Aj j = 0 for all j’s.

In this and previous works, the definitions (distance criteria)
of direct ion-ion interactions are derived from the analysis of
the RDFs between anion and cation and between cation and
cation. If the distance between a pair of ions is less than the
first minimum distance between the first and second peaks of
the corresponding site-site RDF, the two ions are considered
to form a direct ion-ion interaction, edge. Similarly, H-bond
between two neighboring water molecules, where the distance
criterion was obtained from the corresponding Hw-Ow RDF, is
also represented by an edge when a graph theoretical analysis
is performed for water H-bonding network structure.

The clustering coefficient of the ith vertex, denoted as Ci,
is defined as22,57

Ci =
2ei

ki(ki − 1) , (1)

where ki is the number of vertices directly connected to the ith
vertex and ei is the number of existing edges between neighbor-
ing nodes of the ith vertex. From the definition of the clustering
coefficient, its value is in the range from 0 to 1. If the network
is highly ordered with a regular packing structure like crystal,
the neighboring nodes (vertices) connected to the ith vertex are
connected to one another and ei is often larger than 1. Such
graph would resemble cluster-like structure so that its cluster-
ing coefficient is large. On the other hand, typical random
networks with scarce connections among nodes that are
neighbors of a given vertex in the networks will have a low C.

Let us consider two simple model cases shown in Figure 1.
The model ion aggregate on the left-(right-)hand side of
Figure 1 is just a unit cell of NaCl (KSCN) crystal. Here,
each ion including the molecular anion of SCN− is treated

FIG. 1. Unit cell structures of NaCl and KSCN crystals. To calculate clus-
tering coefficient, it is necessary to define edge (dashed line) between cations
that surround an anion. In solution, the distance criterion for cation-cation in-
teraction (edge) is determined from the analysis of the corresponding site-site
RDF.

as an individual vertex. The ion-ion edge between cation
and anion (between neighboring cations) is represented by
a thick (dashed) line. The degree of (the number of edges
connected to) Cl− and SCN− are 6 and 8, respectively, for the
two models in Figure 1. The clustering coefficients of Cl− and
SCN− are 0.81 and 0.71, respectively. Indeed, in such cases of
highly compact and ordered crystal structures, the clustering
coefficient value is very high. In Sec. IV, we shall present the
calculation results on the clustering coefficients of various ion
aggregates in high salt solutions.

The second graph-theoretical quantity considered here is
the minimum path length, which is related to how efficiently it
is to transport information or other entities from one vertex to
the other in a given network. It is defined as the shortest length
of the path from node i to node j, denoted as li, j. That means,
li, j is the minimal number of edges required for travelling
between the two nodes. In literatures, the characteristic path
length of a given graph G is defined as the average of the
minimum path lengths over all possible pairs of vertices.
Usually, the network with highly ordered structures has both
high C and large L values. Often, networks with high C and
small L values are referred to as small world network, which
is distinguished from lattice-like (highly ordered) network
having high C and large L.4,22,57

The third graph-theoretical property is the degree (k)
distribution of all the constituent vertices. A few different
functional forms describing the shape of the degree distribution
have been considered in literatures and they are Gaussian,
Poisson, and power law distributions.18,22,58 For random
networks, the degree distribution is often described by Poisson
distribution function. Recently, two representative theoretical
models were proposed to describe complicated network
properties found in nature and social community. Watts and
Strogatz proposed the concept of small world network (high
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C and small L). These values are in between those of regular
and random networks.59 This small world network based upon
Watts-Strogatz model has a Poisson-type degree distribution,
which is similar to that of random network. On the other
hand, Barabási and Albert considered the so-called scale free
network and its degree distribution is well-described by a
power law function Pk ≈ k−γ (with 2 < γ < 3).23 The scale
free network has hub sites (vertices) with comparatively high
degree values. Consequently, even though most nodes have
relatively small degree values (connection lines), there exist
very short pathways from one node to the other. This scale free
network further shows a notable self-organizing tendency and
is distinguished from the small world network by the difference
in the shape of degree distribution.

