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Understanding nonadiabatic dynamics in complex systems is a challenging subject. A series of semiclassical approaches have been proposed to tackle the problem in various settings. The Poisson
bracket mapping equation (PBME) utilizes a partial Wigner transform and a mapping representation for its formulation, and has been developed to describe nonadiabatic processes in an efficient
manner. Operationally, it is expressed as a set of Hamilton’s equations of motion, similar to more
conventional classical molecular dynamics. However, this original Hamiltonian PBME sometimes
suffers from a large deviation in accuracy especially in the long time limit. Here, we propose a nonHamiltonian variant of PBME to improve its behavior especially in that limit. As a benchmark, we
simulate spin-boson and photosynthetic model systems and find that it consistently outperforms the
original PBME and its Ehrenfest style variant. We explain the source of this improvement by decomposing the components of the mapping Hamiltonian and by assessing the energy flow between
the system and the bath. We discuss strengths and weaknesses of our scheme with a viewpoint of
offering future prospects. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4874268]
I. INTRODUCTION

Nonadiabatic phenomena participate importantly in
many chemical and biological processes such as electron,
proton, and excitation energy transfers.1–5 These processes
are often observed in condensed phases that possess many
degrees of freedom. This intrinsic complexity causes various difficulties in conducting theoretical simulations. Even
though considering quantum aspects is essential for such simulations, adopting a fully quantum mechanical scheme is
computationally too demanding for most realistic systems.
Therefore, many researchers have developed various approximations to balance efficiency and accuracy.6–17
There are two main streams in such approximate theories:
the first group with quantum master equation formalisms and
the second with mixed quantum-classical approaches.1 These
two groups actually share a number of common features. For
example, both are based on distinction between a system of
interest and environmental bath that is coupled to the system. The system is then described with quantum mechanics
in properly approximated manners. However, the two groups
are different in the way they treat the environmental bath degrees of freedom. In quantum master equation approaches,
the bath information is conventionally modeled as spectral
densities by taking traces over the bath degrees of freedom3
and then is employed in the equation of motion for the system. In fact, this modeling procedure can reduce the dimensionality of the working expressions to render them tractable
for practical applications. In this way, many variants of quantum master equations have been providing efficient and relia) E-mail: ymrhee@postech.ac.kr.

0021-9606/2014/140(18)/184106/12/$30.00

able solutions for tracking various nonadiabatic events.16–24 In
mixed quantum-classical approaches, on the other hand, the
bath degrees of freedom are treated explicitly with classical
mechanics.1, 25, 26 This explicit treatment of the bath is desirable for investigating detailed interactions between the system
and the bath. Representative examples of these approaches
are Ehrenfest theory, surface hopping methods,1, 3 and other
semiclassical propagator schemes such as the linearized semiclassical initial value representation (LSC-IVR) approach.27
In Ehrenfest dynamics, classical degrees of freedom are propagated by averaged quantum mechanical forces.1, 28 While it
constitutes an efficient tool for nonadiabatic simulations, it
cannot describe state-dependent dynamics in a proper manner. In this respect, the surface hopping method29 shows an
improvement because state-specific forces are directly utilized for the simulation.25, 30 The surface hopping method
adopts intuitively derived formalisms for treating nonadiabatic transitions and has been widely adopted for investigating
multistate dynamics of various systems.1 On the other hand,
semiclassical propagator approaches are derived in somewhat more rigorous way and usually describe dynamics in
a deterministic manner.27, 31–33 Mapping formalisms34, 35 have
also been combined in these approaches for investigating
nonadiabatic phenomena of complex systems.6–10, 31, 36, 37
After recent reports on long-lived electronic coherences in several pigment-protein complexes,38–41 the mixed
quantum-classical approaches are widely applied toward the
accounts of related events in photosynthetic systems.9, 22, 42–45
In general, these methods provide important insights for the
coherent dynamics in photosynthetic systems.9, 22, 42–46 However, several methods exhibit limited applicabilities with correct behaviors only in the short time limit and with deviations
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in the long time equilibrium populations.42–45 It is known that
such errors arise from mixing classical and quantum dynamics equivalently in their phase space representation. Because
classical mechanics does not properly treat the zero-point energy, it may force certain quantum degrees of freedom to
leak its energy into others in the mixed quantum-classical
approaches.47–50 As a remedy, theories based on coherent
state representations were developed to improve the dynamics
in the long time limit.9, 10, 50, 51 Although these methods with
the coherent basis provide efficient and accurate ways for performing nonadiabatic simulations, there is still enough room
for improvements in the area of semiclassical propagator
approaches.
In particular, we focus on the Poisson bracket mapping
equation (PBME).8, 49, 52 As an example of a mixed quantumclassical approach, PBME is constructed with the classical
Wigner transform and the mapping formalism. PBME has an
important feature in that one can connect its equations of motion to the conventional classical Hamiltonian formalism by
omitting a portion of the system-bath couplings.8, 49 However,
this omission is partly responsible for its incorrect behavior
in the long time regime.22, 44, 53, 54 The most striking one is
the fact that the occupation ratios among different quantum
states deviate from correct thermal values. In a sense, this is
naturally expected because the error from the approximation
accumulates along a long PBME trajectory. In this respect, it
will be interesting to revisit the derivation of PBME with the
dropped high-order differential term and to try to devise a way
to improve its long time dynamics. Based on a relatively simple assumption, we construct a new set of equations of motion
in a non-Hamiltonian format with the purpose of bringing its
simulation results closer to the quantum-classical Liouville
equation (QCLE) ones without that approximation. We call
this non-Hamiltonian, as the modified equations do not retain the Hamiltonian structure. In fact, in the field of classical
molecular dynamics (MD) simulations, non-Hamiltonian approaches are often employed. For example, there are a number
of algorithms that have been commonly adopted for carrying out canonical ensemble simulations based on inherently
microcanonical MD trajectories.55–60 Similar to the Hamiltonian dynamics, non-Hamiltonian methods can still possess
conserved quantities.57, 58 In our scheme toward quantumclassical simulations, we also find a conserved quantity which
indeed resembles the mapping Hamiltonian in the original
PBME formulation. By simulating a series of systems with
different dimensionalities at varying conditions, we demonstrate that our scheme consistently performs better than the
original PBME scheme.
The construction of this article is as follows. In Sec. II,
starting from the derivation of PBME, we explain how the
new non-Hamiltonian PBME is constructed. Its formulation
is compared in a detailed manner to both the original PBME8
and its modified version,22, 44, 45 which can be considered as
an Ehrenfest style variation of PBME. In Sec. III, we explain
the test systems that we adopt for demonstrating the performance of our new approach. In Sec. IV, we present the analyses of the simulation results together with discussions on
the strengths and the weaknesses of the proposed scheme in
comparison with the other PBME approaches. Summary and
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future considerations are presented as concluding remarks in
Sec. V.
II. THEORY
A. Review of Poisson bracket mapping equation

