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Coherent wave transmission in quasi-one-dimensional systems with Lévy disorder
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We study the random fluctuations of the transmission in disordered quasi-one-dimensional systems such as
disordered waveguides and/or quantum wires whose random configurations of disorder are characterized by
density distributions with a long tail known as Lévy distributions. The presence of Lévy disorder leads to large
fluctuations of the transmission and anomalous localization, in relation to the standard exponential localization
(Anderson localization). We calculate the complete distribution of the transmission fluctuations for a different
number of transmission channels in the presence and absence of time-reversal symmetry. Significant differences in
the transmission statistics between disordered systems with Anderson and anomalous localizations are revealed.
The theoretical predictions are independently confirmed by tight-binding numerical simulations.
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I. INTRODUCTION

Coherent wave-interference phenomena have been experi-
mentally and theoretically investigated in different complex
systems such as disordered waveguides, photonic crystals,
cold atoms, and disordered quantum wires. One of the most
celebrated effects of waves in random media is the Anderson
localization: an exponential decay in space produced by
destructive interference. The phenomenon of Anderson local-
ization was originally predicted for electrons [1], but being
fundamentally a wave phenomenon, Anderson localization
has been observed also in electromagnetic and acoustic ex-
periments, Bose-Einstein condensates, and entangled photons
(see, for instance, [2–12]).

Wave scattering in complex media has been widely investi-
gated within different approaches. In particular, the so-called
Dorokhov-Mello-Pereyra-Kumar (DMPK) equation [13] has
been successfully applied to study several statistical properties
of electronic transport through disordered quantum wires, as
well as classical waves in disordered structures. The DMPK
equation is a diffusion equation that describes the evolution
of the probability density of the transmission eigenvalues as
a function of the length of the system. Remarkably, within
this approach, the statistical properties of the transmission
depend only on a few physical parameters of the system such
as the localization length and the presence (or absence) of
time-reversal symmetry, i.e., all other details of the system are
irrelevant for the statistical description of the transport.

The diffusion approach to wave transport (the DMPK
equation) has been applied to study different statistical
properties of functions of the transmission [13,14] in sys-
tems where quantum wave functions (electrons) or classical
electromagnetic waves are exponentially localized in space
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(Anderson localization). The presence of disorder, however,
does not necessarily lead to the standard Anderson localiza-
tion. Actually, nonstandard localization can be produced by
different means in random media. For instance, it has been
shown that electrons in disordered quantum wires at the band
center [15–17] and armchair graphene disordered nanoribbons
[18] are anomalously localized. In particular, it has been exper-
imentally and theoretically shown that random configurations
of the disorder characterized by probability densities with a
power-law tail (also known as Lévy distributions) produce
anomalous localization, i.e., waves are more weakly localized
in space in relation to the standard Anderson localization. For
experimental realizations of Lévy disorder, see, for instance,
Refs. [19,20]. Those works, however, were restricted to
one-dimensional systems or structures where only a single
transmission eigenvalue or transmission channel is relevant. It
is also worth mentioning that Lévy-type distributions have
been used to study different problems in a wide range of
science disciplines [21–28].

In general, however, the transmission through a system
is given by the contribution of several transverse modes
or transmission channels [Eq. (14)]. Therefore, it is highly
desirable to go beyond the single-channel case and consider
the possibility that several transmission channels contribute to
the transport, which is also a less restrictive condition from
an experimental point of view. Additionally, the multichannel
case allows us to study the effect of the absence (or presence)
of time-reversal symmetry in Levy disordered systems.

With the above motivation, in this work we extend
the diffusion approach to consider the case of anomalous
localization in quasi-one-dimensional (quasi-1D) disordered
systems, where several transmission channels play a role,
i.e., we study the statistical properties of the transmission of
waves that are anomalously localized in relation to those with
standard Anderson localization. In order to induce anomalous
localization, we will consider that the random configurations
of the scatterers in a quasi-1D disordered system follow a
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distribution with a long tail: If x is a random variable with
probability density ρ(x), then for large x, ρ(x) ∼ 1/x1+α

with 0 < α < 2. This kind of distribution is also known as a
Lévy-type distribution or an α-stable distribution [29–31]. We
notice that for 0 < α < 1, the first moment of ρ(x) diverges.
In this work we will consider the range 0 < α < 1, where the
effects of Lévy disorder are strong, as we will show.1

The present work is an extension of the one-dimensional
case studied in Ref. [32] to the multichannel case. This
extension allows us to investigate the transport properties
of the transmission under physical conditions that cannot be
considered in the 1D case such as the effects of breaking
the time-reversal symmetry of the system. All our theoretical
predictions are independently confirmed by numerical simu-
lations of quasi-one-dimensional disordered systems using a
tight-binding model.