IV. RESULTS AND DISCUSSION

A. Representative ion aggregate and water H-bonding
network structures

In the upper panels of Figure 2, three representative
snapshot structures of ion aggregates as well as water H-
bonding network structures in 5M NaCl, 5.23M KSCN,
and 9.88M KSCN solutions are shown. As can be seen in
Figure 2(a), most of the Na+ and Cl− ions in the 5.0M NaCl
solution are fully hydrated and isolated from other ions, but
there also exist compact and relatively large cluster-type ion
aggregates that are similar to a small crystal in structure.
However, in the 5.23M KSCN solutions, most of the K+ and
SCN− ions participate in the formation of extended ion net-
works. As KSCN concentration further increases, the connec-
tivity density (degree) of ion network increases dramatically
(Figure 2(c)). However, still thus formed ion networks are
completely miscible with water networks that are significantly
disrupted by co-existing ion networks. This, we believed, is an
important clue in addressing one of the widely acknowledged
questions why certain salts, e.g., KSCN, NaClO4, NaBF4, and
so on, have exceptionally high solubility limits.

B. Clustering coefficient

From each 10 ns MD trajectory, we took 10 000 snapshot
configurations. For each configuration, considering ions and
water molecules separately, we constructed the correspond-
ing adjacency matrices graph-theoretically representing ion
aggregate and water H-bonding network. The edges corre-
sponding to direct ion-ion interaction and water-water H-
bond are defined by employing the distance criteria that were
determined from the radial distribution functions between ions
and between water molecules. The anion-cation RDFs in these
salt solutions were presented and discussed before in Ref. 21.
In the cases of the graph representations of ion aggregates,
there are two different vertices that are cations and anions.
Therefore, one should use caution when different graph-
theoretical properties of ion aggregates are calculated. For
instance, when we calculate clustering coefficients, we needed
to take into account cation-cation edges since cations surround
a given anion—note again that the criterion for a cation-cation
edge can be determined by considering the corresponding
RDF in aqueous salt solution. In contrast, when we estimated
minimum path lengths, all the paths connecting an anion
with a cation were taken into consideration. The cation-cation
RDFs, which exhibit a pronounced peak indicating that water
solvation-induced effect overcomes the Coulomb repulsive
interaction between two cations,60–62 are shown in Figure 3.
In the cases of the Na-Na RDFs, the first minimum distance
between the first and second peaks is about 5 Å and does not
strongly depend on the NaCl concentration. Therefore, if the
distance between any pair of Na+ ions is less than 5.0 Å, they
are assumed to be connected to each other by an edge when
we calculate clustering coefficient below. In contrast to NaCl
solutions, the minimum distance between the first and second
peaks in the K-K RDFs of KSCN solutions increases from
5.6 Å to 6.1 Å as KSCN concentration increases from 0.92M
to 9.88M. Thus, when we calculate clustering coefficients of
SCN− ions in those KSCN solutions, we use the concentration-
dependent distance criterion to determine whether a given pair

FIG. 2. Snapshot configurations of
ion aggregates ((a)-(c)) and water H-
bonding networks ((d)-(f)).
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FIG. 3. Radial distribution functions between cations in NaCl (a) and KSCN
(b) solutions. The first minimum distance between the first and second peaks
in the Na–Na RDF’s in NaCl solutions does not strongly depend on NaCl
concentration, whereas it does in the KSCN solution. Therefore, the distance
criterion for cation-cation interaction bond changes with respect to KSCN
concentration.

of K+ ions around the SCN− is connected to each other by an
edge or not. For a cation-cation contact, a solvent molecule
can play a role of bridge connecting two cations, i.e., solvent-
separated cation-cation contact. This is populated only at low
salt concentration. As salt (anion) concentration increases, the
population of anion-separated cation-cation contact increases,
as expected. Here, the solvent-separated cation-cation contact
is defined only when the pair of cations do not make ion-pairing
interactions with anions. From the MD trajectories, we were
able to obtain the relative fraction of the solvent-separated
cation-cation contact. In the series of NaCl solutions, the ratios
(fractions of solvent-separated cation-cation contact) are 0.82,
0.65, 0.48, 0.32, and 0.17 for 1.0, 2.0, 3.0, 4.0, and 5.0M
NaCl solutions, respectively. Those for 0.92M, 3.22M, 5.23M,
7.21M, and 9.88M KSCN solutions are 0.75, 0.37, 0.20, 0.12,
and 0.05, respectively. Interestingly, the population of solvent-
separated cation-cation contact decreases more rapidly for
KSCN than NaCl, which can be understood by noting that
SCN− can form two different ion-pairing interactions with
cations such as K+ · · · SCN− and K+ · · ·NCS−.