Let us begin by explaining the quantum-classical
Liouville equation (QCLE) and its mapping representation to
derive the PBME. In fact, QCLE is a mixed quantum-classical
approach and treats the bath modes classically. This classical
treatment is achieved by taking the partial Wigner transform
over the bath degrees of freedom. With this transformation,
the total Hamiltonian can be partitioned into the bath part
(Hb (X) = P 2 /2M + Vb (R)), the system part (ĥs = p̂2 /2m
+ V̂s (q̂)), and their coupling (V̂c (q̂, R)). Here, X = (P, R)
are the momentum and the position variables in the classical
phase space, while p̂ and q̂ are the momentum and the position operators of the quantum system. M and m are the masses
of the bath and the system degrees of freedom, denoted in a
collective sense. We have used Vb (R) as the potential function
for the bath and V̂s (q̂) as the potential operator for the system.
Thus, the total Hamiltonian is given as
ĤW =

P2
p̂2
+ Vb (R) +
+ V̂s (q̂) + V̂c (q̂, R),
2M
2m

(1)

where the subscript W represents the partial Wigner transform. In addition, the equations of motion for the system
and the bath combination can be obtained through the partial Wigner transformation of the quantum Liouville equation.
QCLE is obtained by linearizing the propagation function for
the bath,31
∂
i
ρ̂W (X, t) = − [ĤW , ρ̂W (t)]
∂t
¯
1
+ ({ĤW , ρ̂W (t)} − {ρ̂W (t), ĤW }),
2

(2)

where [ · , · ]is the commutator and { · , · } is the Poisson
bracket. Here, ρ̂W is the partial Wigner-transformed density
matrix operator. In fact, this operator equation can be recast into a matrix formula by engaging the basis of adiabatic
states, and many dynamical phenomena were successfully
explained through its applications.26 Also, Ando and Santer
have reported that adopting adiabatic matrix representation
first and then applying the Wigner transform next can lead
to an approximate QCLE with better numerical stability.33, 61
However, direct integration of QCLE will require a large number of grid points in the space. This restricts its applicability significantly, and only small systems can be studied in
this manner.52 This point necessitates developments of efficient algorithms toward solving QCLE for describing complex dynamics in the condensed phase. To this end, several
algorithms have been developed by recasting QCLE in various forms with different choices of the bases.31 For example,
the QCLE can be conveniently formulated with the subsystem basis which is defined as the eigenstate of the system
Hamiltonian, ĥs |α = εα |α.
PBME is obtained as an approximation to QCLE by mapping the subsystem electronic states to a set of harmonic
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oscillators.8, 52 The mapping basis is formed by representing the αth electronic state (|α) of an N-state system with
N harmonic oscillators with vibrational quantum numbers
(v1 = 0, v2 = 0, · · · , vα = 1, · · · , vN = 0). Thus, the mapping can be represented with a notation, |α → |mα 
= |01 , . . . , 1α , . . . 0N . With this, we can represent any matrix element of a general operator in the subsystem basis, B̂W ,
with the mapping basis formulation as
α|B̂W |α   = mα |B̂m |mα .

(3)

Here, the operator in the mapping space is defined with
annihilation and creation operators of the mapping states,

λλ † 
âλ âλ .
B̂m = λ,λ BW
With the basis transformation, one can obtain the mapping representation of QCLE,
∂
∂
α|ρ̂W |α   = mα |ρ̂m |mα .
(4)
∂t
∂t
To obtain the final expression of PBME, we additionally
Wigner-transform the equation over the quantum degrees of
freedom. Through this, all operators can be recast into functions of continuous phase space variables. For this, we adopt
the Wigner-transformed density and its inverse,



z
z 

(5a)
ρm (x, X) = dz eipz/¯ r −  ρ̂m (X) r + ,
2
2


z
z 
1

r −  ρ̂m (X) r +
=
dp e−ipz/¯ ρm (x, X)
2
2
(2π ¯)N
(5b)
with x = (r, p) denoting the phase space variables for quantum
degrees of freedom. Thus, Eq. (4) is rewritten as


∂
mα |ρ̂m |mα 
∂t

 
z 
z
∂
z  
z  

=
r −  ρ̂m r +
r + mα
drdz mα r −
∂t
2
2
2
2




z
∂
1

−ipz/¯
−
=
m
dz
e
drdp ρm
r
α
∂t
(2π ¯)N
2



z
(6)
× r + mα .
2
For future references, let us employ two short-hand
notations.52 The first one is the Wigner transform of the prod†
uct âλ âλ into the mapping space:


z
z  † 
cλλ (x) = dz eipz/¯ r −  âλ âλ r +
2
2
1
(rλ rλ + pλ pλ + i(rλ pλ − rλ pλ ) − ¯δλλ ). (7)
2¯
The second one is also related to the Wigner transform of a
mapping state |mλ mλ |,
=

gλλ (x)
=
=

1
(2π ¯)N



In fact, these notations are useful in switching between
the subsystem and the mapping bases. For example, density
matrices interconvert as

λλ
= dx gλλ ρm ,
(9a)
ρW
λλ
ρW
cλλ .