The remainder of this paper is organized as follows. For
the sake of completeness, the next section is devoted to
the problem of transport in 1D disordered systems or a
single transmission channel. Both standard and anomalous
localizations are studied and some previous results of Ref. [32]
are reproduced. In Sec. III we extend our results to the
multichannel transmission case. We briefly introduce some
elements of the DMPK equation whose solution gives the joint
probability density function of N transmission channels, which
is used later to calculate the transmission distribution in the
presence of Lévy disorder for systems supporting an arbitrary
number of channels. Several examples of the transmission
distribution for Lévy disordered systems are shown for systems
which preserve or break time-reversal symmetry. In Sec. IV
we give a summary and the conclusions of our work.

II. SINGLE TRANSMISSION CHANNEL

Disordered systems with Lévy-type disorder2 and a single
transmission channel were studied in Ref. [32]. Here we briefly
present this case for the sake of completeness and since it
is used to derive the length dependence of the multichannel
transmission, as we show below.

Thus, following Ref. [32], we consider a one-dimensional
disordered system with scatterers randomly placed along its
length L. The key ingredient in this model is that the random
distance between the scatterers follows a distribution with a
long tail. To obtain the statistical properties of the transmission
in the presence of Lévy-type disorder, we extend the results of
random-matrix calculations for standard disordered systems.

A. Standard localization

As previously mentioned, the scaling approach to localiza-
tion and random-matrix theory has been extensively developed
in the past [13,14,37] and applied to describe the statistical
properties of transport in standard disordered media, i.e.,

1One can extend the present model to the case 1 < α < 2; however,
we restrict ourselves to 0 < α < 1, where the effects of anomalous
localization are stronger.

2For 1D systems with Lévy disorder in the incoherent regime, see,
for instance, Refs. [33–36].

systems whose disorder models involve distributions with
finite mean values. Within the scaling theory framework, a
diffusion-type equation for the probability distribution of the
transmission T was derived and conveniently written in terms
of the variable λ as [38]

l
∂ps(λ)

∂L
= ∂

∂λ

[
λ(λ + 1)

∂ps(λ)

∂λ

]
, (1)

where λ = 1/(1 + T ). The solution of Eq. (1) can be written
as [39]

ps(T ) = s−3/2

√
2π

e−s/4

T 2

∫ ∞

y0

dy
ye−y2/4s

√
cosh y + 1 − 2/T

, (2)

where y0 = arcosh(2/T − 1) and s = L/l. We point out that
the distribution of the transmission is determined by a single
microscopic property of the system: the mean free path l, in
s = L/l.

From the distribution ps(T ) we can obtain any average
value of the transmission. In particular, an exponential decay
of the average transmission with the length is found,

〈T 〉 ∝ exp (−L/2l), (3)

while the average of the logarithm of the transmission is given
by

〈− ln T 〉 = L/l. (4)

We notice that the mean free path can thus be obtained from
〈− ln T 〉. For later purposes, at this point we also remark that
〈− ln T 〉 is a linear function of L.

Let us illustrate the above results [Eqs. (2)–(4)]. This will
be useful for contrasting the effects of anomalous localization
due to the presence of Lévy-type disorder in the next section.

Figure 1(a) shows the linear (main frame) and exponential
decay (inset) behavior of the averages 〈− ln T 〉 and 〈T 〉
in Eqs. (3) and (4), respectively. The results of numerical
simulations (circles), using a tight-binding model (see the
Appendix), are in agreement with the theoretical results (solid
lines). In Fig. 1(b) we show the transmission distribution (solid
line) as given in Eq. (2) for s = 0.93, with the histogram
corresponding to the transmission distribution obtained from
the tight-binding simulations (see the Appendix). Thus, we
can observe that Eq. (2) and the numerical simulations are in
good agreement.

B. Anomalous localization

We now introduce a Lévy-type model for the disorder
that leads to anomalous localization. Following Ref. [32],
we consider that ν scatterers are randomly distributed in a
system of length L and assume that their separation x follows
a probability density with a long tail

ρ(x) ∼ c

x1+α
(5)

for large x. Here c is a constant. As we already mentioned, the
first moment of ρ(x) diverges, which implies that the mean
free path l diverges. We recall that l governs the statistics
of the transmission in the standard localization problem, as
pointed out in the preceding section. Therefore, we might
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FIG. 1. Transmission results for 1D systems with standard local-
ization. (a) Linear (main frame) and exponential (inset) dependence
of 〈ln T 〉 and 〈T 〉, respectively, with the system length L. The solid
lines correspond to the theoretical results, while the closed circles are
obtained from the numerical simulations. (b) Complete distribution of
the transmission P (T ) for a standard disordered system with average
〈T 〉 = 0.5. The solid line corresponds to the theoretical distribution,
while the histogram is extracted from the numerical simulations.

expect a nonstandard behavior of the transmission statistics
in the presence of Lévy disorder.