Using the set of distance criteria and with Eq. (1), one
can calculate the clustering coefficient C of a chosen anion.
First, let us consider a contact ion pair, where the anion has
degree value of 1, k = 1. In this particular case, the clustering
coefficient is ill-defined. Therefore, the clustering coefficient
of ion pairs is assumed to be zero—note that contact ion pair
cannot be viewed as a cluster consisting of more than two
ions. For any anions with k > 1, the clustering coefficients
were calculated and the average C is plotted with respect
to salt concentration in Figure 4(a). The increasing pattern
of the average C upon increasing concentration exhibits an
interesting dissimilarity between NaCl and KSCN. As NaCl
concentration increases, the increase rate (slope) of average C
increases. This indicates the propensity of ions to form more
compact ion clusters upon increasing concentration. On the
other hand, the increase rate of average C with respect to KSCN
concentration decreases, which reflects a gradual increase of

FIG. 4. Clustering coefficient (a) and global efficiency (b) of ion aggregate.
In (a), the clustering coefficients calculated with Eq. (2) are also plotted for
comparison.

spatially extended ion network population. At the highest NaCl
(5.0M) and KSCN (9.88M) concentrations considered here,
the respective clustering coefficients are found to be 0.39 and
0.68. Note that this value for 9.88M KSCN solution is already
close to 0.71, which is that of the unit cell of KSCN crystal
(Figure 1).

To examine the randomness of connections in ion
aggregates, let us consider an ideal random network model.
Here, it is assumed that every cation is randomly connected
to every other cation. Theoretically, it was shown that the
clustering coefficient in this limiting case of random network
is given as

Crand =
⟨k⟩cat−cat

Ncat
, (2)

where Ncat is, in the present cases of ion aggregates, the
number of cations and ⟨k⟩cat−cat is the average degree of the
graph with edges representing cation-cation interaction. In
Figure 4(a), the average C values calculated with Eq. (2)
are plotted for comparisons. They are much smaller than
our calculated average C values, which suggest that the ion
aggregate structures in high NaCl and KSCN solutions should
not be classified as a random network.

C. Minimum path length

Here, the minimum path length L is calculated by
considering pathways between cation and anion in a given
ion aggregate. For instance, contact ion pair has path length of
1. If Na+ ion is connected to Cl− by a linear bridge consisting
of Na+ and Cl− ions, i.e., Na+-Cl−-Na+-Cl−, the path length is
3—note that, since we consider connection pathways between
chosen pairs of cation and anion, the path lengths are odd
numbers. As the size of ion aggregate increases, the number of
paths between a pair of anion and cation increases dramatically
so that the computational time of searching all the possible
paths also increases rapidly.63,64 Therefore, in the cases of the
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two highly concentrated (7.21M and 9.88M) KSCN solutions,
only 50 configurations taken from the MD trajectories were
considered to calculate the minimum path length values, but
we confirmed that averaging over 50-configuration data is
sufficient.

The minimum path length could have a broad distribution,
if the size distribution of ion aggregates in solutions is broad.
In Figure 5, the calculated L-distributions from all the salt
solutions are plotted. At low NaCl concentrations (≤4.0M),
the ion aggregates with minimum path length of 1, which are
contact ion pairs, are the most populated ones. However, at
the highest NaCl concentration, the distribution shifts toward
higher minimum path length, which results from the formation
of large ion clusters.