(9b)

λ,λ

Therefore, from Eq. (4), the mapping representation of QCLE
becomes

∂
∂
mα | ρ̂m |mα  =
(10)
dxρm (x, X, t)gαα (x).
∂t
∂t
Physically, the right hand side can be viewed as a time derivative of ρ m averaged with a weight gαα in the mapping phase
space. Therefore, one can find the exact solution of QCLE
if the time evolution of ρ m is traceable in every phase space
point as


∂
dx gαα (x) ρm (x, X, t) = dx gαα (x)(−i L̂ρm (x, X, t)).
∂t
(11)
In fact, Kapral and co-workers studied the detailed nature of
this equation and found8, 49, 52
∂
ρm = −i L̂ρm
∂t
1
=−
¯

h

λλ

λ,λ



∂
∂
pλ
ρm (t)
− rλ
∂rλ
∂pλ


∂Hm ∂
P ∂
−
ρm (t)
−
M ∂R
∂R ∂P

 
∂
∂2
∂hλλ
¯
∂2
ρm (t).
−
+
8 λ,λ ∂R
∂rλ ∂rλ
∂pλ ∂pλ ∂P


(12)
Here, the mapping Hamiltonian (Hm ) can be written as
Hm =

P2
1
+ Vb +
2M
2¯



hλλ (rλ rλ + pλ pλ − ¯δλλ ),
λ,λ

(13)

where hλλ (R) = λ|ĥs (p̂, q̂) + Vc (q̂, R)|λ . By dropping the
last term in the right hand side of Eq. (12), PBME can be
obtained. This approximation results in Hamilton’s equations
of motion for the bath and the system:22, 49
1
drλ ∂Hm
=
=
dt
∂pλ
¯



hλλ pλ ,
λ

∂Hm
dpλ
1
=−
=−
dt
∂rλ
¯

 
z 
z  

r + mλ
dz e−ipz/¯ mλ r −
2
2



ρm =



hλλ rλ ,
λ

(14)



2
¯
e−x /¯ 2





.
r
δ
r
+
p
p
−
i(r
p
−
r
p
)
−
λ λ
λ λ
λ λ
λ λ
λλ
(π ¯)N ¯
2
(8)

P
dR ∂Hm
=
=
,
dt
∂P
M


dP
∂hλλ
∂Hm
∂Vb
1
=−
=−
−
(rλ rλ +pλ pλ −¯δλλ ).
dt
∂R
∂R
2¯ λ,λ ∂R

This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
141.223.115.120 On: Tue, 18 Nov 2014 04:34:34

184106-4

H. W. Kim and Y. M. Rhee

J. Chem. Phys. 140, 184106 (2014)

It is known that the dropped term affects the back reaction of the quantum system on its classical environment.52
This can cause incorrect behaviors in PBME simulations
because the interaction between the system and the bath
is not fully adequately described. For example, projection
operator techniques reveal that the dynamics with PBME
can take place outside of the physical space.49 On the contrary, dynamics with the quantum-classical Liouville operator is confined within the physical space.49 Therefore,
one can imagine that PBME dynamics can be improved
when the system–bath interaction is modified by including the effect of the dropped term into the equations of
motion.

ments of Dαα in Eqs. (17) and (18). For α = α  , we get


λλ
∂hλλ ∂ρW
.
∂R ∂P

(15)

An attractive feature of this expression is the fact that it does
not contain any second derivative over r or p. With basis transformations for both sides of this equation, the contribution of
the dropped term to QCLE can be re-expressed in the subsystem basis as


Dαα =
dx gαα (x)


λ,λ



∂2
∂2
+
∂rλ ∂rλ
∂pλ ∂pλ



∂hλλ ∂ρm
dx gλλ
∂R ∂P


λ,λ



∂ρm
∂P


(19)

.

4e−x /¯
gαα (x) =
(π ¯)N
2

α



2
e−x /¯
1
=
cαα +
(N + 4)
4
(π ¯)N
(20)

The second line of this equation is obtained from the symmeλλ
in this line to
try of the density. When we back-transform ρW
the mapping basis expression with Eq. (9b), we get



∂hλλ ∂
1
(16)
Dm =
dx  gλλ (x  )ρm (x  ) .
4 λ,λ ∂R ∂P

1
×
4



is satisfied with Eq. (7) in combination with
summing over α over Eq. (19) leads to


¯
e−x /¯
(N +4)
dx
(π ¯)N
8
2

N
=
4


λ,λ

∂hλλ
∂R
λ,λ





λ cλλ

= 1,49




∂2
∂ρm
∂2
+
∂rλ ∂rλ ∂pλ ∂pλ ∂P



∂hλλ ∂ρm
dx gλλ
.
∂R ∂P

(21)





λ,λ

λ,λ

∂hλλ
∂R

This equation actually holds for all α. Because one can show
that

α

As discussed in Ref. 52, with basis transformations,
we can find useful expressions for the term we dropped
while deriving the equations of motion with PBME. Toward this end, let us change the mapping basis density
in the dropped
term to its subsystem counterpart by us
λλ
cλλ . With Eq. (7), the dropped term (D)
ing ρm = λ,λ ρW
becomes

 
∂ρm
∂2
∂hλλ
¯
∂2
Dm ≡
+
8 λ,λ ∂R
∂rλ ∂rλ
∂pλ ∂pλ ∂P
1
4



1
=
4

B. Non-Hamiltonian approach
with a conserved quantity

=

¯
dx gαα (x)
8

∂hλλ ∂
∂R ∂P



dx  gλλ (x  )ρm (x  )


.
(17)

In addition, with dx gαα (x) = δ αα from Eq. (8), the above
equation can be further simplified as52



∂hλλ ∂
1
Dαα = δαα
dx  gλλ (x  )ρm (x  ) .
4 λ,λ ∂R ∂P
(18)
In order to find a manageable expression of the dropped
term, we begin by focusing on non-vanishing diagonal ele-

Now, we can compare both sides of the above equation by
inserting the explicit form of gλλ with the mapping variables
as defined in Eq. (8). After dividing both sides with N + 4, we
rewrite this equation as


e−x /¯
dx
(π ¯)N
2


=

¯ ∂hλλ
8 ∂R

λ,λ

e−x /¯
dx
(π ¯)N



2



∂hλλ ∂ρm
×
∂R ∂P

λ,λ





∂2
∂2
+
∂rλ ∂rλ
∂pλ ∂pλ



∂ρm
∂P





N
¯
rλ rλ + pλ pλ − δλλ
2 (N + 4) ¯
2


(22)

.