Let us define the probability density �L(ν) of the number of
scatterers in a system of length L. It has been shown [32] that
�L(ν) is given in terms of the probability density distribution
qα,c(x) of the Lévy distribution as

�L(ν) = 2

α

L

(2ν)(1+α)/α
qα,c(L/(2ν)1/α) (6)

for 0 < α < 1, in the limit L � c1/α . We remark that qα,c(x)
has a power-law tail3 qα,c(x) ∼ c/x1+α for large values of x.

We now introduce the average values 〈ln T 〉ν and 〈ln T 〉L for
systems with a fixed number of scatterers ν and fixed length L,

3The explicit expression for the probability density qα,c(x) is
more conveniently written using the Fourier transform q̂α,c(k) =
exp{−|k|α[Aθ (k) + A∗θ (−k)]}, where θ is the Heaviside step func-
tion and A = −c
(−α)ei(πα/2), 
 being the Gamma function.

respectively. From the standard scaling theory of localization
summarized in preceding section, 〈− ln T 〉ν is proportional to
ν: 〈− ln T 〉ν = aν, a being a constant [40]. Hence, we have
that

〈− ln T 〉L =
∫ ∞

0
〈− ln T 〉ν�L(ν)dν (7)

=
∫ ∞

0
aν

2

α

L

(2ν)(1+α/)α
qα,c(L/(2ν)1/α)dν, (8)

where we have substituted Eq. (6). Using the scaling prop-
erty of the Lévy distributions c1/αqα,c(c1/αx) = qα,1(x) and
introducing the variable z = L/(2cν)1/α , we obtain

〈− ln T 〉L = Lα a

c

1

2

∫ ∞

0
z−αqα,1(z)dz = Lα a

c
Iα, (9)

where Iα = (1/2)
∫ ∞

0 z−αqα,1(z)dz = cos(πα/2)/2
(1 + α)
[41], with 
 the Gamma function. We point out that Eq. (9)
shows a nonstandard behavior

〈− ln T 〉L ∝ Lα, (10)

i.e., 〈− ln T 〉L is a power function of L, in contrast to the
linear behavior with L expected in the usual scaling theory
[see Eq. (4)]. Similarly, the average of the transmission decays
with the length as

〈T 〉L ∼ 1/Lα, (11)

which is also in contrast to the expected exponential decay in
one dimension [see Eq. (3)].

In Figs. 2(a) and 2(b) we have verified the above results
[Eqs. (11) and (10)] for α = 1/2 by comparing with numerical
simulations. As it was predicted, 〈ln T 〉 has a power-law
behavior with L, in this case with power α = 1/2, while 〈T 〉
decays as L−1/2.

We now calculate the complete distribution of the trans-
mission Pμ(T ) for fixed length L in the presence of Lévy
disorder, here 〈− ln T 〉L = μ. The distribution Pμ(T ) can be
obtained from ps(T ) [Eq. (2)] using that in the standard
diffusion approach the parameter s is proportional to the
number of scatterers ν, i.e., s = aν, a being a constant. Thus,
we introduce the information of the Lévy disorder through
the distribution �L(ν) in Eq. (6) to obtain that the probability
density of the transmission Pμ(T ) is given by

Pμ(T ) =
∫ ∞

0
paν(T )�L(ν)dν. (12)

Using Eqs. (6) and (9) as well as the scaling properties of the
Lévy distributions, we finally have that

Pμ(T ) =
∫ ∞

0
ps(α,μ,z)(T )qα,1(z)dz, (13)

where we have defined s(α,μ,z) = μ/2zαIα . We remark that
the distribution Pμ(T ) in Eq. (13) depends only on two
parameters 〈− ln T 〉L = μ and α, i.e., other details of the
disorder configurations are irrelevant.

As an example, in Fig. 2(b) we show the complete transmis-
sion distribution for a disordered system with 〈T 〉 = 0.5 and
α = 1/2. It is interesting to compare the distribution of the
transmission for both standard and anomalous localizations
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FIG. 2. Transmission results for systems with Lévy disorder
(α = 1/2). (a) Power-law dependence of 〈ln T 〉 (main frame) and
〈T 〉 (inset) for a 1D system with Lévy disorder with α = 1/2.
See Eqs. (10) and (11). Closed circles correspond to the numerical
simulation results. (b) Complete distribution P (T ) for a Lévy
disordered system with α = 1/2 and 〈T 〉 = 0.5. The solid line is
obtained from Eq. (13), while the histogram is obtained from the
numerical simulations.