In the cases of the KSCN solutions, the L-distributions
are significantly broader than those of NaCl solutions. For
instance, compare the L-distribution (Figure 5(e)) of (5.0M)
NaCl with that (Figure 5(h)) of (5.23M) KSCN solution—note
that the molar concentrations of the two solutions are nearly the
same. The ion aggregates with L larger than 10 are significantly
populated in the KSCN solution, whereas the population
of NaCl ion clusters with L larger than 10 is negligible.
This clearly shows the morphological difference between ion
clusters in NaCl solution and ion networks in KSCN solution.
Furthermore, as KSCN concentration further increases, the
populations of L larger than 20 decrease (compare Figures 5(i)
and 5(j)). This can be understood as following. As average
degree of ions in the high KSCN solution increases, the
density of network connectivity increases, which facilitates
shorter pathways between a pair of cation and anion. From the
L-distributions, we were able to calculate the average L values
of ion clusters in 1.0M, 2.0M, 3.0M, 4.0M, and 5.0M NaCl
solutions, which are 1.0, 1.0, 1.1, 2.2, and 3.2, respectively.
For KSCN solutions, the average L values are 1.1, 2.9, 9.4,
12.4, and 11.5 for 0.92M, 3.22M, 5.23M, 7.21M, and 9.88M
solutions, respectively.

FIG. 5. Distribution of minimum path length that is defined as the smallest
number of edges between anion and cation in a given ion aggregate.

If the connected graph is an ideal random network, the
minimum path length should be approximately given as22,65

Lrand ≈
ln N

ln ⟨k⟩cat−an
. (3)

Here, N is the total number of ions including cations and
anions and ⟨k⟩cat−an is the average degree of the graph with
edges representing anion-cation interaction. Since the ideal
random network has nodes that are fully connected to their
neighbors, it is expected that most nodes have degrees close
to ⟨k⟩. Note also that Eq. (3) is not applicable to the case that
⟨k⟩ is smaller than or close to 1 because of its denominator.
In fact, Eq. (3) cannot be used to calculate Lrand values of
ion aggregates in relatively low NaCl solutions because Na+

and Cl− are mostly free ions (k = 0) or form contact ion pairs
(k = 1). Therefore, Eq. (3) is used to examine whether ion
networks in KSCN solutions have characteristic features of
random network. For the 7.21M and 9.88M KSCN solutions,
the Lrand values are found to be 5.3 and 4.2, respectively (see
Table I). These values are however smaller than the average
values (12.4 and 11.5, respectively) directly calculated from
the MD trajectories. This indicates that the ion networks
formed at the highly concentrated (7.21M and 9.88M) KSCN
solutions are topologically different from random networks.
Nonetheless, it is quite interesting to note that the values
of 12.4 and 11.5 associated with ion networks in 7.21M
and 9.88M KSCN solutions are close to 10.7 of water H-
bonding network in pure water (Table I), indicating the graph-
theoretical similarity between ion networks in high KSCN
solutions and water H-bonding networks.

Now, using two descriptors, clustering coefficient C and
minimum path length L, we can make an attempt to classify the
ion clusters in NaCl solutions and the ion networks in KSCN
solutions into well-known network types. We found that the C
values of ion aggregates in high salt solutions are much larger
than Crand. Furthermore, the average L values of ion networks
in high KSCN solutions are also larger than Lrand. In general,
a regular network or a giant cluster, which is a large world
network as opposed to the so-called small world network,
obeys the following inequalities, C >> Crand and L >> Lrand.
Interestingly, the ion networks in high KSCN solutions show
a similar pattern, i.e., C >> Crand and L > Lrand. We shall
show that the water H-bonding networks have also very similar
characteristics.

TABLE I. Clustering coefficient (C , Crand) and path length (L, Lrand) of ion
aggregates and water H-bonding networks. ⟨k⟩ is the average degree. When
clustering coefficient Crand is calculated, ⟨k⟩cat−cat is that of cation. When
minimum path length Lrand is calculated, since a path is defined between
anion and cation, ⟨k⟩cat−an should be the average degree of both cation and
anion. The Lrand values of ion aggregates in 4.0M and 5.0M NaCl solutions
cannot be calculated with Eq. (3) because ⟨k⟩cat−an is less than or close to 1.