If we assume that the integrands on both sides are the same to
satisfy the identity of the integrals, we get

λ,λ

¯ ∂hλλ
8 ∂R
=
λ,λ





∂2
∂2
+
∂rλ ∂rλ
∂pλ ∂pλ



∂ρm
∂P

 λλ

∂h ∂ρm
N
¯
rλ rλ + pλ pλ − δλλ
,
2 (N + 4) ¯
2
∂R ∂P
(23)

whose left hand side is actually in the same expression as the
definition of Dm shown in Eq. (15). Therefore, with this assumption, we can rewrite PBME with the recovered dropped
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term as


∂
∂
1
∂

ρm (t)
ρm = −
hλλ pλ
− rλ
∂t
¯ λ,λ
∂rλ
∂pλ


∂Hm ∂
P ∂
−
ρm (t)
−
M ∂R
∂R ∂P


N
¯
−
rλ rλ + pλ pλ − δλλ
2(N + 4)¯
2
λ,λ

evolutions of the phase space variables can be rewritten as
N + 4 ∂Hm
drλ
,
=
dt
4 ∂pλ
N + 4 ∂Hm
dpλ
=−
,
dt
4
∂rλ



∂hλλ ∂ρm (t)
.
(24)
∂R ∂P
The propagating equation for each phase space variable can
be obtained by comparing this with partial derivative of
ρ m (x, X, t) with respect to time:
×

1
drλ
∂Hm
=
=
dt
∂pλ
¯



hλλ pλ ,
λ

dpλ
∂Hm
1
=−
=−
dt
∂rλ
¯

λ

2
∂Vb
−
=−
∂R
(N + 4)¯

(25)

λ

ελ
d r̃λ
= p̃λ
dt
¯
d p̃λ
ελ
= − r̃λ
dt
¯



λ,λ

∂hλλ
(rλ rλ + pλ pλ )
∂R

∂hλλ
.
∂R

P2
2
=
+ Vb +
2M
(N + 4)¯
−

N +8
Tr(h)
4(N + 4)

h

λλ

C. Non-Hamiltonian approach from approximated
integration scheme

Kapral and co-workers have very recently proposed that
PBME dynamics can be solved with an integration scheme
based on an operator-splitting method.49 In this scheme, diagonalization of the h matrix, ε = U−1 hU, is adopted and the
time evolution is achieved through

This is definitely an approximation of QCLE because this expression still does not account for the effect of Dm in an exact manner. However, the added term may complement the
missing part in the original PBME. In Sec. IV, we will show
that the dynamics is indeed improved in all test cases in varying conditions. We also note that only the equation for propagating bath momentum has been affected compared to the
original PBME. In addition, this set of evolution equations
loses the Hamiltonian structure due to the added term in dP/dt.
Hereafter, for simplicity, we will denote this non-Hamiltonian
approach as PBME-nH. As a distinction, the original PBME
formalism with Eq. (14) will be denoted as PBME-H.
If a conserved quantity in this non-Hamiltonian dynamics can be found, it can help us in analyzing the behavior of
the scheme. Indeed, a quantity closely related to the mapping
Hamiltonian defined as
Hm

(28)




 λλ
∂h
¯
× rλ rλ + pλ pλ − δλλ
2
∂R

N +8
4(N + 4)

dHm
∂Hm dR
∂Hm dP
=
+
dt
∂R dt
∂P dt


∂Hm drλ
∂Hm dpλ
+
= 0.
+
∂rλ dt
∂pλ dt
λ,λ

hλλ rλ ,

∂Hm
P
dR
=
=
,
dt
∂P
M
dP
∂Hm
N
=−
+
dt
∂R
2(N + 4)¯
λ,λ

+

(27)
dR
∂Hm
=
,
dt
∂P
dP
∂H 
= − m.
dt
∂R
Based on this set of equations, the time invariance of H m can
be trivially shown as

(rλ r + pλ p )
λ

λ

λ,λ

(26)


possesses such a conservation property, with Tr(h) = λ hλλ
denoting the trace of h. With this conserved quantity, the time

dR
P
=
dt
M
∂Vb
1
dP
=−
−
dt
∂R
2¯

(29)

λ


∂ελ  2
r̃λ + p̃λ2 − ¯
∂R

together with unitary transformed tilde variables defined as
r̃ = U −1 r and p̃ = U −1 p. These equations take the tilde variables as the canonical variables for solving dynamics and are
equivalent to Eq. (14). In the degenerate limit, namely, when
ε is proportional to the identity matrix, the unitarity of U leads
to
⎞
⎛
∂ ⎝
∂ελ

=
U −1 hμμ Uμ λ ⎠
∂R
∂R μ,μ λμ


∼
=

Uμλ
μ,μ

∂hμμ
Uμ  λ .
∂R

(30)

In general with non-degenerate ε, this is naturally an approximation. This approximation has been often adopted in previous PBME simulations for studying the coherent dynamics in
photosynthetic systems.22, 44, 45 Under this approximation, the
system-bath interaction is partly ignored. Interestingly, as will
be discussed in Sec. IV, this improves the dynamics because
the reduced system-bath interaction also lessens the artifact
from the dropped term in PBME. With this approximation,
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however, PBME will likely possess more characteristics of
the Ehrenfest approach53 as its state-specific forces are intermingled. Hereafter, we will denote this approach as PBME-E
based on its apparent resemblance to the Ehrenfest theory. The
limitation of this approach will also be discussed in detail in
Sec. IV.