[Figs. 1(b) and 2(b), respectively]. Notice that both distri-
butions are obtained for disordered systems with 〈T 〉 = 0.5,
however, the shapes of the distributions are totally different.
In particular, in the case of anomalous localization, the
transmission distribution show two peaks at T = 0 and T = 1,
which is a consequence of the stronger random fluctuations of
the transmissions in the presence of Lévy-type disorder.

III. MULTICHANNEL TRANSMISSION

In the preceding section we considered the simplest case
of 1D disordered systems where only a single transmission
channel plays a role. We now extend our analysis to a more
general case where the total transmission is given by the
contribution of several transmission channels. Additionally,
by considering the multichannel case we can study the effects
of the presence, or absence, of time-reversal symmetry. We
will present particular cases of two and three transmission
channels to illustrate our results. Similarly to Sec. II, we first

give a summary of the random-matrix theory for standard
disorder and later we extend the results to consider Lévy-type
disorder.

A. Standard localization

Let us consider a disordered system whose length L is much
larger than its width, i.e., a quasi-one-dimensional system.
With this geometry, one can neglect diffusion in the transverse
direction. Assuming that the system supports N transverse
modes, or channels, the total transmission T is given by

T =
N∑

n=1

τn, (14)

where τn are the eigenvalues of the product t t†, with t the
matrix of the transmission amplitudes of a quasi-1D disordered
system. Within the diffusion approach [42], the transmission
eigenvalues τn are random variables whose joint probability
distribution function p(τ ) evolves with the system length L

according to a Fokker-Planck equation, or DMPK equation, as
[13,42]

l
∂p(λ)

∂L
= 2

βN + 2 − β

1

J (λ)

×
N∑
i

∂

∂λi

[
λi(1 + λi)J (λ)

∂

∂λi

∂p(λ)

J (λ)

]
, (15)

where λi = (1 − τi)/τi and l is the mean free path. The
Jacobian J (λ) is given by the product J (λ) = ∏N

i<j |λi − λj |β .
The value of the parameter β depends on the absence (β = 2)
or presence (β = 1) of time-reversal symmetry. The above
diffusion equation (15) is a generalization of the single-channel
case in Eq. (1). We also notice that the mean free path l

is the only microscopic information that enters the diffusion
equation, as in the single-transmission-channel problem in the
preceding section.

On the other hand, an analytical expression for the solution
of the DMPK equation (15) for both unitary (β = 1) and
orthogonal (β = 2) symmetries has been obtained in the
metallic and insulating regimes [43], which also has been
useful to study statistical properties of the transmission in the
metal-insulating crossover regime [44,45]. This solution can
be written as

p(β)
s (λ) = 1

Z
exp[−βH (λ)], (16)

where Z = ∫
exp[−βH (λ)]�idλi and

H (λ) =
N∑

i<j

u(λi,λj ) +
N∑
i

V (λi). (17)

The functions u(λi,λj ) and V (λi) are more conveniently
written in terms of the variables xi , where λi = sinh2 xi as

u(xi,xj ) = −1

2

[
ln | sinh2 xi − sinh2 xj | − ln

∣∣x2
i − x2

j

∣∣],
V (xi) = l(βN + 2 − β)

2Lβ
x2

i − 1

2β
ln |xi sinh 2xi |. (18)
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Therefore, using the joint probability distribution given in
Eq. (16), the distribution of the transmission is given by the
average

p(β)
s (T ) =

〈
δ

(
T −

N∑
i

1

1 + λi

)〉
, (19)

where, as previously defined, s is the length of the system in
units of the mean free path (s = L/l) and the angular brackets
denote the average performed with the joint probability
distribution p

(β)
s (λ) [Eq. (16)].

As we have mentioned, the above diffusion approach has
been successfully verified in a number of numerical and
experimental works where Anderson localization is present
[13,14]. With the above results, we are now ready to introduce
Lévy-type disorder in a multichannel disordered media.

B. Anomalous localization

Let us assume the presence of Lévy-type disorder, as
described in Sec. II B, in a multichannel system of length L. In
addition to the interest in studying the transmission properties
of Lévy-type disorder media supporting many channels, the
multichannel problem adds the possibility of studying the
effects of breaking the time-reversal symmetry of the system,
characterized by the parameter β. We will consider the cases of
β = 1 (preserved time-reversal symmetry) and β = 2 (broken
time-reversal symmetry).