C Crand (⟨k⟩cat−cat) L Lrand (⟨k⟩cat−an)

NaCl 4M 0.23 0.0074 (0.59) 2.2 . . . (0.52)
NaCl 5M 0.39 0.012 (1.26) 3.2 . . . (1.01)
KSCN 7.21M 0.60 0.015 (3.16) 12.4 5.3 (2.55)
KSCN 9.88M 0.68 0.012 (4.84) 11.5 4.2 (3.37)
Bulk water 0.022 0.0032 (3.22) 10.7 5.9 (3.22)
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D. Global efficiency

Although the minimum path length provides critical
information on the efficiency or speed of transport of entities in
a given network, those non-connected vertices or sub-graphs
with no path (edges) connecting them could not be taken
into consideration. Therefore, we here consider yet another
descriptor called global efficiency Eglob of a graph, which is
calculated with minimum path lengths. The global efficiency,
Eglob, is defined as4,66,67

Eglob =
1

N(N − 1)


i, j ∈N, i, j

1
li, j

. (4)

Here, N is the number of vertices (ions) and li, j is the
minimum path length between i and j vertices. If the two
vertices are not connected, li, j is assumed to be infinity so
that those pairs with no connecting paths do not contribute
to the global efficiency. For example, for two non-connected
ions, Eglob = 0, whereas contact ion pair has Eglob = 1. In
Figure 4(b), the average global efficiency



Eglob

�
calculated

with Eq. (4) is plotted with respect to salt concentration.
Interestingly, the



Eglob

�
values of ion networks in KSCN

solutions are significantly larger than those of ion clusters
in NaCl solutions. This can be understood by noting that the
population of free Na+ and Cl− ions without participating in
the formation of ion clusters is high, as compared to those in
KSCN solutions.

E. Degree distribution

The degree distribution is known to be strongly dependent
on the morphological nature of a given network. Often, the
distribution has been described with Poisson distribution,
power law distribution, or single scale distribution with
exponential or Gaussian function.22 In Paper II, we presented
general analysis results on the degree distributions of ions in
these salt solutions.21 In Figure 6, the degree distributions of
ions in highly concentrated NaCl and KSCN solutions are
plotted again. In the cases of the two (4.0M and 5.0M) NaCl
solutions at concentrations close to its solubility limit, the
population of zero degree (open black circles in Figures 6(a)
and 6(c)) is the largest. Furthermore, the distribution appears to
be a monotonically decaying function with respect to degree.
In stark contrast, the degree distributions of ions in KSCN
solutions at concentrations close to its solubility limit show
a notable peak at around 3 (see Figures 6(b) and 6(d)),
which indicates that each ion has approximately 3 neighboring
ions on average. In Paper II, we also compared the degree
distribution of 5.23M KSCN solution with that of 5.0M
NaCl solution and found that the shapes are quite different
from each other even at similar concentrations.21 Indeed, the
distribution and peak position shift toward higher degree as
KSCN concentration increases. This striking difference in
the shape of degree distribution for both salt solutions again
originates from the difference in morphological structures, i.e.,
ion clusters in NaCl solutions versus ion networks in KSCN
solutions.

In mathematical graph and network theory, the scale free
network consists of hub sites that are distinctively different

FIG. 6. Degree distribution of ion in high salt solution. Note that the degree
values of NaCl and KSCN crystals are 6 and 8, respectively. In the NaCl
solutions even at very high concentrations, the free ion (open circles in (a)
and (c)) is still the most populated species. The red dashed lines in (a) and (c)
are the fitted power law distributions, Pk ≈ k−γ, where the exponent γ is 3.05
and 2.07, respectively, for 4.0M and 5.0M NaCl solutions. In (b) and (d), the
solid lines are our calculated distributions from the MD simulations. The red
dashed lines with open circle symbols correspond to the Poisson distribution
(Eq. (5)).

from other sites due to their high degree number. Often, the
degree (k) distribution of scale free network obeys a power law
function, i.e., Pk ≈ k−γ.22 The degree distributions of ions in
NaCl solutions are fitted with this equation and the fit results
(red dashed line) are shown in Figures 6(a) and 6(c). The
exponent γ is estimated to be 3.05 and 2.07 for the 4.0M and
5.0M NaCl solutions. These values are quantitatively similar
to those of world wide web internets as well as those of citation
networks in the scientific publication.22 From this analysis, we
propose that the hub sites or central ions in a given ion cluster
with many neighboring ions act like a seed for subsequent
formation of large ion clusters and even micro-crystals.