J. Chem. Phys. 140, 184106 (2014)

Ohmic spectral density has a form,
J (ω) = π λ

ω
exp(−ω/ωc ),
ωc

and the Debye density is given as
J (ω) =

D. Expectation value in PBME dynamics

Because we have modified the propagating equations for
phase space variables with the conventional mapping formalism, we can still adopt the same expression for computing
expectation values as in the original PBME approach. Therefore, the expectation value for an arbitrary operator B can be
computed as8, 52

B(t) = dXdx Bm (x, X, t)ρ̃m (x, X),
(31)
where the operator in the mapping space can be computed
its partial Wigner transform, Bm (x, X, t)
 from
λλ
(X(t))cλλ (x(t)) and ρ̃m (x, X) = λ,λ gλλ (x)
= λ,λ BW
λ λ
ρW
(X). As noted in a previous study,52 this expression is
equivalent to the expectation value of a Wigner-transformed
operator in the Heisenberg picture. This is because the
Wigner-transformed quantities Bm (x, X, t) and ρ̃m (x, X) are
related to the time-dependent operator and the initial density
operator in the mapping space, respectively.

III. MODELS AND SIMULATION DETAILS

To benchmark the proposed non-Hamiltonian PBME approach, we have simulated the population transfer dynamics
in a spin-boson system and in photosynthetic complex models. The simulation settings of these two classes of systems
are detailed in the following.

A. Spin-boson system

A spin-boson model handles a two-state system and has
been extensively studied with various theoretical methods
as a simple but well-defined stereotype of an open quantum system.6–8, 15, 53, 62–66 The Hamiltonian of the spin-boson
model can be written as


1
P̂ 2
2 2
+
Mj ωj R̂j − cj R̂j σ̂z ,
Ĥ = εσ̂z + σ̂x +
2M
2
j
(32)
where 2ε is the energy bias of the two states, is the coupling
element between the states, and c is the coupling strength between the system and the bath. The environment is modeled
as a set of harmonic oscillators, each of which is described
with its momentum operator (P̂ ), mass (M), oscillating frequency (ω), and position operator (R̂). The effect of the environment is conventionally modeled by adopting spectral densities. We have used both Ohmic and Debye densities, with
discretizations following previous studies.64, 67 Considering
∞
that the reorganization energy is λ = o J (ω)/(π ω)dω, the

(33)

2λωωc
.
ω2 + ωc2

(34)

Here, ωc is the cutoff frequency given as the inverse of the
bath relaxation time. We have included 200 discrete bath
modes for the Ohmic spectral density. For the Debye spectral density, because it decays much slower at the high frequency regime than the Ohmic function,64 we have adopted
1000 modes. The maximum frequency, ωmax was chosen to
reproduce 99% of the reorganization energy. This condition
led to ωmax = 10ωc for the Ohmic density and ωmax = 50ωc
for the Debye density.
We performed 105 trajectory calculations for each of the
three PBME variants discussed so far: PBME-H, PBME-nH,
and PBME-E. With this, the population dynamics converged
very well, and increasing the trajectory number to 106 in a
few test cases did not induce any noticeable changes. We integrated time evolutions of phase space variables to 10 −1
with an integration time step of 10−3 −1 . This time step
corresponds to ∼1/25 of the period of the fastest bath mode
considered. For initial phase space variables, we adopted
sampling methods employed in previous PBME dynamics
studies.8, 44 Namely, system variables were sampled
 from a
Gaussian distribution with a standard deviation of ¯/2.8, 49
Assuming that the bath is initially at thermal equilibrium, we
sampled bath variables according to the Wigner distribution
of the harmonic bath:


 1
β¯ωj
tanh
ρB (X) =
π¯
2
j




tanh β¯ωj /2  2
2 2
× exp −
. (35)
Pj + ωj Rj
¯ωj
We tested a range of parameters to compare the performances of PBME-nH and PBME-E. We also applied the same
parameters with PBME-H to check the improvements of the
two non-Hamiltonian approaches over the original scheme.
Because numerically exact answers are known for the spinboson system, they were adopted to benchmark the various
PBME approaches.53, 62, 65, 68

B. Photosynthetic complexes

To additionally illustrate how the PBME variants perform, we have also simulated the dynamics with the Frenkel
exciton models of photosynthetic complexes. In this case, the
Hamiltonian can be partitioned into the system, the bath, and
their
components1 (H= Hs + Hb + Vc ), with Hs
Ncoupling
2
2
λλ
= λ,λ h |λλ | and Hb = λk (Pλk
+ ωk2 Rλk
)/2 as the
system and the bath Hamiltonians, respectively. For the
system-bath interaction, we adopted a bilinear coupling
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model given by
N

cλk Rλk |λ λ|.

Vc = −
λ=1

(36)

k

For a demonstration purpose, we chose two representative
photosynthetic systems: Fenna-Matthews-Olson (FMO) and
Phycocyanin-645 (PC645) complexes.3 In fact, these complexes have been extensively studied with various semiclassical approaches,9, 11, 17, 21, 22, 42–45, 51, 69–73 and will be suitable
for benchmarks. Site energies and coupling elements for
constructing Hs were taken from previous studies.69, 70 Bath
modes at each site were modeled with independent harmonic
oscillators. Namely, baths on different sites did not have any
correlation. Alternatively, we can imagine adopting a common bath model,74, 75 which may provide a bridge for connecting the simple harmonic model and the more sophisticated
all-atom description.45, 71, 73 However, adopting a simpler independent bath model should suffice for the benchmarking
purpose with PBME variants.
To obtain the population dynamics of the two complexes,
we have simulated 105 PBME trajectories as with the spinboson model. We note that the convergence improvement was
only marginal after obtaining 104 trajectories. Although we
can compute and compare various quantities such as the concurrence between different sites with PBME simulations,44
we are primarily focusing on the population in this work.
Each trajectory was propagated for 10 ps with an integration
time step of 10 atomic units (0.2419 fs). Initial conditions of
the phase space variables were sampled according to Gaussian distributions, as in the spin-boson model simulation case.
Debye spectral densities were adopted with 1000 discretized
harmonic oscillators attached to each site. For the FMO complex, the bath relaxation time was 50 fs and the reorganization
energy was 35 cm−1 .69 For the PC645 complex, the spectral
density had two components with the bath relaxation times
of 50 fs and 1.5 ps.70 The two components had the same
reorganization energy of 130 cm−1 .70
IV. RESULTS AND DISCUSSIONS
A. Spin-boson model