The distribution of the transmission for Lévy-type dis-
ordered systems in the multichannel case can be obtained
by following the steps of the one-channel case in Sec. II B.
Although the generalization to the multichannel case is
straightforward, the calculations are more involved and no
simple analytical relations have been obtained.

As in the one-channel case, the transmission distribution for
multichannel Lévy disordered systems can be obtained once
the probability density of the number of scatterers in a system
of fixed length L is known, assuming the separation between
scatterers follows a Lévy-type distribution. This probability
density was already obtained in Sec. II B, Eq. (6). Therefore,
with the knowledge of the transmission distribution from the
standard random-matrix theory given by Eq. (19), we write the
density probability distribution of the transmission for Lévy-
type disorder as

P (β)
μ (T ) =

∫ ∞

0
p

(β)
s(α,μ,N,z)(T )qα,1(z)dz, (20)

where the distribution p
(β)
s(α,μ,N,z)(T ) is given in Eq. (19) with

s replaced by a function s(α,μ,N,z) and μ = 〈ln T 〉L. For
the single transmission channel, we have given an expression
for s(α,μ,N = 1,z) in terms of the average 〈ln T 〉L since
s = 〈ln T 〉 in the case of standard disorder. In the multichannel
case, however, we cannot derive an analytical expression for
s(α,μ,N,z) since there is no general expression between s

and 〈ln T 〉L for an arbitrary number of channels. For N � 1,
however, 〈ln T 〉 ≈ L/βNl = s/βN . Thus, in this limit, we can
write s(α,μ,N,z) = βNμ/2zαIα . To overcome this problem
for an arbitrary number of channels, we consider that the
function s(α,μ,N,z) is of the form b/zα , where b is a constant
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FIG. 3. Transmission distribution for N = 2 transmission chan-
nels with Lévy disorder characterized by (a) and (b) α = 1/2 and (c)
and (d) α = 1/3. The solid lines are obtained according to the theory
described in the main text, while the histograms are extracted from
the tight-binding numerical simulations. The values of the standard
deviation δT and the constant b in s(α,μ,N,z) are (a) δT = 0.54 and
b = 2.5, (b) δT = 0.52 and b = 1.35, (c) δT = 0.56 and b = 2.6,
and (d) δT = 0.54 and b = 1.2. Good agreement between theory
and numerical simulation can be seen in all panels. For comparison
with Lévy disordered systems, (a) shows P (T ) (green-dashed-line
histogram) for systems with standard disorder and ensemble average
〈T 〉 = 0.7.

whose value is fixed to the one that reproduces the numerical
value of the average 〈T 〉L or, equivalently, 〈ln T 〉L.

We thus now present several examples of the transmission
distribution as given by Eq. (20) for N = 2 and 3 transmission
channels and different values of the power decay α, in
the presence and absence of time-reversal symmetry. The
theoretical results are obtained by numerical integration of
Eq. (20). In all cases, our results are independently verified
by tight-binding numerical simulations. Additionally, in order
to contrast and compare the transmission statistics of standard
and Lévy disordered systems, in Figs. 3(a), 4(a), 5(a), and 6(a)
we include the transmission distribution expected for the cases
of standard disordered systems.

1. Preserved time-reversal symmetry

We first assume that time-reversal symmetry is present in
the system, i.e., we consider the symmetry class β = 1 and, as
it was previously mentioned, we will concentrate on the cases
of N = 2 and 3 channels. The distribution of the transmission
for two channels is shown in Fig. 3 for two different values
of the average 〈T 〉 and disorder configurations characterized
by the decay power α = 1/2 and 1/3. The histograms (blue
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FIG. 4. Transmission distribution P (T ) for N = 3 transmission
channels with Lévy disorder characterized by (a) and (b) α = 1/2
and (c) and (d) α = 1/3. The solid lines are obtained according
to the theory described in the main text, while the histograms are
extracted from the tight-binding numerical simulations. The values
of the standard deviation δT and the constant b in s(α,μ,N,z) are
(a) δT = 0.73 and b = 2.8, (b) δT = 0.70 and b = 1.36, (c) δT =
0.75 and b = 2.6, and (d) δT = 0.62 and b = 0.5. Good agreement
between theory and numerical simulation can be seen in all panels.
The (green-dashed-line) histogram in (a) shows the distribution P (T )
for systems with standard disorder with ensemble average 〈T 〉 = 1.0.

solid line) in Fig. 3 are obtained by tight-binding numerical
simulations (see the Appendix) by collecting the transmission
data from 10 000 disorder configurations, while the theoretical
predictions (black solid lines) are calculated according to
Eq. (20) with ps(α,μ,N,z)(T ) given by Eq. (19) with N = 2
and β = 1.