Another interesting observation is that the degree distri-
butions of ions in high KSCN solutions are well fitted
with Poisson distribution function, which is the characteristic
feature of random network and small world network known
as Watts-Strogatz model.59,68 The Poisson distribution is given
as22,69

P(k) = e−⟨k⟩
⟨k⟩k
k!

, (5)

where P(k) is the expectation value of degree number k and ⟨k⟩
represents the average degree value. In Figures 6(b) and 6(d),
we plot the Poisson distribution functions (red dashed lines and
red open circles)—note that Eq. (5) has no fitting parameter at
all. The agreement between our calculated degree distributions
and Poisson distributions is remarkable. In Subsection IV C,
we showed that the average L values of ion networks in high
KSCN solutions are comparable to the Lrand values obtained
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with Eq. (3). In addition, the observation that the degree
distributions of ions in ion networks are well-described by
Poisson further suggests that the ion networks in high KSCN
solutions could be considered as a random network.

F. Graph-theoretical analyses of water H-bonding
networks

In Subsections IV A–IV E, we focused on graph-
theoretical analysis results of ion aggregates in high salt
solutions. To study ion aggregate’s effects on water structure,
the same analyses were performed for water H-bonding
networks in all the salt solutions. From the calculated Hw-Ow
RDFs, if the distance between H and O atoms of two different
water molecules is less than 2.41 Å, they are assumed to form
a H-bond that is represented by an edge between the two water
molecules.21

The average C and the average L of water H-bonding
network in pure water are estimated to be 0.022 (Figure 7(a))
and 10.7, respectively (Table I). If water H-bonding networks
can be viewed as ideal random networks, the Crand and
Lrand values from Eqs. (2) and (3) would be Crand = 0.0032
and Lrand = 5.9, respectively. Therefore, we have, for water,
C > Crand and L > Lrand.18,20 These inequalities are very
similar to those of ion networks in high KSCN solutions.
This is again consistent with our previous finding that the ion
networks are in isospectral relationship to the water H-bonding
networks within the spectral graph analysis theory.21 It should
be noted that the clustering coefficients of water molecules in
H-bonding network are relatively small so that they may not
be the best measures for quantitatively characterizing water
network property.

The calculated global efficiency (Eq. (4)) of water H-
bonding network in pure water is 0.11 (Figure 7(b)). This
value is surprisingly close to that (0.10) of ion network in the
highest (9.88M) KSCN solution (see Figure 4(b)). Of course,

FIG. 7. Clustering coefficient (a) and global efficiency (b) of water H-
bonding network. The clustering coefficient of water network does not change
much for varying salt concentration. Global efficiency decreases as salt con-
centration increases.

FIG. 8. Distribution of minimum path length (a) of water network and
distribution of degree (b) of water. The red circles and lines in this figure are
those of water H-bonding network in pure water. The blue circles and lines
are those of water H-bonding networks taken from the snapshot structures of
the 9.88M KSCN solution.

the global efficiency of water H-bonding network decreases
as salt concentration increases (Figure 7(b)), because of ion-
induced breaking of H-bonds. In Figure 8(a), the L-distribution
of water H-bonding network in pure water (red circles and line)
and that of ion networks in 9.88M KSCN solution (blue circles
and line) are plotted for direct comparison. Again, not only the
peak positions (10.7 for water and 11.5 for KSCN) but also
the widths of the L-distributions are similar to each other. In
Figure 8(b), the degree distribution of water molecules in pure
water is compared with that of ions in 9.88M KSCN solution,
to show the similarity in the shape and peak position of the
degree distribution for these completely different systems.
In conclusion, the fact that the graph-theoretical properties
such global efficiency, minimum path length distribution, and
degree distribution of ion networks in high KSCN solution are
quantitatively similar to those of water H-bonding networks in
pure water shows a notable resemblance in their morphological
structures.21

It has now been clarified that, on the basis of the computed
graph-theoretical properties, the ion aggregate structures in
NaCl and KSCN solutions are very different. However, one
of the most important questions that is addressed in the
present work is whether water H-bonding network structure is
differently affected by those ion aggregates. In Figure 7(a), the
clustering coefficient of water network (not ion aggregate) is
plotted with respect to salt concentration. Despite that the ions
in NaCl and KSCN solutions have very different properties
(chaotrope versus kosmotrope) in the formation of large ion
aggregate, the C values of water in these aqueous salt solutions
do not depend on the nature of dissolved ions nor on the salt
concentration. This is very interesting because these results
clearly indicate that water has an ability to maximize H-
bond clusters around each water molecule, which results from