Let us begin with the applications to the symmetrical case
with ε = 0 in Eq. (32). By varying the system-bath coupling
strength, two different regimes can be tested. As noted before,
we will test with the three PBME variants: PBME-H (the original PBME), PBME-nH (our proposed non-Hamiltonian variant), and PBME-E (Ehrenfest-like non-Hamiltonian variant).
We will compare the outcomes from these three approaches
against numerically exact results from a self-consistent hybrid
approach reported by Thoss et al.65
The first tested regime is the adiabatic case with slowly
moving bath. Figure 1 displays the population differences
between the two states of the spin-boson system obtained
with the various approaches. Figure 1(a) shows that all
PBME methods generate quantitatively reliable results for
weak system-bath coupling. As the system-bath coupling becomes stronger, however, the population differences from
PBME start to deviate as shown in Fig. 1(b). However, their

FIG. 1. Population difference of the spin-boson system in an adiabatic
regime (ωc = 0.25 ) with system-bath couplings of (a) λ = 0.25 and (b)
λ = 5 . In both cases, simulations were performed with β = 0.5 −1 and
ε = 0.

errors are not too large with δ ∼ 0.08 even for the least
reliably performing PBME-H at t = 10 −1 . The deviation with strong system-bath coupling is actually quite understandable as PBME describes the system-bath interaction
approximately.
Similar trends are observed in the nonadiabatic regime
with quickly moving bath. In this case, again, when the
system-bath coupling is weak, all PBME methods exhibit
reasonably accurate dynamical behaviors (Fig. 2(a)). Even
though oscillating amplitudes are slightly smaller than the exact value, the differences are less than 0.05 with both PBMEnH and PBME-E. More importantly, all PBME simulations
captured correct oscillation frequencies and generated reliable
population differences in the long time limit. However, as the
system-bath coupling becomes stronger, the PBME dynamics displays significant discrepancies. In Fig. 2(b), PBME-nH
shows the best result among other PBME simulations with
correct population difference up to t ∼ 4 −1 together with
the most reasonable value of population difference in the long
time limit. Population differences obtained from the other approaches start deviating from the exact value after t ∼ −1 .
This is also in accord with the case in the adiabatic regime. In
general, simulations in the nonadiabatic regime exhibit larger
deviations. Therefore, we will focus only on the nonadiabatic
regime with the next demonstrations based on the asymmetric spin-boson model with non-zero energy bias. As indicated by earlier investigators,15, 51, 53 indeed, the asymmetric
spin-boson model constitutes a challenging problem for any
approximate methods.
Interestingly, with the energy bias, the three PBME approaches behave notably different from each other. Figure 3
presents the simulation results with various bias energies and
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FIG. 2. Population difference of the spin-boson system in a nonadiabatic
regime (ωc = 5 ) with system-bath couplings of (a) λ = 0.25 and
(b) λ = 5 . In both cases, simulations were performed with β = 0.5 −1 and
ε = 0.

one can observe differing outcomes from the three PBME
methods. In all cases, PBME-nH performs quite well with
correct oscillation patterns and population differences into the
long time limit. On the contrary, PBME-E underestimates the
population differences in that limit. This behavior of PBMEE may be explained based on its resemblance to Ehrenfest
dynamics. In PBME-E, by assuming that eigenvectors are independent of the bath coordinates (namely, omitting ∂U/∂R
in Eq. (30)), propagation of the classical degrees of freedom
does not strictly rely on decoupling between different individual quantumstates. In other
 words, the
 state-decoupled
summation of λ (∂ελ /∂R) r̃λ2 + p̃λ2 − ¯ in Eq. (29) is no
longer decoupled with the approximation. Consequently, the
classical bath will inevitably feel mixed contributions from
relevant quantum states as in conventional Ehrenfest dynamics. Thus, the population relaxation will be incomplete just
like in other Eherenfest theory cases.53
We also checked the effect of the system-bath coupling
strength with the biased simulations, and have presented the
results in Fig. 4. In general, in the coupling range that we
tested, PBME-nH describes the dynamics quite well. In contrast, PBME-E and PBME-H do not yield correct behaviors
even with weak coupling to the bath. It is interesting to note
that there is a consistent trend in the population differences
in the long time limit. When compared to the numerically exact results, PBME-E gives reduced difference values of σ z ,
while PBME-H generates more pronounced differences. Although the equilibrium population is not reliably reproduced
with PBME-H and PBME-E, at least the oscillation frequencies are reasonably well described. With moderately strong
system-bath coupling, oscillation periods are still reasonably
predicted as shown in Figs. 4(a) and 4(b). However, their population dynamics shows significant deviations. With strong

FIG. 3. Population difference of the spin-boson model in a nonadiabatic
regime (ωc = 2.5 ) with varying energy biases: (a) ε = 0, (b) ε = , and
(c) ε = 2 . In all cases, simulations were performed with β = 5 −1 and λ
= 0.25 .

system-bath coupling, as shown in Fig. 4(c), one can see that
PBME-E does not reproduce the oscillation time scale. One
can also see that PBME-H falls into an unphysical regime
with a negative population with the population difference
more negative than −1. This is actually a well-known problem
in various semiclassical approaches, with which quantum degrees of freedom cannot maintain the zero-point energy.47, 48
It should be noted that this zero-point energy leakage can be
slowed down with modification of the system-bath interaction
in the non-Hamiltonian approaches.
B. Photosynthetic complexes

As shown with the spin-boson model, non-Hamiltonian
approaches of PBME can yield improved results than its
original Hamiltonian analogue. In particular, PBME-nH proposed in this work can perform the dynamics simulations
in a reasonably reliable manner for systems with energy biases. In this part, we will investigate the population dynamics with more complex systems. As representative examples,
we take Fenna-Matthews-Olson (FMO) and Phycocyanin 645
(PC645) photosynthetic complexes. We begin by explaining
on both non-Hamiltonian and Hamiltonian simulation results
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FIG. 4. Population difference of the spin-boson model in a nonadiabatic
regime (ωc = 2.5 ) with a fixed energy bias (ε = ) and varying systembath couplings: (a) λ = 0.125 , (b) λ = 0.25 , and (c) λ = 0.5 . In all
simulations, β = 5 −1 was adopted.