The distributions in Figs. 3(a) and 3(b) correspond to
the case of α = 1/2 with average transmissions 〈T 〉 = 0.7
and 1.0, respectively. Similarly, Figs. 3(c) and 3(d) show the
transmission distribution for α = 1/3. We can observe good
agreement between theoretical (solid lines) and numerical
simulation results (histograms) in all cases.

It is expected that the fluctuations of the transmission
become large as the power exponent α decreases. This implies
that the transmission distributions for α = 1/3 are wider than
those for α = 1/2. Effectively, for a fixed value of the 〈T 〉,
the value of the standard deviation δT =

√
〈T 2〉 − 〈T 〉2 for

systems with α = 1/3 is larger than those with α = 1/2 (see
the caption of Fig. 3), although for the particular cases shown
in Figs. 3(a) and 3(c), as well as in Figs. 3(b) and 3(d), the
difference between the standard deviations is small.

We now consider the case of N = 3 transmission channels.
Thus, the maximum value of the transmission is 3. In Fig. 4
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< T > =  0.7

(c)  α =1/3

< T > =  1.1

(d)

FIG. 5. Applied magnetic field (φ = 0.15). Transmission distri-
bution P (T ) with broken time-reversal symmetry for N = 2 transmis-
sion channels with Lévy disorder characterized by (a) and (b) α = 1/2
and (c) and (d) α = 1/3. The solid lines are obtained according
to the theory described in the main text, while the histograms are
extracted from the tight-binding numerical simulations. The values
of the standard deviation δT and the constant b in s(α,μ,N,z) are
(a) δT = 0.5 and b = 3.3, (b) δT = 0.46 and b = 1.3, (c) δT = 0.52
and b = 2.5, and (d) δT = 0.46 and b = 0.8. Theory and numerical
simulations are in agreement in all panels. The (green-dashed-line)
histogram in (a) shows the distribution P (T ) for systems with
standard disorder and broken time-reversal symmetry with ensemble
average 〈T 〉 = 0.7.

we show the transmission distribution for α = 1/2 and α =
1/3 at different transmission averages 〈T 〉. The solid lines
are calculated as given by Eq. (20), while the histograms
are obtained from the numerical simulations. As in the
two-transmission-channel case, disorder configurations with
α = 1/3 show larger transmission fluctuations than α = 1/2.
See, for instance, the distributions in Figs. 4(b) and 4(c), which
have the same average 〈T 〉 = 1.5 but δT = 0.7 and 0.75,
respectively. In all the panels of Fig. 4 good agreement between
theory (solid lines) and numerical simulations (histograms)
can be seen.

Finally, we remark that the landscapes of the transmission
distributions for standard (dashed-line histogram) and Lévy
disordered (solid line) systems shown in Fig. 3(a), as well
in Fig. 4(a), are quite different. In general, the transmission
distributions in the presence of Lévy disorder are wider than
the cases in the presence of standard Anderson localization,
revealing stronger transmission fluctuations in the former case.

2. Broken time-reversal symmetry

We first recall that in the presence of time-reversal sym-
metry, the reflection probability is slightly higher than the
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FIG. 6. Applied magnetic field (φ = 0.1). Transmission distribu-
tion P (T ) with broken time-reversal symmetry for N = 3 transmis-
sion channels with Lévy disorder characterized by (a) and (b) α = 1/2
and (c) and (d) α = 1/3. The solid lines are obtained according
to the theory described in the main text, while the histograms are
extracted from the tight-binding numerical simulations. The values
of the standard deviation δT and the constant b in s(α,μ,N,z) are (a)
δT = 0.50 and b = 1.6, (b) δT = 0.51 and b = 0.7, (c) δT = 0.70
and b = 1.9, and (d) δT = 0.67 and b = 1.6. Theory and numerical
simulations are in agreement in all panels. The (green-dashed-line)
histogram in (a) shows the distribution P (T ) for systems with
standard disorder and broken time-reversal symmetry with ensemble
average 〈T 〉 = 1.5.

transmission probability due to constructive interference
between two time-reversed scattering processes. This phe-
nomenon is known as weak localization. If time-reversal
symmetry is broken, this constructive interference effect is
destroyed and the weak localization is suppressed. Therefore,
it is expected that the absence of time-reversal symmetry has
an effect on the statistics of the transmission.