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

163.152.42.226 On: Tue, 13 Oct 2015 04:21:23



104110-9 J.-H. Choi and M. Cho J. Chem. Phys. 143, 104110 (2015)

FIG. 9. Minimum path length distribution of water H-bonding network. That
of water H-bonding network in pure water is shown in (a) (see the black
circles and line), for the sake of comparison. Those in NaCl (KSCN) solutions
are plotted in (a) ((b)). The maximum value considered here for estimating
minimum path length is 25 so that the x-axis in these figures is from 1 to 25.

water’s robustness of H-bond network-forming capability. The
average global efficiency



Eglob

�
of water network decreases as

salt concentration increases, which is due to the increase of the
population of water molecules with less number of H-bonds.
What is interesting here is that the global efficiency of water
network (see Figure 7(b)) is also independent on ion’s property.

In Figures 9(a) and 9(b), the L-distributions of water
H-bonding networks in various salt solutions are plotted.
Overall, the distribution is very broad and shifts toward higher
minimum path length as salt concentration increases. This
can be easily understood by noting that, as ion concentration
increases, the average number of H-bonds of a single water
decreases, the overall degree of each water also decreases, the
water network is significantly broken, and consequently the
minimum path length between a pair of water molecules is
getting longer and longer upon increasing salt concentration.
Interestingly, in the 9.88M KSCN solution, the distribution of
minimum path length of water network appears to be extremely
broad, which clearly reflects the morphological heterogeneity
of ion networks that are intertwined with water networks. Here,
it should be emphasized that the L-distribution of water H-
bonding network in NaCl solution at a given concentration
is quantitatively similar to that in KSCN solution at the same
concentration (Figure 9). For water H-bonding network in high
KSCN solutions, the inequalities of C > Crand and L > Lrand

are generally satisfied except for 9.88M solution. The water
structure at 9.88M KSCN solution is significantly disrupted
and the existence of percolated network of water is not clear—
note that the minimum path length distribution at this high
concentration does not show any characteristic peak pattern

FIG. 10. Degree distribution of water molecules in various salt solutions.
Those in NaCl (KSCN) solutions are plotted in (a) ((b)).

with large average L value. Blumberg et al. examined the
connectivity of water structure from MD simulations and
showed the percolation bond threshold is about 1.5 hydrogen
bonds, where the cluster size distribution function of water
H-bond network was calculated with a percolation theory.70 In
the case of the water H-bond network in 9.88M KSCN solution,
the average H-bond number of a single water was estimated
to be 1.86 (see Ref. 21), which is found to be larger than
that of the percolation threshold of water H-bond network.
However, it is noted that the percolated network properties
are not clearly described with the current graph theoretical
analyses. In Figures 10(a) and 10(b), the degree distributions of
water in NaCl and KSCN solutions are plotted. As expected, in
pure water, the peak of the degree distribution of water is at∼4,
indicating that most water molecules form about four H-bonds
with its neighboring water molecules. As salt concentration
increases, the distribution shifts to lower degree. In the 9.88M
KSCN solution, the average degree of a single water molecule
is 1.66, which means that each molecule forms either one or
two H-bonds with its neighboring water molecules due to lack
of H-bond donating/accepting water molecules in such a high
salt solution. Here again, the shape of the degree distribution
of water in 5.0M NaCl solution is quantitatively similar to that
in 5.23 KSCN solution.

From these comparisons of graph-theoretical properties of
water networks in both NaCl and KSCN solutions, we found
that the water network structures do not depend on the nature
of solute ions. Although we have considered just two kinds
of salt solutions, the clustering coefficient, global efficiency,
minimum path length, and degree distribution of water (not
ions) appear to be colligative properties that are sensitive not
to the nature of dissolved ions (solute molecules) but to solute
concentration only. In fact, our preliminary MD simulation
results on various osmolyte solutions are also consistent with
this observation. Furthermore, the present work shows that
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water’s ability to form three-dimensional network structure
is highly robust and the resulting water network structures
remain the same at the same salt concentration, even though
the ion aggregate structures can be significantly different.