FIG. 5. Population dynamics of the FMO complex at 300 K with (a) PBMEnH, (b) PBME-E, and (c) PBME-H approaches, with focuses on short time
(left panels) and long time (right panels) behaviors. The initial excitation was
localized on Site 1 in all cases. For comparison, HEOM results are also shown
with dotted lines in the left panels for Sites 1−4.

of the FMO complex obtained through the detailed protocols
explained in Sec. III B.
In Fig. 5, FMO population dynamics with PBME variants
is shown in both 1 and 10 ps time scales. For the short time
simulations, we also present the results for Sites 1−4 from
the more reliable hierarchical equation of motion (HEOM)
method by Ishizaki and Fleming.69 In left panels of this figure,
we can find that non-Hamiltonian approaches slightly underestimate the beating patterns compared to the HEOM results.
However, the difference is at most ∼0.05 and the qualitative
description is correct with appropriate oscillating frequency
and coherence lifetime. Moreover, the non-Hamiltonian approaches reasonably reproduce the equilibrium population
even in the long time limit. At t = 1 ps, one may note that the
populations on Sites 1−4 are well matched with the HEOM
results. The simulated equilibrium site populations, which can
be trivially obtained from the plateauing part in the 10 ps data,
are quite similar to the Boltzmann weights with root-meansquare deviations of only 0.030 and 0.044 for PBME-nH and
PBME-E, respectively. However, the PBME-H dynamics displays unreliable site populations even with the short time
simulations. For example, PBME-H generates negative population for Site 6 after ∼100 fs. Indeed, this time scale is

much shorter than the coherence lifetime (∼300 fs) of the
FMO complex at 300 K.69 Because of the trace conserving
nature of the PBME dynamics, this negative population subsequently induces excessive population increases in other sites.
As explained with the spin-boson model, the more reasonable
behavior of non-Hamiltonian approaches is mainly due to the
balanced description of the system-bath interactions.
To analyze the behavior of PBME dynamics in more detail, with Fig. 6, we have displayed the values of the mapping Hamiltonian with and without the pure bath contributions. Not surprisingly, the total mapping Hamiltonian (Hm ) in
PBME-H and PBME-nH is well maintained over 10 ps, while
it keeps increasing with PBME-E (Fig. 6(a)). In addition,
the conserved quantity in the PBME-nH (H m defined with
Eq. (26)) also remains constant over the entire simulation
time. Next, with Fig. 6(b), we focus on Hm − Ebath that represents the Hamiltonian components related only to the system. This metric can actually provide a detailed look on the
zero-point energy leakage in the semiclassical dynamics.47, 48
As noted in the above, in PBME, this leakage appears when
the harmonic oscillators that represent the quantum degrees
of freedom cannot maintain their zero-point energies. For example, the quantum system in PBME-H loses its zero-point
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FIG. 6. Hamiltonian component analyses on the three PBME approaches:
(a) the total mapping Hamiltonian (Hm ) and (b) its system-related portion
(Hm –Ebath ). For comparison, the conserved quantity H m of PBME-nH is also
displayed with a red dotted line in (a).

energy severely as the system excessively dissipates its energy to the bath as displayed in Fig. 6(b). In contrast, this figure shows that the two non-Hamiltonian approaches, namely,
PBME-nH and PBME-E which clearly outperform PBME-H
with no negative population with FMO (Fig. 5), lead the system to maintain a steady level of energy after the early dissipation up to ∼2 ps. This energy keeping will surely be related
to the outperformance of PBME-nH and PBME-E. One additional point that we should note is the fact that the Hm value
steadily increases with PBME-E (Fig. 6(a)). This is not desirable and may explain why PBME-nH provides the most
reliable results among three methods that we tested.
Behaviors of the PBME approaches were also tested with
the PC645 complex. In Fig. 7, we present its population dynamics obtained with the three methods. Indeed, the nonadiabatic simulation of PC645 is more challenging because the
system-bath coupling is stronger and the site energy differences are larger than in the case with the FMO complex. From
the population dynamics up to 1 ps, shown on the left panels
in Fig. 7, one can see that the population transfer patterns are
in qualitative agreement with each other. However, the details
are somewhat different. Most noticeably, the transfer rate is
different, with the fastest PBME-H and the slowest PBMEnH. There are considerable negative populations in the long
time limit with all three approaches as shown on the right
panels in the same figure. One can notice that the transfer
rate difference mentioned with the short time behavior can
be related to the extent of negative population. This is likely
because the faster transfer rate is caused by an unrestricted
energy flow among different sites. Failure of PBME-H can
actually be anticipated from its behavior with the FMO complex. In the PC645 case, the two non-Hamiltonian approaches
now suffer from the negative population issue, likely with the
zero-point energy leakage problem that is more pronounced
than in the FMO case. At least, PBME-nH is affected less

FIG. 7. Population dynamics of the PC645 complex at 300 K with (a)
PBME-nH, (b) PBME-E, and (c) PBME-H, with focuses on its short time
(left panels) and long time (right panels) behaviors. The initial excitation was
localized on Site 1 in all cases.

than PBME-E. In a sense, this can also be understood with
the Hamiltonian component analysis shown in Fig. 6. Because
the mapping Hamiltonian Hm steadily increases in time with
PBME-E, it will eventually behave worse than PBME-nH. It
appears that a larger amount of zero-point energy flows from
the system to the bath with this artifact. In any case, even
though all three PBME simulations give unphysical results
in the long time limit, at least we are encouraged to see that
they correctly reproduce the oscillatory behaviors compared
to previous results.70 In addition, the energy flow pattern in
the short time limit generally agrees well with them.
Up to this point, we have simulated the photosynthetic
systems at 300 K as their behavior at physiological condition
is usually more interesting.40, 69 Nonetheless, it will be informative if we know the temperature range where the PBME
dynamics becomes reliable even in the long time limit. To
this end, we adopt the deviation of the populations from the
correct values