Let us assume now that we break the time-reversal
symmetry of the Lévy disordered systems, i.e., we consider
the symmetry class β = 2. In the numerical simulations,
time-reversal symmetry is broken by applying a perpendicular
magnetic field to the disordered systems.

In Fig. 5 we show the transmission distribution for N =
2 channels with α = 1/2 [Figs. 5(a) and 5(b)] and α = 1/3
[Figs. 5(c) and 5(d)]. Disordered systems with approximately
the same average 〈T 〉 were chosen in Figs. 5(a) and 5(c) [as
well as in Figs. 5(b) and 5(d)] for their comparison. Similarly,
we show the transmission distributions for N = 3 channels
with α = 1/2 [Figs. 6(a) and 6(b)] and α = 1/3 [Figs. 6(c)
and 6(d)].

As in the case of preserved time-reversal symmetry in the
preceding section, smaller values of α, i.e., a larger tail of the

Lévy distribution, lead to stronger transmission fluctuations
δT , for a fixed value of the average 〈T 〉. For instance, Figs. 5(a)
and 5(c) show a couple of distributions P (T ) with 〈T 〉 = 0.7,
but δT = 0.5 and 0.52 for α = 1/2 and 1/3, respectively.

It is also interesting to compare the transmission distribu-
tions in the absence of time-reversal symmetry (Figs. 5 and
6) with those previously shown for the case of preserved
time-reversal symmetry (Figs. 3 and 4). As we have men-
tioned, when time-reversal symmetry is present, constructive
interference leads to an enhancement of the reflection. In
general, this enhancement is small, but one can observe its
effects at the level of the distribution P (T ): For instance, at
small transmission values (or high reflection), Fig. 3(b) shows
that the transmission probability is larger compared to the
broken time-reversal symmetry in Fig. 5(b), i.e., reflection is
enhanced. This enhancement in the reflection is perhaps better
seen by comparing the distributions in Figs. 3(d) and 5(d),
although in these figures the average 〈T 〉 is not exactly the
same; we can observe that P (T ) in Fig. 5(d) is suppressed
in the absence of time reversal at small values of T and
therefore it is less symmetric with respect to T = 1 than
P (T ) in Fig. 3(d), i.e., reflection processes are promoted when
time-reversal symmetry is present.

Finally, we note the strong effect of the presence of Lévy
disorder in relation to standard disorder systems. In Figs. 5(a)
and 6(a) we have included (green-dashed-line histograms)
the transmission distributions for disordered systems with
standard Anderson localization, which, as we can see, have
a completely different landscape from those of the Lévy
disordered systems. In general, the transmission fluctuations
are larger in the presence of Lévy disorder and therefore the
transmission distributions are wider than in the presence of
standard Anderson localization.

IV. CONCLUSION

Most of the research on transport of classical and quantum
waves, such as electromagnetic fields and electrons, through
random media uses distributions with finite moments to model
the disorder in the media. Using these standard disorder mod-
els, several theoretical approaches have studied the properties
of wave transport, such as the widely known phenomenon
of Anderson localization. In particular, a scaling theory of
localization has been developed to study the statistical
properties of the transport through disordered systems. Within
that framework and using random-matrix theory, it has been
shown that for one-dimensional and quasi-one-dimensional
disordered systems, a single parameter, the localization length,
determines the statistical properties of the transmission.

On the other hand, there is a family of probability density
functions (Lévy distributions) whose first moment diverges
due to their long tails, which are characterized by the exponent
α of the power-law tail. Lévy distributions emerge in several
and very different phenomena and different areas, such as
economy and biology.

In the past [32], we introduced those heavy-tailed distribu-
tions to model disorder in random media and study their effects
on the transport; however, we restricted ourselves to the case of
a single transmission channel. It was found that the statistical
properties of the dimensionless conductance (transmission) are
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completely determined by two parameters: the power α and
the average over disorder realizations 〈ln T 〉. It was also found
that waves become less localized, or anomalously localized,
in relation to the case of Anderson localization.

The present work is a generalization of the previous study
in Ref. [32] to consider Lévy disordered systems whose total
transmission is given by the contribution of several channels.
This is also of experimental relevance since it imposes less
restrictive conditions than considering systems with a single
transmission channel.

Thus, by extending the scaling approach to localization for
multichannel standard disordered systems, we have calculated
the transmission distribution for multichannel Lévy disordered
systems, which is determined by the power α and the
average 〈ln T 〉. We show several examples of the transmission
distribution for systems with two and three transmission
channels. The theoretical results have been verified by tight-
binding numerical simulations. Additionally, we have studied
the effects of breaking time-reversal symmetry in the Lévy
disordered systems.