In Paper II, from the spectral graph analyses of water H-
bonding network structures in these salt solutions, the average
degree, the largest eigenvalue of adjacency matrix, and inverse
participation ratio of water network do not depend on ion’s
property, even though the constituent ions like Cl−, SCN−, Na+,
and K+ are very different in size, charge density, shape, and
overall electrostatic properties.21 Therefore, we are currently
carrying out extensive MD simulations and graph-theoretical
analyses for a variety of salt solutions to fully understand
the Hofmeister series ions’ effects on water structure and its
networking ability.

Before closing the session, it should be pointed out that
there exist difficulties in investigating large scale clustering of
ions as well as water molecules in heterogeneous environments
such as those in cytoplasm. Despite extensive efforts to under-
stand such clustering processes, unambiguous confirmation of
the presence of particular ion aggregates and water clusters re-
mains elusive.71 Most experimental and theoretical techniques
can only describe the fleeting environment around individual
molecules. Due to the limitation of the time and space resolving
power of experimental methods like vibrational spectroscopy,
NMR (Nuclear Magnetic Resonance), and diffraction, it is
fairly difficult to obtain evidence of organized clustering of
ion aggregates and water structures.43,71 In the case of MD
simulation, there are problems of forcefield parameters and
incomplete sampling.47 Recently, THz spectroscopy has been
shown to be of critical use in extracting information on low-
frequency vibrational modes that are associated with collective
motions of water molecules.72 We are currently carrying
out computational THz spectroscopy simulation to show the
relationship between the spectral distribution of low-frequency
collective modes in high salt solutions and structures of ion
aggregates and water H-bonding networks. Nonetheless, due
to the broad and featureless shapes of THz absorption spectra
of various high salt solutions, there could be a certain limitation
in distinguishing different ion aggregate structures.

Despite that the quantitative graph-theoretical descriptors
such as clustering coefficient, minimum path length, global
efficiency, and degree distribution considered in the present
work have provided invaluable information on morphological
structures of ion aggregates and water structure, unfortunately
they are not directly related to experimental observables.
Nonetheless, the extent of disorder in a given ion and
water H-bonding networks can be estimated and quantified
by considering graph entropy as a measure of structural
complexity of a given graph.73 This will be used to quantify
the disorder of water H-bond networks and ion networks in
high salt solutions.

V. SUMMARY AND A FEW CONCLUDING REMARKS

In the present work, a variety of graph-theoretical analyses
of both ion aggregates and water H-bonding networks in
aqueous salt solutions were performed. Four graph-theoretical
descriptors, which are clustering coefficient, minimum path

length, global efficiency, and degree distribution, were specif-
ically considered to study topological structures of ion
aggregates and their similarity to and difference from water
structures. Interestingly, the ion aggregates in high NaCl
solutions exhibit a small world behavior with high C and
small L, whereas the ion aggregates in KSCN solutions have
high C and large L. Furthermore, the degrees of ions in NaCl
solutions follow power law distribution, but those in KSCN
solutions are well-described with Poisson distribution. This is
mainly because Na+ and Cl− ions in high NaCl solutions form
ion clusters with compact quasi-regular structure, resembling
a scale free network. In contrast, the Poisson-like degree
distribution of ions in KSCN solutions shows a characteristic
feature of random network and is similar to that of water
network.

One of the most striking observations here is that
the graph-theoretical properties of water networks in these
salt solutions do not show any notable dependence on the
structure of ion aggregate, though they greatly depend on
salt concentration. The fact that water structure exhibits such
insensitivity to the electrostatic properties of dissolved ions
shows water’s exceptional robustness in maximally making
three-dimensional H-bonding network structure hosting any
solute molecules or their large-scale structures. In addition,
the present graph-theoretical results may have provided a clue
about why certain salts like thiocyanate, tetrafluoroborate,
and perchlorate salts have exceptionally high solubility limits,
where those containing kosmotropic anions have very low
solubility limits. We further anticipate that the present graph-
theoretical analysis method can be applied to aqueous solutions
containing a variety of crowding agents like osmolytes and
proteins found in living organisms.
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