 N 
eq 2

p i − pi

(37)
σpop =
N −1
i
as a metric to judge the reliability of any given method. Here,
pi is the long time limit population of the ith site from PBME
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FIG. 8. Temperature effect on the equilibrium population deviation for (a)
the FMO and (b) the PC645 complexes. For computational efficiency, we
computed each deviation with 5 × 104 trajectories.
eq

simulations and pi is its correct equilibrium population. For
FMO and PC645 complexes, σ pop is presented in Fig. 8.
(For the long time limit, we have taken the averages over
8−10 ps windows.) The result shows two distinctive aspects. First, PBME simulations generate less accurate
results at lower temperatures. This can be easily understood
because the quantum effect (zero-point energy) becomes
more important at lower temperatures. Second, the deviation
is the smallest for PBME-nH and the largest for PBME-H.
In fact, the PBME-H approach does not yield satisfactory results for neither FMO complex nor PC645 complex at all
tested temperatures. In the FMO case, at the room temperature, the non-Hamiltonian approaches generate errors quite
smaller than 0.05, likely acceptable for semi-quantitative assessments. With these, we suggest that non-Hamiltonian approaches can be employed toward theoretical simulations for
photosynthetic complexes with small energy dispersions and
small reorganization energies.
More specifically for PBME-nH, based on Fig. 8, the
lowest temperatures that can be safely adopted can be roughly
deduced to be ∼200 K and ∼700 K for FMO and PC645, respectively. Because the site energy dispersions (Ed ), as measured by the difference between the highest and lowest site
energies, are 420 cm−1 and 1550 cm−1 , respectively, for the
two complexes, the temperature limits correspond roughly to
∼3Ed /kB in both cases. Therefore, for systems without any
excessively large reorganization energies, we should be able
to judge whether PBME-nH can be an adequate approach
based on their spectroscopic characteristics even without
performing any preliminary computations.
V. CONCLUDING REMARKS

In summary, we have proposed a non-Hamiltonian variant of PBME (PBME-nH) and benchmarked it against
the original and the Ehrenfest-like variant of PBMEs by

J. Chem. Phys. 140, 184106 (2014)

simulating the nonadiabatic dynamics of a few test systems. We found that our non-Hamiltonian approach consistently outperforms the others, especially toward long time
simulations. In particular, it generates reliable results with
a spin-boson model with an energy bias. In a room temperature condition, it behaved reasonably well with the photosynthetic FMO complex model. For the PC645 complex
with a large energy bias and strong inter-site couplings, our
scheme exhibited a limited success with correct behaviors
only in the short time limit. However, even in this most challenging case, our approach performed better than previously
adopted PBME schemes. To understand this improvement,
we analyzed the Hamiltonian components and revealed that
PBME-nH describes the system-bath interaction in a more
balanced manner. Interestingly, our approach partly alleviates
the zero-point energy leakage problem by reducing excessive energy transfers from the system to the bath. Ehrenfest
style PBME (PBME-E) also enhances the performance of the
original Hamiltonian PBME for a similar reason. However,
with PBME-E, a conservation condition is not strictly satisfied leading to an artifact in the population relaxation. These
aspects indicate that PBME-nH is the most reliable scheme
among the three PBME approaches tested in this work. Based
on simulations at varying conditions, we suggest that the
non-Hamiltonian approach can be adopted for systems with
moderate system-bath couplings and energy dispersions.
In fact, mixed quantum-classical approaches are useful
in elucidating detailed roles of the bath modes. For instance,
the protein’s role in modulating the nonadiabatic transitions
in a protein-chromophore complex can be straightforwardly
studied with such approaches. A specific example will be the
previous application of PBME-E for simulating excitation energy transfer dynamics in the FMO complex with atomistic
resolution.45 As in the original PBME, PBME-nH is based on
representation with continuous phase space variables. Thus,
it can be naturally utilized as an all-atom simulation tool
toward complex systems. Based on its success with the spinboson system, we anticipate that it will also be adequate in describing charge transfer processes as spin-boson models can
be adopted as their prototypes.1 Therefore, we hope that our
approach can be a reasonable choice of methodology for investigating various nonadiabatic events.
Considering that there are many other mixed quantumclassical approaches, we should note that our nonHamiltonian approach comparatively has both weaknesses
and strengths. For example, theories based on coherent basis representation explain the long time dynamics reasonably
well without any negative population issues,9, 51 while PBMEnH still has trouble in describing correct equilibrium populations for extreme cases. In addition, it has been reported that
QCLE is exactly obtained from forward-backward trajectory
solution (FBTS), an approximated theory based on coherent
basis and mapping representation.10 FBTS, however, computes the expectation values of physical quantities with the
orthogonality approximation for the inner products of coherent states. In non-Hamiltonian PBME, in contrast, the expectation value is straightforwardly computed without such an
approximation. Computationally, PBME-nH can be efficient
because it requires one fictitious harmonic oscillator for each
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quantum state, while FBTS relies on two oscillators for each
state.
In any case, from these considerations, we believe that
semiclassical theories with the mapping representation still
have much room for improvements. For example, reconstructing the theories with various basis representations can
give new insights. Recently, it was shown that FBTS can be
formulated from QCLE within the adiabatic basis and can
present interpretations that can connect between mean-field
and surface hopping algorithms.76 As the forward-backward
propagator can be derived in the adiabatic mapping basis,76
a similar approach may be employed with PBME. For example, starting from an adiabatic approximation of QCLE33, 61
might lead to a numerically more stable algorithm. More
importantly, we expect that the Hamiltonian dynamics can be
flexibly extended in semiclassical theories with the mapping
formalism as it is achieved with PBME in this work. We hope
to see more advances in non-Hamiltonian algorithms in the
future.
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