We have contrasted the transmission distributions for Lévy
and standard disordered systems and showed that the landscape
of both distributions is very different. In general, the transmis-
sion distributions for Lévy disordered systems are wider, due
to the strong random fluctuations of the transmission, than
those obtained for standard disordered systems

Finally, we have confirmed all our theoretical results by
comparison with tight-binding numerical simulations. Never-
theless, it would be highly desirable to verify experimentally
the effects of Lévy disorder on the transport like those we have
studied here. For instance, Lévy disorder may be implemented
in random microwave-waveguide and/or random optical-fiber
experimental setups. Actually, it may be worth remarking that
our model does not assume that the microscopic configurations
of the disorder follow a Lévy probability distribution, but only
that the tail of the density of those disorder configurations has
a slow decay, i.e., a power-law tail. Thus, all other details of
the disorder are irrelevant for a complete statistical description
of the transmission through the macroscopic systems.
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APPENDIX: NUMERICAL SIMULATIONS

In this Appendix we present the numerical model that was
used to verify the theoretical predictions of the present work.
We consider a standard single-orbital tight-binding square
lattice with the Hamiltonian

H =
∑

i

εic
†
i ci +

∑
〈ij〉

(tij c
†
i cj + H.c.), (A1)

where εi is the on-site energy at site i, tij represents the
nearest-neighbor hopping between sites 〈ij 〉, and c

†
i (ci) is the

corresponding creation(annihilation) operator for electrons.
For simplicity we set tij = t = 1 and the lattice constant to
1. In this model, the disorder is implemented by random
on-site energies εi , sampled from a uniform distribution in the
interval [−w/2,w/2]. Throughout this paper, the statistics of
the transmission probability are collected from 10 000 different
disorder realizations. In order to make the numerical model
statistically equivalent to the theoretical model, we consider
that the length of the square lattice at each disorder realization
is determined by the number of scatterers, whose intermediate
spacings are sampled from the Lévy distribution, that can be
fitted in a system of length L in the theoretical model.

The transmission probability can be calculated by attaching
perfect leads from the left and right, described by Eq. (A1) for
εi = 0, and then applying the Green’s-function method [46].
The Green’s function is given by

G(E) = [EI − H − �L(E) − �R(E)]−1, (A2)

where �L (R)(E) is the self-energy of the left (right) lead and
E is the incident energy of the electrons. The self-energies
follow a matrix form

�L (R)(E; n,m) =
M∑

j=1

χj (n)g(E,j )χj (m), (A3)

where M is the number of sites transverse to the transport
direction where hard-wall boundary conditions are applied
and j is an integer taking values j = 1,2, . . . ,M . We fix the
energy at E = 0.1t so that M determines the number of open
transmission channels.

The surface Green’s function of the square lattice leads
g(E,j ) at site j is given by [47]

g(E,j ) = E − ε(j )

2
− i

√
1 − [E − ε(j )]2

4
, (A4)

with ε(j ) = 2 cos( πj

M+1 ) and |E − ε(j )| < 2, while χj (n) are
the transverse wave functions due to the hard-wall boundary
conditions

χj (n) =
√

2

M + 1
sin

(
πjn

M + 1

)
, (A5)

with n = 1, . . . ,M . Then the transmission probability can be
calculated by [46]

T (E) = Tr[
L(E)G(E)
R(E)G(E)†], (A6)

where the matrices 
L(E) and 
R(E) are related to the
velocities of the incident electrons and can be calculated via
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the self-energies from


L (R)(E) = i[�L (R) − �
†
L (R)]. (A7)

Finally, in the case that we break the time-reversal sym-
metry of the disordered system by applying a magnetic field
transverse to the plane of the 2D wire, the tight-binding Hamil-
tonian for our numerical simulations is given by Eq. (A1), with
a modified hopping tij ,

tij = eiφij . (A8)

The factor φij is the Peierls phase (see Ref. [47]) between sites
i and j given by

φij = 2π

�0

∫ rj

ri

A dl, (A9)

where �0 is the flux quantum defined as �0 = h/ce. We
assume that the vector potential A is along the transport direc-
tion x, that is, A = −Byx̂, corresponding to a homogeneous
out-of-plane magnetic field B = Bẑ. The phase factor φij then
becomes

φij = 2πB

�0
(xj − xi)

(yj + yi

2

)
, (A10)

which is nonzero only for the horizontal hoppings in the
square lattice. In all the numerical simulations we measure
the magnetic field strength via the flux per square plaquette
� = Ba2 in the square lattice, in units of �0.
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